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ABSTRACT

Contrary to current opinion, the statistical distributions of
level spacings:.and reduced widths when applied to the reaction matrix,
are not invariant under changes in the boundary condition matrix or the
matching radius., General arguments are given, together with specific
examples which violate the invariance requirements, We conclude that it
1s the parameters of the collision matrix which should be analysed

and considered as the invariant parameters,
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Note in Proof

Equation (72) is valid only for slowly — varying < ?2>. The exact result is obtained

by substituting (77) into (71) to give

<D(@> = <D(as)>/exp [f(a) - flay) ]
- a - (a+ ) _
where @) C +4ma? 6C tn I: a*+oa + ol _.’
— ._lu_." > tan_1 ad?
3 C 2a=—a
. - ]C
4m
Choosing a; =1, C=1, 4m=1 <~vy?*> = —é«
We get the values;
a 1.0 1.25 1.5 2.0 3.0 5.0 @
<D> 1.0 0.830 0.706 0.563 0.453 0.393 0.347






1. INTRCDUCTION

The parameters which oecur in statistical theories of nuclear
reactions usually depend on the statistical properties of the parameters
in the reaction matrix, R, For this reason, the statisties of R-matrix
parameters have been widely -investigated (Lynn, 1968) . Distribution laws
for level spacings and reduced widths have been derived by Wigner { 1956)

and Porter and Thomas (1956) respectively.

i
Though no formal proof has ever been given, it is usuglly assumed

that the statistical distributions of R-matrix parameters ére independent
of the boundary conditions used in the definition of the R-matrix, Lane
and Thomas (1958) claimed this on physical grounds and supported their
view with a plausibility argument, Teichmann and Wigner (1952), by
considering the effect of changes in the boundary conditions, suggested
the existence of correlations between the level spacings and the reduced
widths. On the other hand Lane and Thomas dismiss this argument as being

based on mere speculation.

More recently, Moldauer (1964) investigated some of the statistical
properties of the R-matrix numerically and concluded that ﬁhey were not
independent of the boundary conditions., He discovered that by fixing the
distributions of the reaction matrix parameters, and varying the boundary
conditions, the distributions of parameters of the collision matrix
varied; this should not occur, Unfortunately, changes in statistical
distributions due to changes in boundary conditions are not investigated

. easily by computer experiments. The main difficulty is the restriction
to a finite number of levels, Initially, an R-matrix many be constructed
ysuch thalt the distributions of the level spacings and reduged widths are
independent of the sampling range., However,-after changiné the boundary
conditions the resulting R-matrix no longer has this prope%ty.
Distributions obtained by sampling the poles near the extremities of the
range are generally different from those obtained by sampling near the

centre of the range.

In this paper, the problem of whether or not the reaction matrix
parameters vary with boundary conditions is investigated analytically
for a single channel R-matrix by considering the moment generating
functions of the distributions, The statistics of R-matrix parameters
are generally not invariant under changes in bourdary conditions, This
is demonstrated by considering first and second order varlations in the

moments and distributions due to variations in boundary conditions,
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2. FORMULATION OF THE PROBLEM

In the Wigner-Eisenbud (1947) R-matrix formalism, the single

chanmel scattering matrix is expressed in terms of the R-function

2

: Tl

R(E) = _— + ROO alo(l)
Eka .
N .
2
where 1Y = 7reduced widths,

E}L = resonance poles,
Rew = residual constant.

The eigenvalues E. of the nuclear Hamiltonian are defined by

A
imposing on the eilgenfunctions at a chosen radius a, boundary econditions

which are characterized by a real constant B,

ay, (r)

A B

[ = }r=a = 7 wlal ...{2)

where wl(El,r) = W(El,r) with the El as elgenfunctions of (2),
WE,r) = the wave function in the region of interaction.

The reduced wildth amplitudes are defined as

2
L2 _ A 2
T:\. = zMa ‘«lfl (a) ---(3)

where M = the reduced mass of the system,

I Ro is an R~funetion corresponding to the boundary condition Bo,
then the R=-function for a different boundary condition B is given by
the relation (Lane and Thomas)

R = R(1-(B-B)R)™" veo(4)

The collision function S is given by

2 -1

a°(1 - (L-B)R)™" (1 ~(L*-B)R), veu(5)
i?
hard sphere phase shift,
S + 1P,

level shift,

penetration factor.

2
I

where R

Lao I /> B v B R
n

i



h3°
The function (5) is invariant under the transformation (4), It should also
be Invariant with respeet to changes in the arbitrarily chosen radius, a,

We can express these invariances in the equations

g—g = 0 ...(6a)
’?3‘2‘ - o .+ .{8b)

The positions Ei of the poles in R are given by the solutions of the

equation

l bt (B-BO)RO = O -11(7)
and the residues are

1
2 2 dR
T‘l - [ (B-Bo) dE -E L] 000(8)
S I

El

Equation (4) was shown by Teichmann (1950) to be equivalent to a

differential form

oR 2
= = R . ...{9)
By equating residues at the poles on elther side of equation (9) we
find
OE
A a
3B - -1 , ...(10a}
aYl o Y? '
- eh ) w2 e +(100)

These relations also follow from (6a) and (5).

In order to study the statistics of R-matrix parameters, Wigner (1956)
introduced the concept of the statistical R-function in which the reduced
widths ri and level spacings Dl’ where

D, = E  -E co.(11)

have definite distributions which are independent of the sampling range.

We shall consider the statistical R-function defined by equation (1) in
which the summation over )} extends from -w to +w, We suppose there is some
prescribed order in which positive and negative terms in equation (1) are

to be summed,
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The effects of changes in the boundary conditions on the statistics
of the parameters is most conveniently investigated by means of moment
generating functions. The moment generating function (C_ramer s 1946) of

a distribution P(x) is the laplace transform

B(s) =f°° e p(x) ax | | ...(12)

o

s0 that when ?( S) is expanded in ascending powers of 8

k
P(3) =z (L7 g¥ ...(13)

k! k
k=0

where Mk is the k th moment of the distribution, If the series (13) is
absolutely convergent for some S>0, the distribution is uniquely determined
by its moments, Therefore the dependence of the distributions of level
spacings and widths on the boundary conditions is completely determined

by the dependence of the moments upon B and a.

Some common examples of the above which are used in calculations

are
a}  Wigner distribution

m_ - /D)°
D%

P(D) dD ...(14)

1

=22 =
51_)(8) = 1 - DS e(DS)/]I erfe (%%) _ ...(15)

2 © P
where erfo(x) = T f e at .
X

The Taylor expansion of (15) gives all of the moments of the distribution

in terms of D alone,

= 2 =2.2
PD(S) = 1 -D3 + T D™S8™ + ... ...(18a}
= G
M (D) =1, M (D) =D, M (D) =~ . .. .{18p)
b) Repulsive exponential level distribution
-2D
PD) @0 = & D & P, oo (17)
D



) = fﬁi -2 1
PD(S) - {1 + 2 ) -ob(""a)
~ 1 -Ds + 2 D% ...
4
giving
M, (D) = 1, M,y (D) =D
M, (D) = < D>
- % D%, from (13) . .. .(19)

¢)  Porter-Thomas distribution of reduced widths

P(v%) ar” = (ETZH? )'% e'fz/(z?) ay®. ...(20)
? () (1 + 28 1B) .-(21)
w1128+ -g-’— (42 8% - .,
which yields
(B =1, m(A) - L mGH —sAR, L)

a) Exponential distribution of reduced widths

2 2 1 ~7e /e 2
P(T ) dY = : i e T /.F—‘ dY J 500(23)
2
T
“P"Y(S) = (l+ST2)'1= l-T25+(T2)ZSE+... ...{24)
from which we find
2 2 2 2 2,2 '
MO(Y) =l.v Ml(Y) = T :MZ(T) =2(T) D 000(25)

3. THE LEVEL SPACING DISTRIBUTION

Suppose that when B = B0 3 D]\ and *ri are uncorrelated, The dependence

of the level spacings on B 1s obtained from equation (10a) as

Q/

D)\ 2 2

E_B—' = T}\_ - Y}\_"}‘l . ---(26)



Using the faet that

<aD)> _ a< D> ( 27)
B 9B 2 cas
where < > denotes the average over ), we find

d< D 2 2 2 _ .2
—iTB2=<rl..Tl+l>=<T 2= T > =0, ...(28)

It can be shown that the operation < > commutes with -g— .
Similarly, by repeated differentiation of (28) we can show that for all

n
n n-1 2 ~n-1 2

?—E_]b = /___a - 2 _ha) - o, .o o(29)
OB \\aB -l aBI’l-l

This result reflects the well known fact that the average density of
levels is independent of B (Lane and Tnomas), However, it is not
necessarily independent of a, Furthermere, we can show that the first

derivatives of all higher moments vanish. Thus

§§>= <nDn-l (2 2 )>

1l
=
AN
W)
S
'—l
AV
A
)
&.{
7
'—!
~

= 0, : .. .(30)
since Dh and Yi are uncorrelated,
Needless to say, if the moments are to be truly independent of B,
then all higher derivatives of all moments must be identically zero,
n
o) M,
os"

that is = Q .. .(31)

for all (n,k). This is certainly not the case in general as can be seen

by considering the second derivative of the second moment M2 (D).

From
2
3% p
A

oB®

2 2
oy’ o'
~ 2 2 .2 % - OVl
= aly) - )"+ e, ( S5 - 3B ) .. .(32)



we obtain

2
BMZ _82<D>=2<(T—Y_M_l >.+

3E? >8°
+ z< ( - BY}‘” >> .. .(33)

The first term on the right in equation {33) is non-zero and its

value depends only on the distribution of the reduced widths, In fact

2 2 2
)

3 4 2.2
2<(ry -1y > = ¢ (Ky>-<y>) : ... (B4)

In general the second term will not cancel the first term as iis value
depends not only on the distribution of widths but also on the distribution

of level spacings, The value of the second tefm can be determined, Using

the fact that at Bo’ widths and spacings are uncorrelated, we obtain from

(10b) .
a‘”i \ 2 2 1
D?& B = T‘}\ > D]\ Z B "Ek . ...(35)

For those terms in (19) for which j = A - k, k > 0, we have

D
< )\‘ E = - < D > R k—l.._
l"k 1 z D
iup M1
..(38)
o k
-D 8
WI’iting k_'l_— = f .H e }\,"1 dS L) 0(37)
= Dl . o} i=1
i=1 &

we find D
= - <D > B dS R 38
El-k- El o D

where ?b(s) is the moment generating function of the distribution of level

spacings,

Similarly, those terms in (35) which have j, = A + k, k >0, can be

written as



Il

E—-]—)%—;E-"" EID# = % 3 ...(59)
Ak T -

w0
<—2—>5 = <D> f ek<D>8 g5, ...(40)
Mk A “o

Therefore, combining (40) and (38), (35) becomes

arz - o« —
<Dl -553-1 ) = <¢% <> Jé(z [ dS(e-}K D>3 _ (PD(S))k>}
=1

coo{41)

The two summations in (40) must of course be carried out
simultaneously in the same order as used to define the summation in
equation (1). To avoid difficulties arising from the lower limits of
the integrations, we replace them by a small positive ¢ and consider the
limit as ¢ tends to zero. Since, for all S>e the two series in equation
(41) are absolutely convergent, the summations may be taken inside the

integrals. Summing the series separately we obtain when ew0

In verms of averages we obtain finally

po 2
B_% = a(<r - <rBH ¢ 4 <vBE <)
oB
.0l (43)
% om< D> 8 "P"D(s)
C(<D>) = <D> f { —Ps5 - — }ds
o 1-e <7 1 - P(5)

eo{44)



<&

We note that the integral on the right of (44) exists only if ﬁD(s)

tends to zero faster than 1/3, as S w, For large S, we may write

EXE) -fome"SD [Pco) + D(%D=O+...]d1>

PSO) + "]:"2_ <% + e 101(4:5)
S D=0

Therefore, the above analysis holds only if

Lim P(D) =0

D 50 ...(48)
which is an expression of {he fact that levels repel each other,

As an example, consider the repulsive exponential distribution
(17). Using.(18) in (44) we find

82< D@ -4
———??—JE = 4i<yr>-< r2>?)— 4 in(4) < Y2>?
OB
= 4 <y® o 9,55 < 58 . .. (47)

If, furthermore, we uce the exponential reduced width distribution (24),

we find .
4
<> = <(PEs = a(yH?
_ 2 2
and P> | a5 (v5)% ...(48)
SB%

We notethat of%en,EB(S) has the form ?5(53) and therefore we obtain

~ ] e-u -FD(U)
¢(<D>) = f {1- = 1-$D(u)} du L. .(49)

0

which is independent of <D>, and 1is therefore constant, Similarly, if
P(Tz)_can be written as a function P(Yz/rz) then TEIS) has the form

5}(T2 S) and the second moment of the distribution is a constant times
2, .
(v )2. It follow: that

82 2 —_

e<b> _ (constant) x (rz)2

o ...{50)

As a more realistic example, we take the Wigner distribution of

spacings (14) and the Porter-Thomas distribution of widths (20) to obtain
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2 2 —_
e=b <zD 7= (e-a0) (D) ° .+ -(52)
OB
* 1 1
nere C = —_— - —_— Y du
e é\-{l;im) 1-{u}
= fm { e—u /'TT ~ _ ._...-....J.'.....:..E } ”.(52)
A u erfe({u/vr ) l-¢e

4, DISTRIBUTION OF REDUCED WIDTHS

If we consider equations (7) and (8), then since R‘ (E') is finite
for every B # B, it follows that all Yh? tend to zero when (B - B )
tends to infinity. Thus the average reduced width < r > is certalnly
not independent of B, We therefore examine the effect of the
transformation (4) on the distribution of the quantities le/ < Tz>».
It is not difficult to see from equation {10b) that

2
és%—2=o .. .(53)

though in general higher derivatives do not vanish, Using the fact

that ri and D are uncorrelated, we obtain for n > 1

an 2.2
S (( ) e B
<> < r°

2n 4 2n+2 2.
+[2n(2n—l) <—I-—-—-—I-—->2<n'> - 2n<r 2>n<r>hIF_.

<7 > <Y > -

.(54)
where
N0
- E~E ' E -
wFN VAL (B -8 " By E)

bt
I

. -z
(o)

The conditions on & and F under which the second derivatives of all

moments wvanish can be represented by a set of simultaneous equations



a AL F =0 , n-= 2,3,4... .. .(55)

where (an,fn) are the coefficients, Since F is always non-zero, (55}

can only be satisfied if

(a) A = Oand f = 0, or
(b) ah/fn = (a constant independent of mn).

Clearly, neither of these conditions are satisfied in general,
and therefore the distributions of reduced widths change when the

boundary conditions value of B is altered,

5. IEVEL SPACING DISTRIBUTION AFTER A SMALL CHANGE IN BOUNDARY,
CONDITTIONS

Suppore that initially we have a set of level spacings {Dl, DZ’
D3, } and a set of reduced widths [Yl, e Y } such that the
probablllty that D, has a value between D and D + @D is P(D)dD and
the probability that Y, has a value between Y and Y + dY is Q(¥)dy,
Let us econsider the effect of the transformation (4) on a particular

Dk’ say Dl' We write the transformed level spacing as

9, = f(Dl s e Dy 3 Yy ..YN) . ...(586)
The inverse transformation may be written as
D, = F(Dys Doy wvv Dy 3 Y, Yy e YN) ...{57)

Then the probability that 91 has a value between D and D + dD is given
by P (D)aD where

o) = [..f o502 B Yy %) | [pop) . oy |

...(58)

This can be written as

. oF
(D) = <P [F(ﬂ), D, ... Dy Yoo YN)] 5T ...{59)
where the average is taken over all variables except .

In particular, when B = BO + 5B, we can write to second order in

oB



2

T

_ 2 2 -
Dy = by (v Ti+l)6B+[1 E-E,

wA

2
_ L8 R VR 2 ...(80)

Tis1 7 E. ](6}3)

E -
P

Using the same argument as that used to derive equations (38) and (39)

we can obtain the inverse transformation in order (83)2 s as
2 2
F(.(D, D2 « .o DN,Y]. LS TN)
2 2 2 e
=D - (v% - 1, 3B - <Y, L - -
(v = ri.q) {Yl[ W -—li—z = 1
. itk .k Lek -
Ml
2
a 1
X k 1 ek _
pial p<i+l o1

..(61)

Substituting (61) into (59) and neglecting terms of order higher than

2
(8B) "~ eventually yields

PP = KD + {G(ﬂ)) P(D) + H(D) —((@. + k4 P(SDQ }

..(62)
where P
(D) = -F{Z T—P—? 2+ ——“——)
i §+zD, ) T1+1
|J.>i |_J_<1+l
w . _ -1
- 2<T2>2 f e_be S[l-PD(S)] das , ...(83)
o ' | '
Yz T
z
D) = —u Z ENITRE
@) <Tl{z D+ EDy Z D1k ]
> p<i K
P 2
-
§_+l { Z =D i " >
. + % D,
p>idl Ttk u<i+1 D k ik



-t
(%)
"y

= 2 <SR Jf (e-$B -1 (1 -'?b(s))'l as ...{64)
]
K = <ﬁ> <ﬁ§ . , ...{65)

It is quite clear from equation (62) that the distribution function
has changed from the initial distribution P(D) to one which depends upon
< r2> as well as <D > ., Therefore, we expect that the moments IVIk (D)

are strongly correlated with the moments M (yz) except for a special

J

'physical! value of B = Bo where we can assume that the correlations

vanish,

6. CHANGE TN PARAMETERS WITH CHANGE IN RADIUS

Let us consider the physical requirement that the collision
function S given by equation (5) should be independent of the arbitrary

radius a., Then from (6b) and (5) we obtain

JR idg 1 2 .2\ 52 1 dp
Sa = da PO [1L + (B"+P")R"] - P aa R{1+BR] .
...(66)
We shall consider s-waves only where (Preston, 1965)
P = ka = Jvéﬁﬁ .. a , 8=0,
@ = exp(~-2ika)
from which we obtain
3R 2 2B” B, .2 1
6—5=E+(T +4Ma.E-'£)R—E R . ..,(67)
However, using equation (1) we get
2 a
3R _ o1y 1 %, , e
da da E-E E-E da da
A A
...(682)

Substituting equation (1) into (67) and equating the residues of

poles of each order in (E}f E), we obtain the three equations

oF
A _ L8 2B(2B-1)
da 10N [4Ma E o+ == j‘ ...(68b)
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Varz
» _ .2 [ 28(2B-1 2 i 1
Sa =Ty [ > F)\_éMa(T}\-ZEhF)\) a
...(68¢c)
SRe 2
Oa T a ... (68d)
YZ
where Fl = 2; E—:%E— N §: Fl = 0, ...(69)
LFA A M A

The most common value for B chosen in s-states is B=0, for which

we obtain
oE
. 4
35 T 4MaE, 7 ...{70a)
2
e e
A 2 A
3o = 4dMar] [ZE}LFK-YZ}\]— — ...(70D)
oR 2
552 == ...(70¢)
Equation (70a) gives
oD
y 4 4
o T tMalE v - EoTNa o
that is
o) ' ‘
§D>= -4Ma<r4’> <D> LT
This equation may bhe integrated Immedlately to yield
4 2 2
< D{a)> = <D(ao)>.exp(-2M <~r>(a-ao)) . W {72)

Por a Porter-Thomas distribution at(ao, Bo = 0) we obtain a

dependence of the average level spacing on a and YZ as

_2)2 2_,2))

D(a) = Dlay) . exp (-84 (v°)%(a"-a, ... (73)

Clearly the minimum acceptable radius at which the maximum spacing, and
hence lowest pole density is achieved, is a choice of 8 Just at the
radius where the nuclear interaction cuts off, At all larger radii, the

pole density increases monotonically with a.
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Next consider

<§_§> o< yo>

. , :
<-4Mar}\+ BmaYiEkFl - Ti/a > .

L {74)

9}

il

The term containing El can be shown to have a zero average and therefore

we have by the methods of the previous section

2
a< > = ~4:M3..<T4> "<Y2>a. t--(75)
a

For a Porter-Thomas distribution, equation (75) becomes

2
Er> - iema<yBE - <o ...(76)

Equation {76) has a unique solution

<v> = ¥¥ = &G+ 4 M)

W (77)
where C is a constant of integration which is independent of a., Eguation

(77) gives éxplicitly the dependence of the mean distribution of reduced

widths on the mateching radius a,

In terms of the width y° (a) at the nuclear radius, we have

e — j(c+4Ma3)
v*(a) = y(al) . — . --~—-——-—§ . ...(78)
: o (C + 4 Ma")

Finally, the equation (70e) can be integrated to give

Reo = 1n<§;>2 ' ...(79)

where the boundary condition metrix, B, and the matching radius, a,
are chosen such that the constant term in equation (1) is zero at

the nuclear radius,

Since the mean values < D> and < T8> are explicit functions of a,
then to first order for any change from a to a + 8a, the distributicn
funetions alter in the first moments, and the new distributions are given
approximately by the functional forms of the old distributions, with means
altered according to (72) and (75).



7. CONCLUSTION

It has been illustrated by several methods that contrary to current
opinion, the statistical distributions of reaction matrix parameters do
depend on both the choice of the boundary condition matrix B, and the
matching radius., Explicit. expressions for the change in moments and
their distributions were derived and particular important examples of .
experimentally verified distributions were considered, and shown to
be non-invariant under the relevant transformations. We conclude there-
fore that the statistical sampling of reaction matrix parameters from
such distributions in order to generate cross sectlons is valid only
for a particular value of B and a special radius, We infer that the
probable required choices are B = ~4, where £ = the orbital angular

momentum and a = a2 where ao is the nuclear radius.
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