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ABSTRACT

The facilities provided by LINCAN, a program for use in linear dynamic analysis, are
described. These include the calculation of transfer functions from differential equations,
the combination and scaling of transfer functions, the use of the Routh Criterion, polynomial
factorisation, and the plotting of frequency and time responses.

The program is simple to use, and has been tested on systems whose orders exceed 40.
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1. INTRODUCTION

The program LINCAN provides facilities for the calculations associated with the linear
dynamic analysis of single- or multi-variable feedback systems. The basic operations which can
be carried out are:

(i) Calculation of transfer function coefficients from sets of differential equations.
(ii) Combination and scaling of transfer functions.
(iii) Application of the Routh Criterion.
{(iv) Factorisation of polynomials.
{(v) Calculation and plotting of frequency responses.
(vi) Calculation and plotting of time responses.

These operations can be carried out in any order using input data or the results of previous calcula-
tions.

Work on LINCAN was initiated in 1966 and an early version written for the IBM 7040 was des-
cribed by Gilbert (unpublished AAEC report 1967). LINCAN has since been used in a very wide
variety of applications, and this experience has guided its further development. Care has been taken
to ensure correct operation even with high-order systems (systems involving s" where n >40), but at
the same time the program is very simple to use in straightforward situations.

LINCAN is available on disc on the IBM360/50 computer and uses double-precision representa-
tion.thronghout. Object and Fortran source decks can be provided, but owing to the use of facilities

not always available elsewhere, the program will not necessarily work on other similar computers
without slight modification.

This report is intended as a. LINCAN users’ guide. After a general description in Section 2,
the individual facilities are described in Section 3, and Section 4 details input and output require-
ments. Typical computing times are given for the more lengthy operations, and a complete sample
calculation is provided. Section 5 is a brief discussion of error checking, which may be necessary
with high-order systems.

2. GENERAL DESCRIPTION

LINCAN essentially comprises a number of basic operations which can be applied in any’
sequence to suitable input data or to the results of previous calculations. Any given operation is
called for by specifying the value of a Guide Number U in the input data, the values. ranging from 0
to 60. At the conclusion of each operation the program returns to the input data to find the next
value of U, and continues until the data are finished. Each card specifying a value of U must be
followed by the data required for that particular operation.

The general process of using LINCAN can be visualised by referring to the simplified
block diagram (Figure 1) showing the major operations separated into three broad groups. No
attempt has been made to show the control exercised by the successive values of U. Data are

handled mainly in the form of transfer functions, that is, ratios of polynomials in s relating two
particular variables.

Within the INPUT group of opetations there are two methods of providing input data;
transfer functions are either read directly, or derived from a set of differential equations.

After the transfer functions have been provided they can be manipulated in a variety of
ways depending upon the operations called for; for instance they can be scaled, divided, or com-
bined in series, parallel or a feedback connection. These operations which come within the
MANIPULATION group of Figure 1, may involve further input data, or the result of the immediately
previous operation, or the results of some earlier calculations. This last type of process is facili-
tated by’ providing Stores where transfer functions can be left while other processes are carried out.
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At any stage a transfer function can be analysed using one of the operations shown in the
ANALYSIS group; the results are always printed out, and may also be plotted or punched on cards.
The use of these operations in no way affects the existing transfer functions in the program, and
any manipulation can be resumed immediately. The only exceptions to this ate the Factorise and
Cancel operations, which place new data in Store 3; this store is also used during the reduction of
the differential equations to the transfer function form.

The individual operations, which do not in all cases correspond exactly to any particular
block in Figure 1, are listed in Table T which also gives the Section in which each operation is
described, and the table in which the input requirements are detailed. -

3. OPERATIONS AVAILABLE

3.1 Calculation of Transfer Functions from State Equations

Consider a linear system (Figure 2) with input variables y and output variables x.

\ //

Y —%—w— SYSTEM —>— *
——1 -
INPUTS OUTPUTS

Figure 2 Multivariable System (Equatton 1)

[f such a system is described by differential and algebraic equations, LINCAN will calculate
the transfer function between any given input-output pair as the ratio of two polynomials in the
differential operator s. These operations correspond to thé lower left hand block of Figure 1.

' The equations must be written in matrix form so that:
(a) only the terms containing the input variables y are on the right hand side,
(b) no equation is of higher than first order in s, and

(c) all s terms lie on the leading diagonal of the matrix on the left hand side. -

Any practical linear system can be described in this way. Appendix I shows how equations
of higher order in s can be reduced to sets of first order equations to satisfy condition (b), and
meeting condition (c) is then only a matter of rearrangement.

A simple example of a set of equations in the required form is

s 46 3 5 1] [ x| T[1 9 |
0 1 2 4 x2] |0 3 Vi
= . 1)
10 0 25 +3 2 Xa 4 1 S
4 3 2 i Xa 3 2




Then by Kramet’s Rule

s+6 3 1 1
0 1 0 4
10 0 4 2

X gt ot ] _ 4 3 3 1 @
Vi @, tass fags’ s +6 3 5 1
0 1 2 4
10 0 2s+3 2
4 3 2 1

LINCAN calculates and prints out the values of the polynomial coefficients a and. g.

For input purposes equations such as (1) are described by the matrix of constant (s©)
coefficients, including those associated with the inputs y, and a vector of coefficients associated
with the s terms on the leading diagonal, numbered from the top left-hand corner. In this case
the size of the matrix is (4 x 6) and the 24 constant coefficients would be read in by columns as
6.-0.-10. 4.-3. L...... 3. 2. 3. 1. 2, ). The s-vector has four terms (1.0 0.0 2.0 0.0).
These data can be seen in Appendix 2 as part of the example of Section 4.4.

In such a case all the coefficients would be read in using U = 44; details are summarised
in TablelIl. For a sparse matrix, only the location and value of the non-zero terms need to be
supplied (U = 45). Similarly, U = 46 allows specified coefficients in an existing matrix to be
replaced with new values, U = 47 permitting a similar modification to the s-vector.

To specify the particular input and output variables defining the required transfer function,
U = 48 is used. A number of transfer functions can be derived from a given set of equations (8 in
the example) all having the same denominator. U = 48 may be applied as many times as required,
and with the exception of those given below, any operation may be performed between the input of
the original matrix data and the use of U = 48, As all the transfer functions have the same denom-
inator, this is left in Store 3 (see Section 3.2.3). Thus the operations which may not precede U= 48
for a given matrix are those involving Store 3 (U = 30 to 38), factorisation (U = 41 or 51) and cancella-
tion (U = 42 or 43).

LINCAN is dimensioned to accept a (60 x 70) matrix. It has been tested on a (54 x 55)
matrix with 205 coefficients representing a 44th order system, and the computing time to find a

single transfer function was 80 seconds. The transfer function coefficients had amplitudes over
the range 10°°: 1,

3.2 Transfer Function Manipulation

The operations described in this section correspond to the parts of Figure 1 devoted to
manipulation and the direct reading of transfer functions.

3.2.1 Representation

Transfer functions are handled in the form of ratios of polynomials in s: the polynomials
may have up to 100 coefficients, all of which must be real, and unless otherwise stated all processes
are dimensioned for polynomials of up to this size.

Polynomials are specified by an integer giving the number of coefficients (order +1), followed
by the coefficients themselves starting with that of lowest order. Thus (X5s5* + X, 5%+ Xg8? + X8 +X 1)
would be specified by (5 X. X, X, X, X;5). It can be referred to as polynomial X with NX coefficients,
a notation which is used below.
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Any transfer function (A/B) is specified denominator first when read in or printed out
(NBB;B; .... Byg NA A, A, ....Ay,) the numbers being delimited on the cards by one ot
more spaces only. All coefficients must be specified, and in the unusual case of a transfer
function with terms of higher order in the numerator than in the denominator the latter must be
extended with zero coefficients until it is of the same order as the numerator.

Thus the transfer function of a simple differentiator can be expressed

S_§_=O+s
1 1 +0s

and would be specified as (2 1.0 0.0 2 0.0 1.0) as shown in the example of Section 4.4,

3.2.2 Basic manipulation ’

The calculated, or ‘output’ transfer function X/Y is always printed out, and if U =8 is
specified the .last calculated value of X/Y is also punched out, the cards being suitable for
use as input data.

The instructioh U = 0 simply provides a means for reading in a transfer function A/B to
replace the existing output. Thus

X _ A
Y B
When U = 1, two transfer functions A/B and C/D are read in and combined in series as in Figure 3.
X_, A 193
Yy "B *D )

o >
.
c[ e
| 23
b

Figure 3 Series Combination of Transfer Functions (U = 1)

When U = 2, the two input transfer functions are combined in parallel, as in Figure 4:

X _ AD t B.C _
Y~ T BD (4)

v

|

§§+ X
+

gl
v

Figure 4 Paralle]l Combination of Transfer Functions (U = 2)
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When U = 3, the input transfer functions form the feedback loop of Figure 5, and the closed-loop
transfer function is found:

AD
B.D tA.C ©)

<l

o
Y

STe

Figure 5 Feedback Combination of Transfer Functions (U = 3)

In equations (3)-(5), the positive sign is always used unless U =9 is specified before a
particular operation: the negative sign is then used for this one operation only.

The three basic operations can also be carried out using a single input transfer function
combined with the result of the immediately preceding calculation X'/Y'. These operations use
U -4 to7 as detailed in Table II.

3.2.3 Storage

To pemit transfer functions to be retained and used in later calculations, there are three
Stores whose contents can be used as though they were the input data described in Section 3.2.2.
U = 10 to 18 operate on Store 1, U = 20 to 28 on Store 2 and U = 30 to 38 on Store 3, as detailed
in Table IL. ' It should be noted that some operations leave data in Store 3, and so this Store should
not contain a wanted transfer fanction during such operations. The operations involved are
those referred to in Section 3.1 and in Figure 1, that is the reduction of transfer functions from
differential equations (U = 44 to 48), factorisation (U = 41 or 51) and cancellation (U = 42 or 43).
There are no restrictions on the use of Stores 1 and 2,

3.2.4 Division
The operations described above sometimes result in transfer functions of higher order than
is essential. For instance, in equation (4) if B = D, X/Y=(A+C)/B, but the use of U = 2 gives the

full output specified above. The transfer function can be reduced to its simpler form by dividing by
B/B, using the methods described below.

With U = 53 the previous output transfer function X'/Y' can be divided by an input transfer
function A/B, giving the output

t 1
X . X . A _ X/A )

Y YY B Y/B
This process reduces the order of the transfer function i.e.
NY = NY'—-NB +1

Using U = 52, X' X' may be divided by the contents of Store 3. In each case the denominator and
numerator remainders are printed out. Input requirements are detailed in Table II,
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Division is equivalent to splitting a transfer function into two series elements, and one
or both of these will be unstable if the original transfer function was unstable.

3.2.5 Scaling

To provide some control over the size of the transfer function coefficients, amplitude
scaling can be achieved. Following U = 19, a single number is specified. The largest coefficient
is made equal to this number and ail the other coefficients are then similarly scaled so that the
transfer function itself is effectively unchanged.

In time scaling the relative sizes of the coefficients are changed. However, LINCAN
employs a process which also uses amplitude scaling and this ensures that no coefficient is
made larger. Following U = 60, a number is specified (7 say). In the transfer function the
coefficients of s” are effectively multiplied by 1, so that the time response is 7 times slower
(1/7 times faster).

In both types of scaling the output transfer function X/Y. is the scaled version of the
previous output X'/Y'. Input requirements are summarised in Table IV, and some important
applications of scaling are discussed in Section 5.

3.3 Frequency Response

This, together with the operations described in the remainder of Section 3, belongs to
the Analysis group of Figure 1.

A frequency response is obtained when U = 49 is specified, followed by numbers represent-
ing a Low Frequency, a Ratio (> 1), and a High Frequency (see Table IV). The next transfer func-
tion to be calculated is then evaluated in terms of gain and phase as a function of s = jo. The
process starts at the Low Frequency, and proceeds to the High Frequency, the value of « being
multiplied by Ratio at each step. The result is printed and plotted. The gain and phase at w=0
are also found, the phase being assumed to be within the range * 180°.

If the phase changes by more than 50° between two successive values of w, the Ratio is
reduced to the square root of its existing value: this may happen a number of times. Subsequently,
whenever the phase change is less than 10° the Ratio is increased, but it is not permitted to exceed
the value originally specified.

The frequency response corresponding to the 44th order transfer function evaluated in
Section 3.1 was calculated at 53 frequencies over a range of 10¢: 1. The computing time was 36
seconds.

3.4 Factorisation

Two methods of factorisation are available, both of which operate on the last calculated
transfer function. Both print out the roots of the denominator and the numerator, and by multiplica-
tion of the factors reconstitute the polynomials. The synthesized coefficients are printed beside
the original coefficients as a check that the operation has been successful. The original transfer
function is left unchanged as X/Y, and the synthesized transfer function is placed in Store 3, from
which it can be entered into subsequent calculations. -

Factorisation is only an approximate process, and may fail altogether in difficult circum-
stances. Unfortunately a simple comparison of the original and synthesized coefficients is not a
completely reliable test of the accuracy.of the roots, since quite small coefficient errors may result
from relatively large root erross.

For all normal purposes U = 51 should be specified. This uses a root squaring method
dimensioned to receive polynomials of up to S0th order. If this process should fail or if the
accuracy of the roots is suspect, U = 41 may be used for polynomials of up te 40th order (see
Table IV). This makes use of quadruple precision arithmetic, and is very accurate, but very slow.
In this case only; if U = 8 is specified the factors are punched out onto cards, any complex con-
jugate pairs being combined into second order terms.
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In the example of Section 4.4 a.sixth order denominator and a third order numerator were
- factorised in 14 seconds using U = 51.

3.5 Cancellation

In cases where factorisation is not successful, it is frequently useful to be able to reduce
the order of a high order transfer function, even at the expense of some loss of accuracy. One way
of doing this is to search for approximate common factors in the numerator and denominator using
an algorithm due to Euclid. An integer provided with the input data specifies the number of attempts
to be made to find the common factors, progressively larger errors being permitted at each success-
ive attempt.

As would be expected in a process of this type, a useful result cannot always be obtained.
Because of this the original transfer function is left unchanged as X/Y, and the residual transfer
function remaining after cancellation is placed in Store 3. The common factor, the permmitted error
and the remainder polynomials are printed out. When U = 43, a.common factor is divided out as
soon as it is obtained, and the next attempt operates on the residual transfer function. When U - 42,
a fresh start is made on the original transfer function at each attempt (Table IV).

Despite the approximations involved in this process, the residual transfer function may well
be sufficiently accurate over the frequency range of interest, and this can be checked using U = 49,

3.6 Routh Criterion

In stability investigations, when factorisation cannot be achieved it is sometimes useful to
apply the Routh Criterion. It is called for by U = 40 (Table IV). This process always works, but
the result, which can only indicate an absolute stability boundary, is often of restricted value.

Normally the left-hand column of the Routh array is printed out, followed by ‘STABLE’ or
‘UNSTABLE WITH n UNSTABLE ROOTS’. In some cases the array is terminated due to a zero
term in the left-hand column, which normally indicates instability (Gille et al. 1959), or due to
zero terms in the original denominator, which always indicate instability. The print-out makes it
clear when this has occutred. Applying the Routh Criterion to the 44th order transfer function
found as an example in Section 3.1 took 4 seconds, including the scaling operations described in
Section 5.2.

3.7 Time Response

The transfer function is converted to the equivalent set of first-order differential equations,
and the latter are solved using a fourth-order Runge-Kutta integration routine. Zero initial con-
ditions are assumed. An impulse input at zero time is used if U - 54, a step if U = 55 and a ramp
if U = 56 (see Table IV). The order of the transfer function numerator must not be greater than
that of the denominator, and should the orders be equal a step input, not an impulse, is applied
when U = 54, After the cards giving the value of U and the Title, the following five numbers must
be read in:

TUNIT. This is some convenient time unit: it is assumed that the differential
equation coefficients use a time unit of 1 second, but the solution may
be required over periods of milli seconds, (read in 0.001), hundreds of
seconds (100), days (8.64E+4) etc.

FINTIM. A final time at which the solution is stopped: this should be within
the range 0.1 to 100 of the specified time units, and this helps to
indicate a suitable size for the time unit.

STEPS/UNIT. The minimum number of integration steps per time unit. (The program
may increase this number).

ERROR. The permissible relative error. This is normally specified as 1077, but
some other value may improve any given computation.

PRINTS/UNIT. The number of results printed out per time unit. This should not be more
than STEPS/UNIT. '
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The time response is printed out and plotted. As some indication of computing time, the
step response found in the example of Section 4.4 took 17 seconds.

4. INPUT AND OUTPUT REQUIREMENTS

4.1 General Input Conditions

All input data are read in using the subroutine SCAN (Bennett and Pollard 1967). This
permits the data to be assembled in almost any form, with an unrestricted number of entries on a
single card (up to column 72). For convenience, real constants should be distinguished from
integers by a decimal point or the E or D format, but they will be read even without such an
identification. Numbers are delimited simply by one or more spaces. Also, alphabetic matter
is ignored when the program expects to read numbers and this can be used to identify the data.
Thus, following U = 49 the frequency specification card could contain three numbers only.
Alternatively it could contain:

LOW FREQ = 0.01 RATID - 1.1 HIGH FREQ = 1.0E +2

The entries could also be inserted on three separate cards. Similarly, to define a matrix following
U = 45, the input might be:

8 RPWS 10 COLUMNS FOLLPWED BY 32 COEFFICIENTS
1 3 1.042D-4 1 7 —~2.97 3 10 1.

and so on, until the locations and values of the 32 coefficients had been specified. Another feature
is that SCAN ignores any punching on a card with * in column 1.

Additional facilities provided by SCAN are:
(i) the repeat notation: thus 5 * 1.0 is equivalent to 1.0 1.0 1.0 1.0 1.0

(ii) the increment notation, in which 0(2)10 is equivalent to0 2 4 6 8 10, and
1.3(2.1)7.6 is equivalent to 1.3 3.4 5.5 7.6

(iii) adjoining increments, which are a logical extension of (ii). In this, 1(1)4(2)10(8)34
would be interpretedas 1 2 3 4 6 8 10 18 26 34.

As usual, these groups are delimited by one or more spaces. Apart from the number of repeats in
(i), any. of the numbers may be negative.

While such a free input is very convenient indeed, it allows the program to accept incorrect
data which a fixed-format system would reject. This applies particularly. when the amount of data
presented is not the same as SCAN expects. For instance, if a polynomial is specified as having
six coefficients, and only five are provided, the program will ignore all alphabetic matter and take
the next number as the final coefficient, no matter what it was originally meant to be. If steps were
not taken to prevent it, the program might then continue indefinitely misinterpreting the remaining
data,

To avoid this situation, the program will only accept Guide Numbers when on a card of their
own in the form

Ub-=b00

where b represents a space. U must be in column I, and 00 represents a two-digit integer in columns
5 and 6, of which column 5 must be blank when U has only one digit. Thus, should data misinterpreta-
tion occur the program will normally stop before the next operation begins. Also, many operations
require a. Title Card following the Guide Number; the title may have any: form and is reproduced in

the output for identification purposes. If an incorrect title is printed out this also indicates data mis-
interpretation.
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4.2 Detailed Data Requirements

Data requirements are set out in Tables II, Il and IV, the values of U in the three tables
overlapping to some extent.

Table II relates to the operations in the Manipulation group of Figure 1, and to the direct
reading of transfer functions. As indicated in Section 3.2.1, a polynomial is specified by an
integer giving the number of coefficients, followed by the coefficients themselves in ascending
power of s (see also the example in Section 4.4).

‘Only the data marked * are required, and the Guide Number and Title Card (if needed)
should be as described in Section 4.1.

Table IIl details the data requirements for the input and subsequent reduction of sets of
differential equations in matrix form (Section 3.1).

Table IV lists the data requirements for the remaining operations: these include the
‘Analysis’ operations of Figure 1, and scaling and output instructions.

4.3 Data Output
The data output may be in three forms: print-out, punched cards, or a plot.

The transfer function resulting from an operation is always printed, denominator first,
normally following the title originating in the input data which demanded the operation. There is
also a suitable print-out following frequency response calculations, time scaling etc., and these
are essentially self explanatory. The standard output format is D11.4: if higher precision is
required the use of U = 58 ensures that all following transfer functions are printed using D23.16
until standard precision is restored using U = 59,

If a card output is required it is called for by U = 8 which punches the last calculated
transfer function. The only other output data which can be punched are the factors found with
U - 41. The factors are always punched out with high precision : for the normal transfer func-
tions, the precision is determined in the same way as for the print-out using U = 58 or U = 59.
In all cases the cards can be used directly as data input.

Plotting is performed off-line whenever a frequency or a time response is calculated, and
the plots usually become available shortly after the print-out. A CALCOMP plotter which gives
agraph 11" x 16" is used.

4.4 Sample Calculation

To illustrate the general method of using LINCAN a simple example is given relating to
the system of Figure 6, in which the block marked ‘Plant’ is defined by equation (1). The com-
plete input and output are listed in Appendix II, only the job control cards preceding the data being
necessaty.to call up LINCAN from disc.

Briefly, the calculations asked for by the input are as follows. First the transfer function
from K to M (equation 2) is evaluated from the matrix data (equation 1), Since the denominator has
terms of both sign it is clear that this part of the system is unstable; the program would note this
if the Routh Criterion were requested. The transfer function from L to M is found by including the
effect of the (positive) feedback via path 1. Placing this transfer function in Store 2 pemits that
of Path 2 to be evaluated from the input data, and the two are then combined in parallel to give the
transfer function from P to N. By combining block N to R in series, the transfer function from P to
R is found, and the frequency response of this section is printed out and plotted.

Next, negative feedback via Path 3 is applied, giving the transfer function from QtoR. If
a feedback gain of 10 is used, the Routh Criterion shows that the system is unstable (as could
have been predicted from the frequency response). With a gain of unity the denominator roots all
have negative real parts and so the system is stable. The excellent agreement between the original
and the synthesized transfer function coefficients suggest that the roots are accurate, and the time
response to a step input gives a general picture of the system response.
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9 Dis Path 2
1+s 2 348 >
. ,
Q + P + K  v: PLANT X3 M N 10 R
&) T > (Equation 1) 1+10s 2052 -
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Path 1
e 8
100r1 , " Patn 3

Figure 6 Block Diagram of System used for the Sample Calculation

This problem took 26 seconds of CPU time. LINCAN requires 288,000 storage locations,
and this may determine the job classification under M.V.T. (Multi-programming with Variable number
of Tasks. - .

5. ERROR CHECKING

5.1 General Conditions

Without adding considerably to the size, complexity and running time of a general purpose
program such as LINCAN it is impossible to prevent the occasional use of input data which causes
either underflows or overflows in some of the operations. Using the techniques discussed below
such errors can be minimised and their effects assessed.

One exception to these considerations is the frequency response calculation. This basic
process is inherently liable to give an excessive range of values, and automatic scaling has been
built into the program to avoid such errors. -

It must be stressed that unless unusually awkward numbers are involved, no precautions at
all need be taken for small systems, those with orders less than 15 say, apart from checking the
print-out for extreme amplitudes. Increasing care should be taken if transfer functions of higher
order are involved, but in most cases no problems arise. ' In many cases underflows can be ignored,
but an overflow usunally indicates the presence of a serious error.

!
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5.2 Scaling

Amplitude scaling of an equation or a transfer function has no effect upon the dynamic
properties of the system and can be used to change the general level of coefficient sizes. As
its name suggests, time scaling has the effect of speeding up or slowing down the system. Again
this does not affect the stability properties, but it usually alters the range of amplitudes of the
coefficients describing a given system. These two methods should be used to avoid excessively
large or excessively small numbers (of the order of 10%°),

For transfer functions, both forms of scaling can be applied by LINCAN (see Section
3.2.5). As an example, when the Routh Criterion was applied to a 44 th order polynomial with a
coefficient range of 10°°:1 (see Section 3.1), underflows occurred and the process terminated due
to a ‘zero’ in the left-hand column. When a time scale of 0.05 was used the coefficient range was
reduced to 10** : 1, no underflows occurred and the correct result was obtained.

If the excessive numbers arise directly from the input data, the data must be scaled by
the user. Time scaling is the more usual requirement, particularly for matrix input data. It is
very easy to apply since all terms in the s-vector are altered by the same amount. For instance,
the matrix reduction required to find the 44th order transfer function of Section 3.1 caused 143
underflows and gave a coefficient range of 10 : 1. By reducing each s-vector term by a factor
of 2.5 the number of underflows was reduced to 35, and the coefficient range was only 10** : 1.
Subsequent time scaling retumed the polynomial to its original form. There was no difference
between the polynomials found by the two processes (D 11.4), both agreeing with the correct
result, but the method outlined for reducing the number of underflows can be very useful.

5.3 General Guidance

[f there is any.doubt as to the correctness of a result, a repeat calculation with a scaled
version of the transfer functions should be tried.

In'some cases a calculation can be performed in a different way to provide a check. For
instance the two different methods of factorisation can be used, or the time step or error criterion
can be changed when calculating a time response. Altematively the problem can sometimes be
recast. As an example, the differentiator of Path 1 {Figure 6) could be introduced as a further
row in the ‘Plant’ equations instead of as a feedback block : indeed, all the branches could be
handled in this way, but the computing time would be considerably increased and the information
relating to the sub-systems would be absent.
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APPENDIX1
REDUCTION OF HIGHER-ORDER EQUATIONS TO SETS OF FIRST ORDER EQUATIONS

The method of reducing a higher order system to a set of first order differential equations
is illustrated by means of an example.

Given the system

- — — -— ) -

s+6 2 5 X, 1 2
1 3s® +s*+2s+5 3 Xo|= | 4 1 Ve
45°+252 +5 +2 Vo

4 3 S Xs 3 2

then the equation which has to be rearranged is

3 2
X, + 3s+s +Zs+5:! Xo+ 3%g = 4y *y,
4s*+2s2+8+2

Multiplying through by the denominatot leads to

(387+8%42845) %, = (48%+25%+s8+2)(4Y,+ Yo —x1-3%4),

and so the remainder of the rearrangement process applies to any.differential equation of this type. -
Separation into powers of s gives

§? (3, +4%,+12x 5—16y,-4y,) = s?(By,+2y,—2K ;=X o= 6% o)
+S(4Y1+ Vo—x 1=—2X 2=3% 3)+(8fy1+ 2yQ—2X 1—5x2—6x g) .
Then dividing by 3s® and rearranging so as’to isolate x, leads to |

xew 3 (167344 y—dx,—12x,+ )
1 } .
where o, = = (Byi+2yo—2x ;=X ,—6X 5+ @) ,

My = (B y1tyo—x,—2% =385+ 05) ,

® |- .m!p—t

and 0g = By +2y.—2x 1—5x2—~6x5)

None of these equatxons is of higher than first order, and so if the variables a4, &, and ¢, are
introduced the ori ginal system can be rewritten as

- - - = - -
s+6 2 5 X1 1 2
4 3 -1 12 | | x. 16 4
2 1 s -1 6 o, 8 2| | ya
1 2 s -1 3 oy a4 1 Yo
2 5 s 6 Uy 8 2
4 3 8 X3 I_3 2
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TABLE I
LINCAN OPERATIONS

Guide Number . s Sectiqn Table
U Operation Specified [;r:a;r:};:cbgd !Esfﬂli)lgtga
0 Read input T.F. 3.2.2 [
1,23 Combine input T.Fs. 3.2.2 I1
4,5,6,7 Combine input T.F. with last result 3.2.2 11
8 Punch T.F. on cards 3.2.2,
3.4 IV
9 Use negative calculation 3.2.2 II
10 Place T.F. in Store 1 3.2.3 I
11,12,13 Combine input T.F. and T.F. from Store 1 3.2.3 Il
14,15,16,17 | Combine T.F. from Store 1 with last result 3.2.3 Il
18 Obtain output from Store 1 3.2.3 II
19 Apply amplitude scale 3.2.5 v
20-28 As for 10-18 but Store 2 used 3.2.3 Il
30-38 As for 10-18 but Store 3 used 3.2.3 1
40 Apply Routh criterion 3.6 v
41 Factorise using slow method 3.4 Y
42,43 Cancel T.F. common factors 3.5 v
44-47 Read differential equation data 3.1 It
48 Find a T.F. from the D.E. data 3.1 II1
49 Calculate and plot frequency response 3.3 v
51 Factorise using standard method | 3.4 v
52-53 Divide T.Fs. 3.2.4 |
54-56 Calculate and plot time response 3.7 v
58, 59 Specify print-out precision 4.3 Iv
60 Apply time scale 3.2.5 IV
NOTE: L T.F. stands for Transfer Function

2. Combination implies series, parallel or feedback connection




~ TABLE II

TRANSFER FUNCTION MANIPULAT[ONV —~ DATA REQUIREMENTS

INPUT DATA ||SOURCE OF INITTAL RESULT
POLYNOMIALS
Title| B|A|D|C|| A/B C/D X/Y
0| = |« | INPUT A/B
1| # | * [*|*ix| INPUT |INPUT 3 Series
2| % | % |*f% |*|| INPUT [INPUT 4 Parallel >  All new data
31 % | % |*[+«|%]| INPUT |INPUT 5 Feedback |
41 = | X'/Y" {INFUT 3 Series  «
51 * | X'»Y' |INPUT 4 Parallel Use preceding results
6 | * | X'/Y'" |INPUT -5 - Feedback and new data
T # | ® jx INFUT X'y 5 Feedback J
9 XY Inserts minus into next computation
10 . X'y X'/Y! placed in Store 1
11 | # * | % X INPUT 3 Series -
o/¥p ere 1 Use data from Store 1
12 | = ® | % X,/Y, {INPUT 4 - Parallel
: and new data
13 | = x| Xp/Y, |INPUT 5 Feedback
14 | * Xp/Yp | X/Y' 3 Series
15 | * Xp /Yy | X'/Y 4 Parailel Use preceding result and
16 | * X, /¥y 1 X/Y" 3 Feedback ? data from Store 1
17 | * X'/Y | Xp/Y, 5 . Feedback .
18 Xp/Yp Output obtained from Store 1
20 [}, ~ As for 10-18, but
28 Store 2 used
30 As for 10-18, but
38 Store 3 used
52 1 * Xp/Yp 6 X'/Y' divided by contents of Store 3
53 { % | % |w INPUT 6 X'/Y' divided by input data
NOTE: 1. Initial transfer functions are denoted A/B and C/D
2. The computed, or output, transfer function is denoted X./Y
3. X'/Y' represents the output of the immediately previous operation
4. X,/Y, represents a transfer function obtained from a Store
5. Only data marked * should be provided
6. The format of the data is described in Section 4.2
7. The numbers in the QOUTPUT column refer to the equations of Section 3




TABLE III

DATA FOR DIFFERENTIAL EQUATION REDUCTION

U INPUT DATA COMMENTS
44 NROW NCOL Matrix size and all coefficients must be read in by
MCO1 MCD2.... columns, followed by s-vector: denominator of
SCO1L  SCO02.... required Transfer Function placed in Store 3.
45 NROW NCOL  NMCO Only non-zero coefficients need to be read in:
NR1 NC1 MCO1 denominator of required Transfer Function placed in
NR2 NC2 MCO2 .... Store 3.
NSCO
NS1 SCO1
NS2 SCO2 ...,
46 NMCO Values of a specified number of coefficients of an
NRI NC1 MCO1 existing matrix are to be changed to the given values:
NR2 NC2 MCO2 .... denominator of required Transfer Function placed in
Store 3. '
47 NSCO Values of a specified number of coefficients of an
NSL SCO01 existing s-vector are to be changed: denominator of
NS2 3CO02 ... required Transfer Function placed in Store 3.
48 TITLE ' NCO specifies the output variable column, and NCI
NCO NCI specifies the input variable column counting from the
: equals sign. Complete Transfer Function printed out,
left as X/Y, and retained in Store 3.
‘NOTE: NROW = Total number of rows in the matrix
NCOL = Total number of columns in the matrix
NMCO = Number of matrix coefficients to be read in
NSCO = Number of s-vector coefficients to be read in
NRn = Row number of a particular matrix coefficient
NCn = Column number of a particular matrix coefficient
NSn = Position number of a particular s-vector coefficient
counting from the top left-hand cormer
MCOn = A particular matrix coefficient
SCOn = A particular s-vector coefficient




TABLE IV

DATA FOR ANALYSIS AND OUTPUT OPERATIONS

U INPUT DATA COMMENTS
8 - X'/Y'" punched out on cards.
19 AMAX X'/Y' is amplitude scaled so that the largest
coefficient is equal to AMAX. .
40 - Routh Criterion applied to X'/Y', which is left
unchanged. :
41 - X'/Y! factorised using slow method: should not be
used unless U=51 has failed. Synthesized Transfer
Function placed in Store 3.
42 TITLE,.N Common factors of X'/Y' are sought and cancelled.
: , from the numerator and denominator. Each of the N
attempts starts with X'/Y': the final residual Transfer
Function is left in Store 3.
43 TITLE, N As for U942, but each of the N attempts starts with the
preceding residual Transfer Function.
49 LFREQ, RATIO, HFREQ Frequency response of the next Transfer Function to be
' _ found is printed and plotted. The response starts at
' LFREQ and finishes at HFREQ with frequency ratios
which do not exceed RATIO, '
51 - X'/Y' factorised using standard method: synthesized
Transfer Function left in Store 3.
54 TITLE, TUNIT, FINTIM Impulse Input  [Time response of X'/Y' printed and
55 STEPS/UNIT, ERROR, [Step  Input plotted. See Section 3.7 for des-
56 PRINTS/UNIT Ramp- [nput cription of input data.
58 - High precision print-out for all output until reset.
59 - Normal precision print-out,
60 T X'/Y! is time scaled: the coefficients of s are

effectively multiplied by 7n.




