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Abstract There are many different methods for investigating the coupling between two climate fields,
which are all based on the multivariate regression model. Each different method of solving the multivariate
model has its own attractive characteristics, but often the suitability of a particular method for a particular
problem is not clear. Continuum regression methods search the solution space between the conventional
methods and thus can find regression model subspaces that mix the attractive characteristics
of the end-member subspaces. Principal covariates regression is a continuum regression method
that is easily applied to climate fields and makes use of two end-members: principal components
regression and redundancy analysis. In this study, principal covariates regression is extended to additionally
span a third end-member (partial least squares or maximum covariance analysis). The new method,
regularized principal covariates regression, has several attractive features including the following: it easily
applies to problems in which the response field has missing values or is temporally sparse, it explores a
wide range of model spaces, and it seeks a model subspace that will, for a set number of components,
have a predictive skill that is the same or better than conventional regression methods. The new method is
illustrated by applying it to the problem of predicting the southern Australian winter rainfall anomaly
field using the regional atmospheric pressure anomaly field. Regularized principal covariates regression
identifies four major coupled patterns in these two fields. The two leading patterns, which explain over
half the variance in the rainfall field, are related to the subtropical ridge and features of the zonally
asymmetric circulation.

1. Introduction

Many areas of climate research involve the identification of coupled patterns in order to estimate the
dependence between two climate fields. Examples include the following: statistical downscaling [Li and
Smith, 2009], seasonal climate prediction [Lim et al., 2011], climate field reconstruction using proxy records
[Smerdon et al., 2011], and linear inverse modeling and filtering [Solomon and Newman, 2012]. In estimating
the coupling between two fields, there are several issues that arise:

1. The atmospheric state evolves with several degrees of freedom. This means that the variation in one field
may be due to multiple patterns in another field. For example, precipitation over Europe is affected by
multiple patterns in the atmospheric pressure field [Qian et al., 2000].

2. A plethora of methods exist for estimating the coupling between fields, including principal components
regression (PCR) [Li and Smith, 2009], redundancy analysis (RDA) [Wang and Zwiers, 2001], canonical cor-
relation analysis (CCA) [Tippett et al., 2008], partial least squares (PLS) [Smoliak et al., 2010], and modern
variants thereof [e.g., Tenenhaus and Tenenhaus, 2011; Klami et al., 2013]. How to choose a method that is
suitable for a particular problem is often unclear, and understanding the limitations and potential of each
method with respect to different problems is an ongoing area of research.

3. The third issue is that climate field data can be incomplete, have zero values (e.g., precipitation), and
the spatial dimension of the fields may be much larger than the number of temporal observations. This
makes the estimation and statistical inference of climate field relationships more complicated [DelSole and
Yang, 2011].

With respect to point 2, one possibility is to treat different methods as end-members along a continuum
of regression solutions. Different field regression methods generally attempt to define a low-dimensional
subspace of the predictor field, according to some criterion. The criterion could relate to variance in the
predictor field, variance in the dependent (response) field, or to some other statistical property. To define a
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continuum of solutions, first, the dimension (d, the rank or number of components) of the subspace needs to
be fixed. A continuum can then be achieved by weighting the solutions (of a given rank) for regression mod-
els that use distinct criterion. In this way, the regression models that use distinct criterion can be thought
of as end-member solutions, between which there is a continuum of possible solutions. The predictive abil-
ity of solutions in this continuum can then be explored. In the statistical literature, regression models that
explore such a range of solutions are known as continuum regression models.

The main aims of this study are to develop a new method for continuum regression that can be applied to
climate fields (that may be incomplete or may have temporally sparse data) and to illustrate the method by
example. The new method builds on an earlier method known as principal covariates regression (PCovR)
[de Jong and Kiers, 1992]. PCovR is a continuum regression method that has two end-member solutions:
PCR and RDA. The new method encompasses three end-members (PCR, RDA, and PLS) and can be used to
efficiently investigate the predictability of regression models over a larger model space. The new method is
illustrated by applying it to the problem of predicting a rainfall field from a local atmospheric pressure field
[e.g., Qian et al., 2000; Li and Smith, 2009; Smoliak et al., 2010], focusing on the southern Australian region.

2. Methods
2.1. The General Model
The general linear model for predicting field Y from field X is as follows:

Y = XW PY + E (1)

where X is an n × p predictor field, Y is an n × q response field, W is a p × d matrix of weights, PY is a
d × q matrix of regression weights, and E is an n × q matrix of residuals (see also Table 1). The residuals are
generally assumed to be from a multivariate normal distribution that is independent in time and space. Note
that X and Y are typically anomaly fields (see section 3 for more information). The central idea is to project X
into a low-dimensional space or subspace (T , an n × d matrix) that retains useful information for predicting
Y (i.e., T = XW and Y = TPY ). Once T is determined using a particular method, PY can always be estimated by
least squares principles. The matrix W has the general form:

W = AV L−0.5 (2)

where A is a transformation matrix and V and L are the eigenvectors and diagonalized eigenvalues of the
covariance matrix of XA. The transformation matrix could take many forms, e.g., A = Ip, A = S−1

XX
SXY , or even

A =
[

c1Ip, c2S−1
XX

SXY

]
. Note Ip is an identity matrix of rank p, SXX is a cross-product matrix of the subscripted

variables, and ci represents scalar weightings.

The choice of A corresponds to different regression methods. This section briefly reviews how A and T are
defined for several methods, starting with PCR and RDA. From this, it is apparent that RDA can be extended
by adding a simple parameter, which allows the investigation of a continuum of predictor subspaces, includ-
ing a PLS-type subspace. A third method, principal covariates regression, is also discussed and is extended
here in a similar way to RDA in order to investigate an even wider range of subspaces.

The focus here is on PCR, RDA, and PLS because these methods are robust against missing values in Y . This
robustness occurs because the estimated subspace lies within the column space of X . No subspace of Y is
directly required as in some other methods, e.g., conventional canonical correlation analysis. Hence, the
latter method is not used in this study.

2.2. Principal Components Regression
In PCR, A = Ip, so the subspace T is estimated straightforwardly from the singular value decomposition of
the predictor field X :

X = TL0.5V ′ (3)

where T and V are both orthonormal matrices. Thus, the leading components of T maximally account for the
variation in X :

R2
X
= tr(X ′PT X)tr(SXX)−1 (4)

but do not necessarily explain much variance in another field, Y .
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Table 1. Notation of Variables

Notation Definition

X n × p predictor field, p stations with n time points

Y n × q response field, q stations with n time points

E n × q matrix of residuals, i.e., E = Y − Ŷ
T n × d matrix consisting of d component time series

W p × d matrix of weights (or loadings), i.e., T = XW
A p × k transformation matrix, k may vary in size

V k × d matrix of eigenvectors

L Diagonal matrix of eigenvalues, i.e., L = diag(𝜆)

PX d × p matrix of regression weights, i.e., X = TPX

PY d × q matrix of regression weights, i.e., Y = TPY

PT n × n projection matrix, i.e., PT = TS−1
TT

T ′

SXX Cross-product matrix of the subscripted variables

Ip Identity matrix of rank p

tr() Matrix trace, e.g., tr(SXX) = ‖X‖2

ê(Y|X) The residuals from the regression of Y on X
Cor(Y|X) Scalar correlation = tr(SYX S−1

XX
SXY)tr(SYY)−1

In PCR, a step-function filter is typically applied to
the components:

T = XWdiag(f ), where (5a)

fi =
{

1 i ≤ d
0

(5b)

and d is the number of components retained. Thus,
components that are associated with small singular
values are truncated.

2.3. Redundancy Analysis and Regularization
In RDA, A = S−1

XX
SXY , which is a transformation matrix

that maximizes the squared correlation between XA
and Y . The estimation of T can be performed in two
steps. First, the predicted field (Ŷ) is calculated using
XA. Then, T is estimated from the singular value
decomposition of Ŷ :

XS−1
XX

SXY = TL0.5V ′. (6)

Like the principal components, the RDA components (T) exist in the column space of X , but unlike the
principal components of X , the RDA components maximally account for the variation in Y :

R2
Y
= tr(Y ′PT Y)tr(SYY)−1. (7)

Note that the leading RDA components do not necessarily explain much of the variance in X .

A major issue with RDA occurs when p > n, because then S−1
XX

(in A) cannot be estimated consistently. One
solution to this problem is to estimate the predicted field (Ŷ) using X(SXX + kIp)−1SXY , which is known as
ridge regression [Jones, 1972]. The effect of the ridge parameter k is to reduce the magnitude of regres-
sion coefficients that are associated with principal components of X characterized by small eigenvalues. The
implementation of RDA with ridge regression can be termed ridge-RDA.

The value of ridge-RDA can be understood by considering the correlation between the ridge-RDA compo-
nents and Y :

R2
Y
= Cor(Y|X(SXX + kIp)−1SXY V). (8)

When k → 0, ridge-RDA finds the components that maximize the correlation between the components
and Y , as in conventional RDA. When k → ∞, the above correlation becomes Cor(Y|XSXY V), because (SXX +
kIp)−1 approximates a scalar matrix. Note that Cor(Y|XSXY V) < Cor(Y|X(SXX)−1SXY V), because the correlation
between the components and Y is optimal only for the conventional RDA solution (k = 0). Also, for k → ∞,
the ridge-RDA solution is similar to implementing partial least squares by singular value decomposition
(PLS-SVD) [Bougeard et al., 2008]. When 0 < k < ∞, ridge-RDA provides a continuum of solutions which give
different weighting to explained variance in the predictor and response fields.

2.4. Principal Covariates Regression and Regularization
Before discussing principal covariates regression, it is useful to consider PCR and RDA when the size (or rank)
of the low-dimensional subspace is fixed. Ideally, we would like to find the simplest subspace of X that use-
fully predicts Y . For a subspace of a given rank, Cor(Y|TRDA) ≥ Cor(Y|TPCR), while Cor(X|TPCR) ≥ Cor(X|TRDA).
Thus, it seems that TRDA may provide the simplest predictive subspace in a computationally efficient manner,
while PCR may underpredict the response field for a solution of a given rank. The main issue with PCR is that
there is no efficient way of finding a subspace, of any rank, that maximizes Cor(Y|TPCR), because we do not
know a priori which combination of principal components of X to select. But RDA is also not without prob-
lems. Since RDA maximizes the correlation between T and Y , an RDA model that is calibrated using only one
set of training data will most certainly overpredict the response field for the training period. Thus, for a solu-
tion of a given rank, it seems that PCR may tend to underpredict Y , while RDA may tend to overpredict Y . But
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between these two solutions, we may find subspaces that balance the overprediction and underprediction
for a given rank.

Principal covariates regression is a method that combines PCR and conventional RDA [de Jong and Kiers,
1992]. The first step, as in RDA, is to estimate the predicted field Ŷ . Next, the predicted field is concatenated
with the predictor field (forming Z), and Z is factored:

Z =
[

a0.5∕‖X‖, (1 − a)0.5Ŷ∕‖Ŷ‖] (9a)

Z = TL0.5V ′ (9b)

where a is a scalar weighting (0 < a < 1). Like TRDA and TPCR, the leading components of Z (TPCovR) also exist in
the column space of X , because Ŷ (in Z) consists of linear combinations of the X columns. Hence, the leading
components of Z will maximize:

aR2
X
+ (1 − a)R2

Y
. (10)

As a → 1 the components will be more similar to the principal components of X , while as a → 0 the com-
ponents will be more similar to RDA components. Between the extremes are perhaps the more interesting
cases, because then the components T will summarize X well and predict Y well.

Like conventional RDA, the above method of implementing PCovR is hindered when p > n, because estimat-
ing Ŷ (in Z) requires S−1

XX
. A simple solution is to estimate Ŷ using ridge regression. This method is different

from conventional PCovR, because now the leading components of Z will optimize:

aR2
X
+ (1 − a)Cor(Y|X(SXX + kIp)−1SXY V). (11)

For a fixed number of components T1∶d , this optimization now involves two parameters: a and k. Note that
henceforth T refers to TregPCovR (unless otherwise stated), and d is the number of components of T . The param-
eter a controls how well the components T explain variance in Y or X , reflecting a ridge-RDA or PCR solution
at the extremes (0 < a < 1). The parameter k also controls how well the components T explain variance in Y
(reflecting an RDA solution when a, k = 0), but unlike a the parameter k aims to retain components that are
both stable and explain some variance in Y (k → ∞, reflecting a PLS-type solution). Thus, regularized PCovR
(regPCovR) encompasses PCR, RDA, and PLS.

The following section explains how the parameters a, k, and d were estimated in the present study.

2.5. Estimating the regPCovR Parameters a, k, and d
2.5.1. Cross Validation to Estimate a and k
The parameters a and k were estimated using cross validation. The procedure was performed using training
and test sets which were generated by leaving out one season (e.g., leaving out the June-July-August (JJA)
data in 1 year) and repeating for each study year (e.g., 1960–2002). Each predicted test set (Ŷ test) was then
combined to formed the overall prediction ŶTEST:

Ŷ test = (Xtest − X̄ train)Btrain + Ȳ train (12)

vec(Y) = diag(ŶTEST)b + e (13a)

diag(ŶTEST) =

⎡⎢⎢⎢⎢⎣

y1 0 0 0
0 y2 0 0
0 0 ⋱ 0
0 0 0 yq

⎤⎥⎥⎥⎥⎦
(13b)

where B = WPY , vec(Y) is an (nq) vector with the columns of Y stacked on top of each other, and diag(ŶTEST)
is an (nq) × q matrix with each column of ŶTEST (i.e., y1, y2,… , yq) positioned along the diagonal.

The cross-validation statistic employed was the R2 value (i.e., the multiple correlation coefficient) of the
regression model in equation (13a). This statistic is termed R2

CV
. Although other metrics could be chosen, R2 is

a useful cross-validation metric because it relates to the information content between fields, whereas other
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Figure 1. The relationships between the subspaces of
X (estimated with regPCovR), and the X and Y fields
(where X = Australasian SLPJJA field and Y = southern
Australian rainfall PJJA field). (top and middle) The
correlation between a rank 2 subspace T(a,k) and the X
and Y fields, respectively (equations (4) and (7) in text)
are shown. For each plot, the right edge of the diagram
corresponds to a PCR subspace, and the bottom left
and top left corners correspond to an RDA and PLS sub-
space, respectively (these labels have been added to the
outer plots only). Hence, Figures 1 (top) and 1 (middle)
show that the PCR subspace fits X well, but not Y . The
RDA subspace fits Y well, but not X . (bottom) As one
moves away from the RDA solution in the direction of
the PLS or PCR solution, there are subspaces that can fit
both X and Y reasonably (equations (10) and (11)). In all
plots, the contour interval is 0.05 units.

metrics (e.g., mean squared error (MSE)) relate to the
squared distance between fields. Metrics like MSE are thus
affected by the variance of Ŷ .

The cross validation was performed by using a grid search
over the sets a ∈ {0, 0.1,… , 1} and k = 10j where
j ∈ {−0.5, 0, 0.5,… , 4.5}. Also, for the cross validation, the
number of regPCovR components was fixed at d = 2.

Note that two-deep cross validation [e.g., DelSole, 2007] is
not used in this study, because it is computationally expen-
sive when there is more than one parameter for selection
by cross validation. The advantage of two-deep cross vali-
dation is that it provides a better estimate of out-of-sample
predictive skill and information about the variance of the
estimated parameters. In this study, the cross-validation skill
estimated may be biased relative to the true out-of-sample
predictive skill. Methods for speeding up two-deep cross
validation for multiple parameter problems are currently
being investigated.
2.5.2. A Partial Regression Method to Estimate d
Although d could be included as a free parameter in the
cross validation, a computationally more efficient solution is
to make d a fixed parameter for the cross validation, and a
free parameter later. If d is initially fixed at a low value (e.g.,
d = 1 or 2), then we can test if there is any advantage in
making d larger, by employing a partial regression approach.

Given a multiple predictor regression model such as y = b0+
X1∶mb1∶m +Xm+1bm+1, a conventional partial regression plot is a
plot of the residuals of the regression of y on X1∶m versus the
residuals of Xm+1|X1∶m. (Note that the regression of y on X can
be generically expressed as y|X , and the regression residuals
as ê(y|X).) In a partial regression plot, the slope of the least
squares fitted line matches the regression coefficient bm+1

and the Pearson correlation coefficient calculated from the
point coordinates is the partial correlation coefficient for
the variable Xm+1 in the multiple regression model. Thus, the
partial regression plot indicates whether adding Xm+1 to the
regression significantly improves the regression or not.

The ideas of partial regression can be applied to the problem of estimating the number of significant reg-
PCovR components (T1∶d) in the general linear model (equation (1)). That is, can the regression model be
improved by adding an extra dimension to the subspace? An issue here is that in the general linear model, Y
is multivariate, so it is difficult to plot the residual matrix of Y|T1∶m on the y axis. A solution to this problem is
to replace the residual matrix with its first principal component:

ê(Y|T1∶m)v1 = ê(Tm+1|T1∶m)bm+1 + e (14)

where v1 is the first empirical orthogonal function (EOF) (or the first column of the loading matrix) for the
eigenvalue decomposition of ê(Y|T1∶m). Methods for the eigenvalue decomposition of matrices with missing
values can be found in Josse and Husson [2012], if required. By examining plots of equation (14) for different
values of m (starting at m = 1), the dimension of subspace T can be chosen: i.e., when bm+1 is not significant,
then d = m. This method is computationally efficient and is applied to real data in the following section.
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Figure 2. The cross-validation score for different reg-
PCovR models (equation (13a)). Models with a higher
cross-validation score have better out-of-sample
prediction (although this may be biased relative to
true out-of-sample prediction). The PCR, RDA, and PLS
subspaces are found on the respective side or corners
of the plot. The contour interval is 0.02 units.

3. An Application of regPCovR
3.1. Data
This application of regPCovR explores the coupling
between two fields: the Australasian mean sea level pres-
sure (SLP) field and the southern Australian rainfall (P)
field, for the austral winter months (JJA) and for the years
1960–2002. These data and years were chosen for com-
patibility with a future study, which will involve other data
sets (e.g., rainfall isotopes) and will be reported elsewhere.

Monthly mean sea level pressure data were extracted from
the HADSLP2 data set with a horizontal resolution of 5 × 5◦

[Allen and Ansell, 2006], for the region 90 to 200◦E and 60
to 10◦S. The total number of grid points in this region is
220. These data contain no missing values.

Monthly land rainfall amount data were extracted from
the Global Precipitation Climatology Centre’s Full Data reanalysis version 6 with a horizontal resolution
of 2.5 × 2.5◦ [Becker et al., 2013], for the region 115 to 145◦E and 32.5 to 45◦S. The total number of grid
points is 18 (see Figure S1 in the supporting information). There are no missing values, but over the years
1960–2002, there are 99 months with zero rainfall (i.e., 99 out of a possible 9288 = 12 months × 43 years × 18
grid points). Prior to detrending and deseasonalizing these data, these 99 months were set as “missing” (i.e.,
given a “not available” value), so all the following analysis is being done on months with nonzero rainfall.
Note that of the 99 months with missing values, only four were found in the austral winter (JJA) months.

Both data sets were detrended and deseasonalized using the method described in Appendix A. This is
important because the focus here is on the coupling of the anomaly fields of the predictor and response
variables. As the raw data contain both seasonal variance and trend variance, performing the analysis on the
raw data would mean that the extracted relationships between the fields would carry a mixed signal (that
due to trend + seasonal variance + anomaly) rather than a pure signal (that due to the anomalies only).

After the data sets were detrended and deseasonalized, the June, July, and August anomalies were extracted
to form the austral winter anomaly fields (X and Y). The columns of X and Y were scaled to unit variance and
area-weighted by the square root of cos(latitude) [Baldwin et al., 2009].

Figure 3. A partial regression plot for a multivariate regression model. The plot shows whether increasing the rank of the regression model from m to m + 1 significantly improves
the regression model. The plot achieves this by exploring whether there is a significant relationship between the first principal component of the residual matrix for a rank m model
(on the y axis), with the m + 1 subspace (equation (14)). In each plot, b is the slope of the partial regression line.
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Figure 4. The first four leading components of Z (i.e., the subspace T1∶4), for the regPCovR model with the highest cross-validation score.
(left) The contours show the correlation between the components of T and the gridded SLPJJA anomaly field (contour interval is 0.2
correlation units, using Pearson’s correlation). Positive and negative SLP anomalies are shown by solid and dashed contours. (right) The
map zooms in on southern Australia, so that the precipitation response (to the corresponding SLP patterns) is more visible. The filled
circles show the correlation between the components of T and the gridded southern Australian rainfall (PJJA) anomaly field. Positive and
negative rainfall anomalies are shown by orange and green circles; the circle areas are proportional to the size of the correlation with
T . The percentages (shown on the plots in Figure 4, right) refer to the proportion of variance that the respective component explains in
the X and Y fields.

3.2. Australasian SLP and Southern Australian Rainfall
RegPCovR was used to investigate the relationship between the Australasian SLPJJA field and southern
Australian PJJA field. In order to explore the properties of different regPCovR models, the subspace T1∶2

was estimated over the grid of a, k values (section 2.5.1), using the full X and Y fields for model calibration
(equation (9a)). The resulting values of R2

X
, R2

Y
, and aR2

X
+ (1 − a)R2

Y
are shown in Figure 1 and can be used to

characterize the spectrum of regPCovR solutions. Models with high R2
Y

but low R2
X

are found at the grid point
a = 0, k = 0 (RDA). Models with high R2

X
but low R2

Y
are found where a = 1 (PCR). Models which explain more

equitable variance in both X and Y are found where a = 0 and k > 103 (PLS). Since this analysis is based only
on within-sample correlations (i.e., using the full fields for model calibration), it does not show which model
achieves the best cross-validation skill.

Using the cross-validation procedure in section 2.5.1, the model with the highest R2
CV

was found at the point
a = 0.1, k = 101.5 (Figure 2). This shows that in this example, the rank 2 subspaces estimated from PCR, RDA,
and PLS (on the corners or sides of Figure 2) all have a lower R2

CV
than other rank 2 solutions in the regPCovR

solution space. The optimal solution, though, does lie near the ridge-RDA path (a = 0, 0 < k < ∞). This
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analysis also demonstrates that the two SLP patterns that best explain (predict) southern Australian winter
precipitation are not found among the leading principal components of the SLP field.

Next, the partial regression method (section 2.5.2) was used to investigate if adding extra dimensions to
the subspace significantly improved the regression model. Figure 3 shows the plots of ê(Y|T1∶m)v1 against
ê(Tm+1|T1∶m) for four different values of m. As expected, the slope of this partial regression (b on the plots)
becomes weaker as m increases, because each successive dimension explains a smaller proportion of the
variance in Y . Therefore, the optimal number of components of T is four, because adding a fifth dimension
to T , as in the last plot, does not significantly improve the regression model (the line y = 0 falls within the
partial regression confidence limits).

The leading four coupled patterns for the SLP and precipitation anomaly fields are shown in Figure 4. The
two leading components of T explain over half the variance in the precipitation field, but only 27.5% of the
variance in the SLP field. The first coupled pattern consists of a broad high-pressure anomaly over Australia
associated with a negative rainfall anomaly across the south. In the opposite phase, a low-pressure anomaly
would be associated with positive rainfall anomalies. The second coupled pattern consists of a zonally asym-
metric pressure anomaly (low-pressure anomaly in the west and a high-pressure anomaly east of Tasmania)
associated with positive rainfall anomalies in the southwest but not southeast. The third coupled pattern
consists of a meridional low-pressure anomaly (40–45◦S) associated with positive rainfall anomalies on the
southern fringe, but not in the southern interior. The fourth coupled pattern consists of a low-pressure
anomaly in the southwest Pacific associated with a mainly positive rainfall anomaly in southwest Australia
and fringe southeast, but not interior southeast and far southwest. These coupled patterns will be explored
in more detail in the following section.

4. Discussion

Studies investigating the relationship between a predictor field and a response field, typically either (i)
extract a single “climate” index (e.g., Southern Oscillation Index) from the predictor field using a limited
number of stations, and compare this with the response field, or (ii) adopt a multivariate approach focused
on one or more end-member subspaces (e.g., principal components regression or partial least squares). The
regPCovR method is different from these approaches because it uses the full predictor and response fields
(cf. case (i) above), and it aims to find the subspace which best captures the between-field relationships by
exploring a range of model subspaces, not simply end-member subspaces (cf. case (ii)).

Several persistent features have been identified in the Southern Hemisphere atmosphere, such as the trop-
ical oscillation (i.e., the Southern Oscillation), the subtropical ridge, and the subpolar zonal waves [e.g.,
Ropelewski and Jones, 1987; Larsen and Nicholls, 2009; Hobbs and Raphael, 2010]. In order to compare the
regPCovR components with these features of the Southern Hemisphere circulation, indices of these features
will be projected into the regPCovR subspace (this projection is described below). First, various Southern
Hemisphere Climate Indices (SHCIs) are discussed.

In this study the following Southern Hemisphere climate indices were considered: Southern Oscillation
Index (SOI) [Ropelewski and Jones, 1987], Southern Annular Mode (SAM) [Marshall, 2003; Ho et al., 2012],
Trans Polar Index (TPI) [Jones et al., 1999], Subtropical Ridge (STR) [Larsen and Nicholls, 2009], Zonal Waves 1
and 3 (ZW1 and ZW3) [Raphael, 2004; Hobbs and Raphael, 2007], and the Southwest and Southeast Pacific
Anticyclones (SWPA and SEPA) [Hobbs and Raphael, 2010].

These indices all describe persistent features of the Southern Hemisphere atmosphere. The source and/or
calculation of these indices are detailed in the supporting information. Some indices were obtained from
electronic archives, but indices for several features (ZW1, ZW3, SWPA, and SEPA) were recalculated from the
gridded HADSLP2 Southern Hemisphere pressure field [Allen and Ansell, 2006]. The recalculation was done
using more objective and efficient methods than in the studies cited above (see supporting information).
Note that the indices for some features (SOI, SAM, and TPI) are expressed as univariate time series, but the
indices for all the other features are multivariate time series. Specifically, ZW1, ZW3, SWPA, and SEPA are
each described by three time series, which mark the longitude (or phase), latitude, and amplitude of the
feature. Whether a feature is expressed as a univariate time series or as multivariate time series depends on
whether the feature is considered to be stationary or quasi-stationary. For each feature, the austral winter
anomaly amplitude time series was correlated against the Southern Hemisphere winter SLP anomaly field,
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Figure 5. Biplots showing the correlation between the components of T and various indices of Southern Hemisphere climate variability
(SHCIs, the vectors). The vectors (arrows) were calculated by projecting each SHCI into the subspace formed by the regPCovR compo-
nents. (a) The winter SLP subspace formed by components T1 and T2. (b) The winter SLP subspace formed by components T3 and T4. In
both panels, the percentage for each SHCI (on the arrows) refers to the variance explained by regressing each SHCI on the respective
regPCovR components (e.g., equation (15)). The percentage for each dimension (on the plot axes) refers to the proportion of variance in
the winter SLP field that each regPCovR component explains.

and the correlation maps are plotted in Figure S2 of the supporting information. The correlation maps show
the expected dipole (SAM, ZW1, TPI, and SOI) or tripole (ZW3) patterns, and specific features (STR, SWPA,
and SEPA).

Figure 5 shows the projections of the SHCIs into the regPCovR subspace. Prior to projection, the SHCI time
series were deseasonalized and the seasonal anomalies for months JJA were extracted and scaled to unit
variance. The SHCIJJA anomaly time series were projected into a regPCovR subspace by regressing them
against two regPCovR components (which make up the axial dimensions of the subspace). For example, in
Figure 5a, the projection of STRI (the intensity of the STR) into the subspace formed from the two leading
regPCovR components gives the equation:

STRI = 9.4T1 + −1.32T2, r2 = 71%. (15)

The regression coefficients represent the projection (so the STRI vector points into the bottom right quad-
rant in Figure 5a), and the r2 value is a measure of how close a particular SHCI lies to the subspace into which
it is projected (vectors that have a low r2 value are pointing away from the planes shown in Figure 5). Also,
the correlation coefficient between any two indices shown on the diagram is given by the cosine of the
angle between the corresponding vectors or axes. Vectors separated by small angles or opposite angles are
positively and negatively correlated, while vectors that are perpendicular are independent. Note though,
the scale of the horizontal and vertical axes in Figure 5 is not the same (so the diagram does not become
squashed), and hence, there may be some visual distortion.

The first regPCovR component T1 (or dimension 1) is strongly associated with the intensity and position of
the subtropical ridge (STRI and STRP). Note that the position and intensity of the ridge are anticorrelated:
a stronger STR anomaly occurs when its position is further southward than normal [Larsen and Nicholls,
2009]. The second regPCovR component T2 (dimension 2) is partly associated with the zonally asymmetric
components of the Southern Hemisphere circulation, especially the position (latitude and longitude) of
the southwest Pacific anticyclone (SWPA_lat and SWPA_ph). Thus, here the leading two regPCovR com-
ponents are not associated with the Southern Annular Mode (the SAM is the first EOF of the Southern
Hemisphere extratropical SLP anomaly field). The third regPCovR component T3 is related to a contrast
between the amplitude of the SAM and the position of the subtropical ridge (STRP). That is, more rain tends
to fall on the southern Australian fringe when the SAM is in a negative phase and the position of the STR
is further northward. This type of superposition effect is not apparent in studies which consider only one
phenomena/index. The fourth regPCovR component T4 is not closely related to any of the above atmo-
spheric indices, although it explains 5.4% of the variance in the predictor field. It appears similar to PC3
of the predictor field (Z3 in Li and Smith [2009]), with a low-pressure anomaly southwest of New Zealand,
associated with a positive rainfall anomaly on the southeast fringe, but a negative rainfall anomaly in far
southwest Australia.
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The interannual variability of winter rainfall in southern Australia has been previously related to the SAM
[Nicholls, 2010], zonal wave 3 [van Ommen and Morgan, 2010], and the subtropical ridge [Larsen and Nicholls,
2009]. These studies considered only within-sample correlations, hence, the out-of-sample predictive skill of
the climate phenomena-rainfall relationships described by those studies is unclear. In contrast, Li and Smith
[2009] used cross validation to determine the optimal number of components in a PCR model using a sim-
ilar pressure field to our study and more localized rainfall fields. (Note that Li and Smith used the National
Centers for Environmental Prediction-National Center for Atmospheric Research sea level pressure field and
Australian Bureau of Meteorology rainfall field, whereas we have used HADSLP2 and GPCC rainfall.) The
leading two PCR components (in Li and Smith [2009]) explained 65% of the variance in the predictor field,
compared to the leading two regPCovR components which explain 27.5% of the variance in the predic-
tor field (Figure 4). For a given number of components, the regPCovR model would tend to explain more
of the variance in the response field than in the predictor field (Figures 1, 2, and 4); hence, the regPCovR
model is likely to require fewer components than a PCR model to explain the same amount of variance in
the response field. This is because the cross-validation step in regPCovR searches for a subspace, rather than
the number of components in a predefined subspace (such as in PCR), which maximizes predictive skill.

In conclusion, regularized principal covariates regression is a continuum regression method that can be
used to investigate the coupling between two fields. It has several attractive features, including that: it eas-
ily applies to response fields that have missing values or are temporally small, it explores a range of model
spaces (so one does not have to choose a particular regression method), and it seeks a model subspace
that will typically have a better predictive ability for a given number of components compared to other
regression methods. In future work, the method will be expanded in order to investigate complex signal
fields [Schreier, 2008], cross-validation parameter variance, and the influence of particular time points on the
model subspace [Barrett, 2003]. Regularized principal covariates regression should be a useful tool in many
areas of climate research that involve the coupling between fields.

Appendix A: Detrending and Deseasonalizing the Fields

A climate field can be thought of as being composed of several components:

Field = Seasonal + Trend + Mean + Anomaly + noise. (A1)

The Mean component is the temporal mean of the field, the Trend and Seasonal components represent
long-term and cyclical changes in the mean field, and the Anomaly component contains interannual vari-
ance. In order to examine the Anomaly field, the Trend and Seasonal components need to be modeled and
removed. In this study, the Trend component is modeled as a linear function of time, while the Seasonal
component is modeled using harmonic functions. This can be described by the following equation:

Field =
[
sin(w1t), cos(w1t), sin(2w1t), cos(2w1t)

]
B2 + tB1 + B0 + Anomaly (A2)

where Field is a matrix with time points as rows and grid points (or stations) as columns, t is a time vector,
i.e., t = year+month∕12−1∕24, w1 = 2𝜋radians yr−1 is an angular frequency, B2 is a 4×p matrix (p = number
of stations) containing the coefficients of the four harmonic functions in equation (A2), and B1 and B0 are
row vectors (of dimension 1 × p) which contain the linear trend coefficients and the mean field, respectively.

By using the model in equation (A2), the Seasonal and Trend components can be simultaneously estimated.
Equation (A2) is solved using the standard methods of multivariate linear regression. The Seasonal, Trend,
and Mean components can then be removed from the climate field, leaving a field that is an Anomaly field
(which also includes noise).
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