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Abstract

This paper is concerned with the evaluation of the effective resonance integral for a
close—packed lattice of fuel elements in beryllium oxide moderator. For this evaluation the
usual theory of resonance absorption is extended to allow for flux depression in the noderator.
Further, the fuel elements under consideration consist of clusters of seven rods, so that it is
necessary to determine the effective surface area for such a cluster.

Vhen the fuel elements are composed of U235, Th232 and Be atoms in the ratio of
. pproximately 1:35:1200 and the BeO moderator occupies almost three and a Lalf times the
volume of the fuel rods, the effective resonance integral is found to be about 60% of the value
for a homogeneous system of thie same composition.
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1. INTRODUCTION

The problem solved in this report is the evaluation of the effective resonance integral
for a close—packed lattice of fuel elements in beryllium oxide moderator. Each fuel element is
taken to consist of a cluster of seven tods whicl: are composed of U235, Th232 and Be atoms in the
ratio of approximately 1:35:1200.

Tle addition of Be to the fuel simplifies the problem in so far as it will reduce the error
involved in the use of the narrow resonance approximation for all the resonances of the Th232,
Howevert, the compactness of the lattice and the geometry of the fuel elements will introduce com—
plications.

In Section.? it is the intention to give an outline of the usual treatment of resonance absorption
in heterogeneous lattices and te point out those of the usual approximations which are no longer valid
for our purposes, Sections. 3 to 5 are concerned with improvements to the usual theory; Section 6 is
devoted to the evaluation of the effective resonance integral of a homogeneous mixture containing
T1232, while Section 7 gives the numerical solution for the reactor system specified above.

4 paper by Petrov (1) treats close packed heterogeneous lattices, but since this work is based
on the theory of Gurevich and Pomeranchouk (2) which assumes that scattering by the fuel may be
neglected, the results are not relevant to the present problem.

The Lancoff-Ginsburg theory (3) assumes that the fuel rods are black to the resonance flux,
The theory developed in Secnons (3) and (4) of the present report allows for mutual screening of the
fuel rods without this assumption of blackness.

2. THE RFESONANCE ESCAPE PROBABILITY FOR A HETEROGENEQUS LATTICE

An approximate formula for the resonance escape probability for a homogeneous mixture is

( 3, .,
p = exn - 1 . i E—r) (2.1)
é"- 21 (0g) + gyt Opi i) E)
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where Nj is the number of nuclei of the ith species per cc of the mixture, oz; end Og; are the
resonance absorption and scattering cross—sections of the ith nuclear spec1es at energy E and op;

is the potential scattering cross—section of the ith nuclear species. & denotes the average logarithmic
energy loss for a neutron on collision with an atom of the mixture,

For a mixture containing only one species of fertile atom, the equation (2.1) becomes

p=exp(._1 o,

I S I - 2.2
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where 05 2nd Og are tl:e resonance absorption and scattering cross—sections of a fertile nucleus

and o, is the total potential scattering cross—section of the mixture per fertile ator,

Assuming that the potential scattering cross—section is energy independent, we may rewrite

(2.2) as

p = exp {_ 1_1) (2.3)



where I, known as the effective resonance integral, is given by

I=f_9% SEE (2.4)
1+Ua+0's
Om

When treating a heterogeneous lattice, it is the usual practice to retain equation (2.1) for
the resonance escape probability but to weight the cress—sections of the ith nuclear species with
the average flux in the region containing nuclei of the ith species. Assuming that the space averaged
flux in the region containing nuclei of the ith species is ¢i we now have, instead of (2.1},

N. " _.

p = exp( — 1 lz i %i % dE) (2.5)
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A heterogeneous lattice normally consists of two regions. The first of these is occupied by
the fuel elements composed of fertile and fissile atoms together with some moderating material. We
shall in future refer to the material in this region as the fuel. The second region is that between the
frel elements which, since it consists entirely of moderating material, will henceforth be referred to as
the moderator.

For two regions with only one species of fertile atom in the fuel, the equation (2.5) becomes

f Ta Pt dE ) (2.6)
- — E )
(ptos * O_P)qbf +Y_n1 %’— Pm
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where o}, is the [Potential scattering cross—section of the fuel per fertile atom, g, is the macroscopic
cross—gection of tle moderator and N is the number of fertile atoms per cc of the fuel. Vp/Vi is the
volurre ratio of moderator to fuel and

$f=lvf f & ()av

fuel elements

with a similar definition for ¢,

If the heterogeneous lattice is loosely packed it is usually assumed that the flux in the
moderator is not perturbed by the absorption in the fuel elements. Thus the flux in_the moderator may
be considered as uniform, isotropic and constant in lethargy so that we may replace ¢, by ¢,. Fora
loosely packed lattice equation (2.6) reduces to

p = exp (_ éf % Pt/ %o iEE_g Q@.n
(Cat ot ) B/ by + V0

~m

Vf?




Another assumption, valid for a loosely packed lattice, is that the volume of moderator
greatly exceeds the volume of fuel, Then (2.7) becomes

Vi N q‘“‘f‘l di ) (2.8)
v, = to E ) :

and the integral

T dE .‘Ef dE
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is knovin as the effective resonance integral of the heterogeneous lattice,

To evaluate -.;Ef /@, Spinrad, Chernick and Corngold (4) have conside_:red an isolated
lump of fuel in a uniform isotropic neutron bath. They equate the total collisions in the fuel
lump per unit time in the lethargy element du about u to collisions due to neutrons entering from
the neutron bath plus the collisions due to neutrons achieving this lethargy within the fuel. Thus
if S is the surface area of the fuel lump, 0; is the maximum fractional energy loss for a neutron o
collision with a nucleus of the ith species in the fueland we denote?‘ N;j(op; t o + Obi Yby Z, then

_ ng' 2 Vi
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where Vf is the volume of the fuel lump, G, is the probability that a neutron impinging on the fuel
lump at lethargy u undergoes a reaction in the lump and P? denoctes the probability that a neutron

achieving lethargy u within the lump has its next collision in the lump,
_ According to Case, de Hoffman and Placzek (5),
<
Go = | K1) (1-c==1) &l (2.11)

where f (1) is the distribution function of non—collision neutson paths in the lump, and the integral
is over all paths,

If the resonances of the fertile material are narrow compared with the average energy lost by
a neutron on collision with a nucleus in the fuel lump, then neutrons of lethargy u are produced

uniformly throughout the fuel lump. Thus 1-P2 is the escape probability investigated by Case,
de Hoffman and Placzek (5), so that

P = 1 - ___ S '
o ” Vs Gg (2.12)

Another consequence of narrow resonances is that the neutrons *‘born’’ at lethargy u in the
fuel lump come mainly from non—resonance regions where the flux is ¢, , the same as in the moderator,
and where the resonance cross—section is effectively zero, Hence equation (2.10) becomes



—m
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Substituting from {2.12) into (2.13) we have
P Zp+ S Ly g, (214)
By S vy = >

so that on substituting for G, from equation (2.11) and assuming the presence of only one species of
fertile nuclei, we obtain the effective resonance integral of equation (2.9) in the form

' dE
f Cae ==

fag &1 Ao
Tatogta, NI } (@atogto) 2

{ =21 y dE
(ff(l)(l—e ydl y —g~ (2.15)

where 1 is the mean chord length of a fuel lump and has been shown by Case, de Hoffman and Placzek to
equal 4V¢/S. Equation (2.15) is identical with that obtained by Wigner et al (6) from an entirely different

argument.

To obtain a simplified expression for (2.14} it is usual to introduce the approximations

: 31 : T
G, = 1 - e = >1
0o = T ____....-1 ) . (2.16)

Substituting from (2.16) into (2.14), we obtain, after a little manipulation,

b= 1+3,1
¢, 1 +51 (2.17)



With this simplification the effective resonance integral becomes

: dE _
, f (Ua)eff T - - %a ({]3 (2.18)
1+ Mo, +0) b : :
T
1 +NI orp

which is the same as equation (2.4) if we make the substitution

o, = T+ NI G"IE

. Thus the effective resonance integral and therefore the resonance escape probability of a heterogeneous
lattice may be determined from a consideration of an equivalent homogencous system.

The above identification of heterogeneous and homogeneous systems depends mainly on the
validity of the approximations in equation (2.16), It is therefore necessary to examine in some detail
the error introduced by these approximations. Secrion 3 of the present report will be devoted to such
an investigation,

The reactor system in which we are interested consists of a close—packed lattice of fuel
elements, the elements themselves consisting of clusters of rods. In order to adapt the above theory
to our needs we must investigate the following problems:~

(i) The assumption that Vi >> Vg, used to obtain equation (2.8) from (2.7), is no longer valid,
nor is the assumption that the moderator flux is uniform and isotropic, used in deriving
equation (2.7). It is therefore necessary to carry through the analysis without these
simplifications. ' '

Equation (2.10) must be modified to allow for neutrons *‘born’’ in one fuel element
being absorbed in another fuel element, i.e. we can no longer consider an isolated
fuel lump immersed in moderator. All these close packing corrections are considered
in Section 4.

(i1) Since the fuel elements consist of clusters of rods we must determine the mean neutron
path through a cluster and also the effective surface area of a cluster of fuel rods,
This investigation is given in Section 5,

(iii) A certain amount of moderating material is to be incorporated into the fuel rods, and this
will reduce the error involved in assuming that all the resonances of the fertile nuclei
may be treated as narrow, Since the fertile material is Th232 we must evaluate the
effective resonance integral (2.4} for a homogeneous mixture containing Th232 and may
use the narrow resonance approximation. The evaluation of the effective resonance
integral at zero degrees absolute as a function of the scattering cross—section per
fertile atom is given in Section 6,

(iv) The doppler increase in the effective resonance integral as a function of temperature is
required. This problem will be the subject of a later report.

3. A CORRECTION TO THE EFFECTIVE RESONANCE INTEGRAL

Ve consider now the error involved in the approximations (2.16), and derive a correction factor
to be applied to the effective resonance integral as evalvated with the use of these approximations.




If Gg is put equal to unity, equation (2.13) becomes
ey Enf PP 9B 1 % batos) A
E Ta tog top E Ni (cra+os+0'p)2

= A+ B 35 (3.1)

M

where A and B depend only on the resonance structure of the fuel and not on the geometry of the fuel

elements, while S/M is the surface—to~mass ratio of the fuel clements. Since | = 4, volume, we have
surface

S/M= 4/pl, where p is the density of the fuel.

. o 0

Assuming the resonance contours to be of Breit—Vigner form, we have at 0" K, the resonance
absorption and scattering cross sections of the rth resonance absorption and scattering cross sections
of the rthresonance given by

Oar =M..._...._ ‘ USL’ = r—n?.-o_.
(1 +x2) (1 +x2
where X = AE - E;)
I

E; being the neutron energy for the rth resonance, 0, the corresponding total microscopic cross section
of the fuel, [, and I“n respectively the level widths for ¥ — and neutron emission, and [' =1 + I'y.
Hence, consicﬁ:ring 1/E as constant at each resonance, since it varies only very slightly over the
practical width, we have, for the contributions A;, By to A, B from the rth resonance

A = Ty oy 1t %) H : (3.2)
2E; “p
and
Be = £ 7y ag)2 g4 oy —3/2
N TE o) (17— (3.3)

We then have

A= 3% A, andB = 2 B
r T

whetre the sum 1s taken over all resonances.

Now using the approximations {2.16) for G,, we obtain for the effective resonance
integral, equation (2.18), which may be written

o, (1+ NI
Cadgg F* ol %) & (3.4)
€ 1 +N¥(o, toy +o,) E

as obtained by Chernick and Vernon (7). For Breit—Wigner resonance contours, this gives



- - 1/
j(o) dE o ¥ wf'y o ¢ _1iNo )A
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where A;, B are as defined by (3.2) , (3.3) and

- ) o
s - % ( (1N no (% M) (%12
% ¢ C14NI(g, +op) (Gotep ) )" gy )

For resonances with ¢, << o, B, is of the second order of small quantities, and 5() = O,
Hence we may neglect the contributiod of these resonances to the part of the effective resonance integral
which is dependent on the geometry of the fuel elements. Further, the resonances with o & oy, are very
few in numbet, with negligible contribution to this term.

On the other hand, if 0, >> O‘P s

S (@M =~ 2(NT ap)% g (1 + NT% N oo, )%3

which is independent of g, and therefore constant for resonances with 0, >> g,
Hence we may write {3.5) in the form
dE  _ S om
where .
- - - 1 -
D) = 2@1op £ (1+Mi0)% - (NI ¥4 ) 3.7)

- 174
. 2 (Nlop y?
(1+NIoy, )% 4(NTop Y2

as obtained by Wigner et al (G).

We now consider the evaluation of the effective resonance integral from equation (2.15) following
the method of Gurevich and Pomeranchouk (2), without using the above approximations.

First consider the integral

Ua(oa +OS) ( _ZI ) dE
fm)ﬂf,“*e yima ) 4E

) -
=ff<1)d1f %(%t%) (-e”F) dE (3.8)
(Oat 0y +UP )2
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Introducing Breit—Wigner resonance contours, we have

oaloa tos ) { ~Nl(cyto,va,) ) dE
(Grioaroy? (1me Ay

2 )
-2 r ® .o ( —1 (2 )
__;y'_f 0 : (l—e ]\ll(.....(.’.h;’..2 +()P)) dx

r ¥ - (go+gp(1+x21)2 I+
I U
= Y 2 ( ~Nio, | ——22. )
; 5 (o?)O)j, W2 (l—e 9% [ NIRE) ].:] y d (3.9
LS fp ‘

For ‘‘non—blockaded’’ resonances, with o, <<, , this is approximately equal to

F Op+2 - N 1
5 LY (%) f ek (0 Nloy o Nlop )
P Er % 211 togy2 (170 PO
=
b
.5 Ty %2,  —Nio Y
£ 'E'E(Up) (e P)f (x2+1 +o,)2
0 Up

- 2Ty @) (nar ey aM

Eq °P - T

# N1 o =Nl ”[( 2 (Tt ooy (14 o) J )
. o :

Y. Yo Ip )

XL O, _ : (3.10)
since 0, << ¢}, and this condition corresponds to high energy resonances for which 'y /Er is small.

l-loweyer, for '‘blockaded’’ resonances with o, >> %, (3.9) is given approximately by

r, zfm_ o -
4 0(2.'4‘(:}; {'leNlo +1;} dx

™M
ke
'Uq qu



D y % 22 —Nloy (1 + 22
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This integral may be evaluated by differentiating under the integral sign with respect to Nl %
and using the results

W [© ema@tz?) 4, o L eza
() 2 &

(ii) f e—a(l ‘2) dz T oerfc VA

‘1+22 2
(iii) f e=t dt = V7 erf Va
: o vt

. [0 ¢
(iv) f‘f e~ v2 dv du “‘C e”2 ﬁ etf ya~— 2 ‘/—-erfc va .
Vi

Hence we obtain finally

s T
P ’)/ o 17 ¥ -1 1 1
f B (}—:)’2 Z {(%.‘EP_)/? e~ MO, _ Nlg, erfe (M oy )% + 1 ert (NIgp Y ) G.11)

Thus we have the effective resonance integral given by

f(aa)eff _dEE% A+Bﬁ— f () f()dl (3.12)
all paths ‘
where
. .
gy = (AN%BL)% Nl ~Nopl erfc Nopl ¥ + ert (N gy V5 (3.13)
7

and the contribution to B of the “‘non—blockaded’’ resonances is neglected.

We could at this stage make use of the approximation

fa (W E) Al & 6(T) (3.14)
giving as an approximate value for the effective resonance integral |

f(o'a)eff € &~ avB § 0D (3.15)
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This approximation is closer than the approximation (3.5), but still makes no allowance for
variations in the shape of the fuel elements and is, in fact, a little too high.

However, a more accurate result is obtained by calculating jt‘g(l) f (1) dl for various

shapes and sizes of fuel elements. We shall express this result for given values of Nop asa
function of 1 and denote it by

Y(I) =f6(1)f(1)d1 (3.16)
all paths

so that our evaluation of the effective resonance integral may be written

dE _
f("a)eff “E = AtB st't.b(l) . (3.17)

The function W (1) has been calculated on the UTECOM electronic computer for spherical
fuel elements, for infinite slabs and for infinite cylinders as a function of No. over the range
from 0.1 ( 0.1) 3.0. Results of these calculations are tabulated with cotrespgnding values of
8 (1) and & (1} in Table 1, and illustrated in Figure 1, It will be seen that the shape of fuel
elements has a relatively small effect on ¢ (1), so that the result for a cylinder would give a
very good approximation for the fuel elements under present consideration, viz. clusters of rods.
An outline of the evaluation of W(I) for cylindrical fuel rods is now given,

Using the results of Case, de Hoffman and Placzek (5), we have for an infinire cylinder of
radius a cm.,

ff(l) 4l = 16a? Jw J‘xo x4 dx dl (3.18)
it .
(s} (o]

312 2.4 — 2y
all paths 1 (:L? = *9 ’ (1 x)A

where Xg = _21_a for 1 < 2a,

= 1 for 1> 2a,

p .
! ¥ x
4 R dx dy
Le. ff(l)dl =7f0 jo y3y2 - 527 (1 - 12"

all paths

[o ol
4 1 4
+7[ j x dx dy
1 o y3(

y2 —x2y5 (1 x2 4

4 1
=§;f Ecz +y2>K(y)—2(1+y2>E(y); gy
o Y3
4 I° ¢ 1 1 1y )
—— 2+1yK(=) - 20+ L .
+ 57 : ¢ ¢ y2) (y) ( Yz) (y) y dy (3.19)

where K and E are complete elliptic integrals,
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Hence
Jomewa <"y [‘” I, dy ) (3.20)
all paths ° 1
where
I = 6Qay) {@4y2)KG)-20+y2)Ey ) o
and
L, = 5(2ay)f(2 t YIT) K(.YL) - 1 +§1f) E(“yl") g

It may be seen that I; ~ o asy ~ o and that both I and I2 are logarithmically infinite at
1. The calculation was petformed by using Simpson’s rule with intervals of 0.1 to evaluate

0.8 Iy dy and f 20 1, dy, with intervals of 0.01 for
0 1.2

Y

0.98 1.2 o
I dy and 12 dy and with intervals of 0.001 for
0.8 1.02

j0=994 1.02
1, dy and I, dy. Weddle’s rule was used for
1% 1.006 2

0.98

1 1.006
f L dy andj I; dy, the value of I; and [y aty = 1
- 0.994 1

being taken equal to their value at y = 0.999999 and y = 1.000001 respectively. The error involved
in these approximations was less than 0.1% .
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It will be seen from Table I that ¥ ( 1) is approximately 10% higher than 9 (T) for the

values of NCTPI which are of practical importance.

V.e may apply the appropriate correction to the calculation of the effective resonance integral

for a heterogeneous lattice by proceeding as follows:—

o

(a) Evaluate the effective resonance integral for a homogeneous mixture of various dilutions, viz.

j % %m dE | as a function of o, |
Gat % tsp g

(b) Determine the effective resonance integral for the heterogeneous case by putting

o= 1+_Nfoi2 in {a).

N1
{¢) Determine A for the heterogeneous case by putting oy = % in (a).

(d) Multiply the difference between the results of (b) and (c) by the correction factor

Y1)/ & (I) and add this to A to give the comrected effective resonance integral,

4,

A CLOSE PACKED HETEROGENEQUS LATTICE

When the volume of moderator is comparable to the volume of fuel rods we must make the following

allowances in the usual theory.

(1) Vie can no longer neglect scattering and absorption by the fuel compared with moderator
scattering in the denominator of the integral in equation (2.7).

(2) The fuel rods can no longer be considered as in a uniform isotropic neutron bath, since
allowance must now be made for a flux depression in the moderator at resonance energies,

(3) A correction must be made for the probability that a neutron which has traversed one fuel
lump may collide with fuel in another fuel lump,

To allow for (1) and (2) we must retain equation (2.6), which may be written
qgf/
p = exp g _L)o Po

Vi N o

(4.1)

T

where ¢ is the uniform isotropic off resonance flux which will be the same in both fuel and moderator.

To evaluate b we must equate the total collisions in fuel to the collisions in fuel due to
neutrons born to lethargy u in moderator plus the collisions in fuel due to neutrons born to lethargy u
in fuel, Thus
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NV = (1-P1) Vi B f t AN el fj‘ua
l u t ln[}i M

o ) |
t P Vi f TN (o 'y 4 gy etmv') dul (4.2)
wtln oy It

where Pg is the probability that a neutron bom in fuel collides in fuel, although now it is not necessary
that the collision takes place in the same fuel lump as that in which the neutron originates, and P is the
similar probability for mederator, o; and [5 are the maximnum fractional energy losses on collision with
the various fuel and moderator nuclei respectively,

Assuming that there is only one fertile nuclear species and that its resonances are narrow compared
with the energy lost by a neutron on collision with a fuel atom, the neutrons born at lethargy u originate
mainly from off —resonance lethatgies where rﬁ( = gy rfio and 04 == O, Thus for narrow resonances
(4.2) becomes

PEEVE = (1= Pp) Vi T by * Py VT,

where ., = & N: a,: and &, = = N;er,,
P fuel Lo " moderator e
Thus
&
f - . by
7ot a-Pp YmZa o4 op e (4.3)
Vi 2 b

Similarly for the space—averaged moderator flux we obtain

T = Pt - pe) YiZe (4.4)

Substituting from (4.3) and (4.4) into the denominator of the integrand in equation (4.1) we have

S P 4 Va Sp Pm

Po - V¢ @
= (1-P) YmZm_+ p, mp t Yo IwPL +(i = Pg) 5p
Vi _ Vi

so that (4.1) becomes
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o (L [, o dE )
TP = oexp ( —FT, 2 *‘qb—o' T ) (4.5)
where ¢ = op t l’l_%ﬂ_m (4.6)
: NV

and is the total scattering cross—section of the system per fertile atom.

In order to determine Pp and P we follow Bell (8) and define G, as the probability that a
neutron incident on a fuel lump collides with fuel on that transit and Gy as tie probability that a
neutron incident on moderator collides with the moderator on that transit, PO is the probability that
a neutron born in an isolated fuel lump collides in that fuel lump and P1° is The probability that a neutron
born in an isolated lump of moderator collides in that lump of moderator.

Thus
1-P 0y { Gy 0) Gt 1)
~Po = (1-PP) (Gl (1-G1)(1~Go )y ) )
)
G1 g
=(1—-PpP°
(=P ) gy timar) )
)
and similarly : g 4.7)
)
1-P; = (1—P;°) Go )
1-(1-G, ) (1-G1") )
From the work of Case, de Hoffman and Placzek {5) we have
_ S
P = 1 - 4vf 2 Go g
)
S ) (4.8)
=1l ——— G
°1 4V S 1 ;
Substituting from equations (4.7) and (4.8) into equation (4.3), it becomes
P.oZp . S L GoG1 f1— ?;,p_g (4.9)
o 2 4VE X 1(1-Go ) (1-G1) 5

. ...t is to be noteg that for an isolated fuel lump the probability 31 is unity so that (4.9)
simplifies to equation {(2.14), as it should in these circumstances.

The probability G1 is given by

G1 =fg(l)(1—e‘zml) dl

where g (1) is the distribution of neutron paths in the moderator.
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. . - . Vin T -
Introducing the mean chord length in the moderator L, which equals 2 | since the surface
atea of moderator and fuel is the same, and using the same approximation as Y{in equation (2.16), we have

v —_
_ A
G = IZfZL_ = ngf : (4.10)
L m T
LU
me

The similar expression for G, was obtained earlier, as

Go = 2.1 =
1+ 2

Substituting for G, and G into equation (4.9) we find after some manipulation that

_ Ymeg +3,D)
q‘f)f ZP + Zm V&

Po  ZAEn Im 457
(s} me (1 1)

1

V —_—
1+ 2, ™V !

1+(2, +2g) %

+2 ., Vm -
m W(l +2p1)

If we introduce o; as defined by (4.6), then the effective resonance integral in equation (4.5) becomes

‘/Uaffﬁf;= % dE
y 1INl (g —o) E

%o
% tNl o (0 — o, )

1 +(O’a tog

which is identical with the effective resonance integral given in equation (2.4) for a homogeneous
mixture, if we rake

o Cft+NTUp(crr—O"p)

. (4.11)
1 +NI (o — 05, )

Equation (4.11) gives the correct result for a true homogeneous mixture in the following three
limiting cases:

(iy whenl—~0 , o —0o

m t
(11) when] —© | Om ™ Jp ;
(ii1) when o™ Op ie, Vp * 0, o4 ~ o .
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1 *Nlop,

Again, if o; is large compared with o, and Nl op »21, then (4.11) gives o, = T ,

in agreement with equation (2. 19} for a loosely packed heterogeneous latrice,

5. MEAN PATH THROUGH AND EFFECTIVE SURFACE AREA OF A CLUSTER OF FUEL LUMPS

In equation {2.10) the sutface area of the fuel lump is involved in three places:
(i) explicitly in the first term on the R.H.S. ; (ii) in the simplified expression for Gg as given by
equation (2.16) since I = 4V/S; and (iii) in the formula (2.12) giving the connection between Pg and G,

Vhen the fuel unit is no longer a single lump or rod, but a cluster, it is natural to attempt to
define effective surface areas to be used in the three situations. In this section it is shown that we
can define a single effective surface area, denoted Seff, which should be used in all three, and then
methods of calculating Seff for a given cluster are considered,

First consider the explicit appearance of S in (2.10), Here _C,i_ﬁi_S gives the number of neutrons
per second in the energy element considered which cross the surface
of the lump into fuel,

We must define Segp for the cluster by the analogous statement that Seff gives the number
of neutrons/sec. which pass through at least one lump of the cluster. Note thar this implies
that a neutron which passes through two or mote lumps (without collision) is counted only once. It foll—
ows immediately from the definition thae if S, is the surface area of the smallest convex surface
enclosing the cluster, then Seff < S,. The equal sign applies if it is impossible for a neutron to
cross Sp without passing through a fuel lump.

The number of neutrons/sec which pass through at least one fuel lump in a cluster may be
expressed by

N
_?iiseff - fchs 0.4 40 g .1

477

where dS is an element of surface area of a Jump, ﬁ the inward drawh unit vector normal to dS, d {2
the element of golid angle in the direction ‘9 and ¢ the neutron flux (assumed to be uniform and
isotropic). If {} .ﬁ is positive ¢ d £} dS {] .# is the number of neutrons/sec with directions in

d 2, entering the fuel across dS, 47 ~o

The range of integration is chosen so that only first passages intg fuel are included. For example,
integration may first be performed with respect to dS, for a fixed {) and a4 {2 » by adding contributions
from every dS for which () A is positive and for which the direcfion — {} **sees’ no fuel. This is
followed by integrating with respect of d () over all directions. The symbol ff— —d8d (O will

in this section always indicate integration over this range.

Secondly it is shown that the mean chord length, T, through fuel in a cluster {cortesponding
to uniform isotropic flux) is given by 4V/Seff

AI\
vl - JoJ Mo D D4a00s

Fiy
£d0ds
N

where I(fsu, _9 ) is the totahdistance through fuel which must be travelled from the point s on the
surface, in the direction i}, to finally emerge from the cluster. ~

The numeratot is equal to f Vd{l = 47V where V is the total volume of fuel in the
cluster, and the denominator is 7 Seff from (5.1). '
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Thirdly it is shown that equations (2.12) continues to apply when the fuel element is a
cluster, rather than a single lump, i.e. I_Pg = Seff Go where Gg is the probability that a
4v 2

neutron impinging on the cluster suffers its next collision in some fuel tump of the cluster, and
Pg is the probability that a neutron born in the cluster has its next collision in the cluster.

For, assuming uniform isotropic ¢,
-
, A
o rcf%(l_e—zl(ﬁz £ §.ga0as
o] = &
f J’i .4 dQ ds
C A7 noone

-~
where 1 (i’ Q } is as defined above,

pas ~
- 1 f f(l—-e_z“f}}@))g-
7 Seff C
~Si Oy ¢
~ < "~ deV
all { _/;z _[ all fuel am

P Q]
all Q fé;cj:all fuelfb-'”r dildv

"
. e ff 2 )0y
4TV a1 QJaall fuel

~
Here 1 (g, Q)ﬁls the total distance through fuel which a neutron “‘born’’ at the position £ must travel
in direction 3! to finally emerge from the cluster, '

A

A,

1- P2 - ﬂ_l_f fg.ﬁdﬂ as f1(5=9)e—2‘1 dl
4wV C o

A P
1 f ﬁ1_e‘21(£7 990440 as
ATV 2. JC o

= Seff G, from (5.2).
iy >

=)

d 0 ds, (5.2)

Also 1 — P(()) =

5.1 Calculation of Segr for a given cluster,

2 .
From equation (5.1) Sg¢f = %-J‘fg ﬁ d(2 dS, and the evaluation of this integral will now

be considered. “
Fa
A For any given Q' , A7 f Q. dSis the projected area of the cluster on a plane perpendicular

s

to {) where the area of regions in which overlapping occurs is counted only once, If the mean value of
A overall {] is A, then Segf = 4A. Thus an approximate method of obtaining Seff is to calculate the
values of A for several equally spaced directions and pultiply the average value by 4. Tkis methad
will be quite accurate if A does not vary greatly with 5
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This condition is not satisfied by a cluster consisting of long cylindrical rods, in which
case the integral for Seff may be reduced to

A
Seff/unit length = ;—ff Q ﬁ ds d¢

where ds is an element of length in the perimeter of the section %5 the cluster by a plan-e perpendicular
to the length of the rods, ‘_ﬁ the inward unit vectorﬁxormal to ds, ii a unit vector in this plane, and do
the element of angle in the plane about direction 37 .
Fal
For any given Q ,h = f 9} A ds is the length of the projection of the crossg section of the
bunch onto a line in the plane perpendicular to Q . If the mean value of h over all {! is h then Seff/unit
length = 7 h,

A graphical method for evaluating h may be developed as follows. A fixed point O and a fixgd
- line OP are chosen in the plane. For any Q ,
\ an axis Ox perpendicular to {} is taken,
D)

’ \ the positive direction being in the /c\lirectém_of
S "k aunit vector along Ox such thatk x {!is
\ ‘ out of the plane of the paper. Let the angle
' T ' X POx be Y, and let the extremities of the
ith fuel \ \‘
\ A 3

projection of the i th fuel rod on Ox have co—
rod ordinates ixy, and ixy with 1xy > Ix

(sce diagram).

&

On plotting 'xy and x5 against \/ in the range 0 < y < 2 7 a band is formed similar to that in the
. accompanying sketch, (If the 1th rod is not a
X circular cylinder the vertical width of the band,
d, will vary. If the ith rod is circular, and has
its centre at the point whose polar co~ordinates
are ( 0, 4) relative to O and OP, the equation
of the curve for k1 is lx; = o cos (¥ - Yo) tr,
and similarly x2 = pcos (Y —yo) = 1,
r being the radius of the rod. The vertical width of

the band is then x7 -~ ixz = 2r whichis
constant.

When bands are drawn corresponding to every fuel rod in the cluster they will partially overlap.
The total area inside at least one band (overlap regions counted only once) is equal to 2 77 h so that half
this area gives S /unit length,
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If there are no “‘eyes’ between the bands described then plainly it is impossible for neutrons
to pass through the bunch without traversing fuel. In this case it is much quicker to evaluate Seff/unit
length by calculating the perimeter of the smallest convex figure enclosing the cross section of the
bunch. Likewise, if the “‘eyes™ are small, it is quicker and more accurate to draw only the sections
of the graph at which they occur and subtract half their combined area from that petimeter. When the
rods are circular, the area of any “‘eye’’ may be found by simple integration, without drawing the graph.
If the bunch has n axes of symmetry parallel respectivelyto Wy = & + k27/n; k= 0,1,2,.... , n—=1,
then only the section of the graph for 0 < ¢ < 27/ need be drawn.

5.2 An Actual Calculation

The diagram is the ctoss—section of a bunch of long
cylindrical rods, all of radius ¥ in. The centres of the
x outer circles are the points with polar co—ordinates;
(5/g in,k 7/3 (k = 0, 1, 2, ... 5) referred to the centre
of the inner circle as origin. From the diagram it is
obvious that only a very small fraction of incident

. neutrons will pass through the bunch without traversing
fuel. Hence Seff/ unit length will be only a little less than

p So, wiz

(6x3/g + 27xY ) sq. ins./in., so that,
Seff/unit length < 5.3208 sq. ins,/in,

The amount to be subtracted is ¥ the area of the twelve “eyes’ in the band diagram, all equal,
of which there is one in the neighbourhood of y = 7 , ¥ = ¥ bounded by the curves x = 5/g cos /A

X

5/ cos (%-—-gb) -
x = 5/8 cos (%ﬂ_¢) + Yy

and, x = 5/g cos(%}T__.Lj;)Jrl/,g

Calculating the area of this “‘eye’ by elementary integration we obtain

/6
2f {8 cos (Z-yp) = Wy— (/g cos (3 — ) + %)) dv
sin—1(4/543)
= .00187

-and half of 12 x .00187 is to be subtracted from the 5.3208 obtained above yielding Seff/unit length
= 5.3096 sq.ins/in,

and also T = 4V/Seft = 1.035 ins.
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6. THE EFFECTIVE RESONANCE INTEGRAL FOR A HOMOGENEQUS MIXTURE
CONTAINING TH 232

The effective resonance integral for a homogeneous mixture as found in equation (2.4) is

I:j O—a dE
1+% t 0 £

“m

Introducing Breit—Wigner resonance contours,

O = r"}’ Uy ) » Tgr = rn o
' 14 r 1 +x2
where [ﬂf}/+ 'y = [Mandx = FZ__ (E—-Ep), we can evaluate this integral in the form
1= 2"2 TY o 1+ 00y ¥ ' (6.1)
r E, Y

where the sum is taken over all resonances.

For the resolved resonances we take the parameters tabulated by Sampson and Chernick (9)-
With these parameters the sum in (6.1) for the resolved resonances has been evaluated for values of
O between 100 and 1000 barns.

For the unresolved resonances, assumed to be uniformly spaced at intervals D e.v. and to have
a constant radiation width, we convert the sum in (6.1) to an integral

= I o o, =4
I = 7/2 4 1+ “e 2 dE
/ 5 Jg; ¢ _O'm) X ©.2

where Ej is slightly greater than the energy of the last resolved resonance. Since the last resolved
resonance is at 310 e.v., we shall take Eq as 320 e.v. The reduced neutron width ["° varies stat—
istically as a. M2 distribution with two degrees of freedom but for the calculation we shall take the '
reduced neutron width as a constant, equal to the mean of the statistical distribution, i,e, I'© =.0015(ev)/2_

The constant value of I’y is .03 ev and D is taken as 20 e.v., as quoted by Weinberg and Wigner (10).

The integral (6.2) has been evalvuared numerically for values of op, between 100 and 1000 barns,

The calculated value of the effective resonance integral, showing the contributions by resolved
and unresolved resonances, is given as a function of 0., in Table II. The values of the effective resonance
integral lie very close to a straight line when plotted on log--log paper and fit the formula.

I = 1.40 (o) %% (6.3)
within 4% . Ve shall therefore use this formula for O in the range 100 to 1000 barns.
TABLE I
o 100 200 500 1000
Resolved Resonances 8.15 11.2 17.6 24.4
Unresolved Resonances 3,00 3.96 3.54 7.02

Total E.R.L 11.15 15.2 23.1 31.4
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The resonance integral, obtained when o, = @, for the resolved resonances is
79.4 batns, For the unresolved resonances (6. 2) becomes

s}
w1y o dE
R
which, since
oy . 26x206 T2 JE (6.4)
BTy + T9E)

may be integrated to

L% 265105 (T892 ( Iy Ly
3 : La 1Y —-1ln Ot = )
D () (Tl R

Thus the contribution to the resonance integral by the unresolved resonances is 11.2 barns.
This gives a total resonance integral for all resonances of 90.6 barns which is not in very good
agreement with the experimental value of 70 batns quoted by Macklin and Pomerance (11).

To evaluate (6.2), Dresner (12) assumed that

My <<T'g YE, so that

. _ 2.6x100
Q = s
o E (6.5)
Ifwe make the substitution 0 Jom = uin (6.2) and use the approximation {6.5), we can evaluate

the integral in (6.2} to obtain

=g
I 7T__f;_y_o'm ”1 +26x106 _ 1 ; (6.6)

O E1
Dresner’s values for the contribution by unresolved resonances to the effective resonance integral
are 30 to 40% higher than those found in the present work. This is due in part to his using equation
(6.6) and the remaining difference must be due to taking different values of the resonance parameters.

The numerical integration of equation (6.2) was terminated at 103 ¢,v. The maximum error in
so doing can be assessed with the aid of equation (6.6} and is found to be negligible.

Cotrections should be made to the effective resonance integral in the unreselved region for
the statistical vatiation of the reduced neutron width and also for the p—wave scattering by the fertile
atoms. Chernick and Vernon (7) have -incorporated these corrections in a calculation of the effective
resonance integral for Th 232, taking the resonance spacing as 17 e.v. When their values are converted
to a spacing of 20 e.v., it is found that for O, between 100 and 1000 barns, their values of the effective
resonance integral are 0.8 bamns greater than those calculated in the present work. Above 30 k.e.v. the
present calculations obtain a contribution of 0.2 b whereas Chernick and Vernon obtain 0.85 b. It
appears, therefore, that the two corrections very neatly cancel throughout most of the range of the
untesolved resonances. In view of the large uncertainty in D, quoted as 17 + 6 e.v. by Chernick and
Vernon, it is felt that no correction need be made to the values of the effective resonance integral
found earlier in this section.
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7. NUMERICAI. EXAMPLES

(1) The particular lattice for which we require the effective resonance integral consists of
cylindrical fuel elements two inches in diameter set in an hexagonal array with their centres three
inches apatt. Each fuel element is composed of a cluster of seven half inch diameter rods, one
placed in the centre of the element and the other six arranged uniformly with their centres on a

circle of 5/8 inch radius. For such a lattice the volume ratio of moderator to fuel Vm/VE =3.385
while in Section 5 it was found that the mean neutron path length through a fuel element is 1= 2.629 cms.

The fuel rods consist of a mixture of U235, Th232 and Beryllium in the atomic ratio of 1 to 30 or
40 to 1200. For the calculation we will neglect the U235 and take the microscopic scattering cross—
section of Beryllium-as G barns and the potential scattering cross section of Th232 as 12 batns. _The
moderating material is beryllium oxide for which the macroscopic scattering cross—section is 0.66 cm—1,

In a mixture containing Th232 and Be atoms in the ratio of 1 to n, the number of Th232 atoms in
1 cc of the mixture is

1 n
1/‘ﬁa: " Rpe

where N, = 0.02934 x 1024 puc, per cc and Ng. = 0.12354 x 1024 nuc, per cc. being respectively
the number of atoms per cc.in pure thorium and beryllium.

N

1l

Using the above values the entries in Table III can be computed.

TABLE Il

Ratio Th/Be 1/30 1/40
crp 192 252
% 811 1052
%m 282 368
ER.L from eqn. (6.3) 17.7 20.0
Vol, term of E.R.L (o, = %) 14,9 16.9

S

i 8 2.8 31
BS

v W 3.1 3.4
Corrected E.R.L 18.0 20.3
E.R.I. by Homogenising (o, = &) 28.5 32.1
%m from eqgn, (2.19) 297 378
E.R.L for a loose lattice 18.2 20.2
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The effective resonance integral for a close packed lattice is calculated from equation
(6.3) using oy as defined by equation (4.11). The volume term of the effective resonance integral
is then ca %culated from equation (6.3) by taking o = op - We can thus decompose the effective
resonance integral into a volume and a surface term, the surface term being B2 8 which according to
Section 3 has to be corrected by the factor L[}/S Thus we obtain the correcte&' effective resonance
integral, For comparison we have also entered the effective resonance integral for the mixture
obtained by the usual method of homogenising the lattice, i.e, taking ¢ = ¢, . The final entry in
the table is the effective resonance integral when the close packing correction is neglected and we
take the value of 0 as given by equation {2.19),

It is to be noted that the close packing correction in the present problem reduces the effective
resonance integral by 1 to 3%. The correction to the surface term required to allow for the approximation
in equation (2.16) has only a 1% effect on the tesult while the rough method of homogenising gives a
value of the effective resonance integral nearly 50% too high. The small effect of the close packing
correction was to be expected since the distance between fuel elements is greater than the mean path
for collisions in the moderator,

(in) An interesting numerical example is to consider fuel rods of beryllium and thorivm in a moderator
of beryllium. The idea is to keep the ratio of thorium to beryllium in the system constant, while the rods
expand by the addition of beryllium with a corresponding decrease in the volume of the moderator,

We have chosen the initial state as having 3 cm. diameter fuel rods with a thorium to beryllium
ratio of 1 to 30. The initial moderator to fuel volume ratio has been taken as 4 to 1. With these values
Table IV can be evaluated, giving the effective resonance integral as a function of the atomic ratio of
beryllium to thorium in the fuel rods. The fifth column in Table IV gives the effective resonance
integral when the surface term has been corrected in conformity with the investigation in Section 3,
The first entry in Table IV which is for pure thorium rods will not be correct since equation (6.3) is not
valid for such a low value of o, . We have included the value for completeness and to show the trend.

TABLE IV
Ratio Be/Th in Fuel Rods % Om E.R.L Corrected E.R.L

0 12 46 7.7 8.0
10 72 128 12.4 12.7
30 192 275 17.6 17.8
50 312 411 211 21.3
70 432 542 23.8 24.0
90 552 666 26.2 26.4
110 672 - 784 28.1 28.3
130 792 891 29.6 29.7
150 912 977 30.8 30.9

166 (Homogeneous) 1008 1008 31.5 31.5
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8. CONCLUSION

The main feature to be noticed in the results of the present calculation is that the
allowance for close—packing and the correction for the approximations in equation (2.16) give
a combined correction of about 1% to the effective resonance integral in the circumstances of
Table III.

The correction to the surface of the envelope of the cluster to allow for neutrons passing
between the rods was found in Section 5 to be only 0.2%,

Considering the possible inaccuracy of equation (2.1) which we have taken as the starting
point for the calculations, the 1% correction we have found is of no consequence. It would, therefore,
be quite satisfactory when investigating a problem such as the first in Section 7 to use the simple
theory of Section 2 and take equation (2.19) as giving the correspondence between heterogeneous
and homogeneous systems.

Chernick and Vernon (7) have added 10% to their calculated values of the effective resonance
integral to allow for the approximations in equation (2.16). However, the present investigation indicates
a maximum correction of about 5% when the rods are composed of pure thorium.

Corrections still to be applied in the evalration of the effective resonance integral include the

effect due to Doppler broadening of the resonance contours with increased temperature and an allowance
for the presence of a coolant between the rods in a fuel element,
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