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1. INTRODUCTION

Some of the particles and photons emitted by atoms in a radioactive source are absorbed within the source.
Others are not observed by the detectors. The count-rate is thus always less than the disintegration rate.
However, coincldence counting which is Independent of detection efficiency can be used to obtain the
disintegration rate for those nuclides which, for example, emit a B particle and a ¥ photon. The equipment
includes a coincidence counter which records the fact that a disintegration has been observed by both the § and
the ydetectors. Let N be the disintegration rate in becquerel, Nj the B count-rate, Nythe y count-rate and N, the
colncldence count-rate. If corrections, such as those due to dead-time and resolving time, can be neglected,
then

The derlvation of this equation is given in a report by the US National Council on Radiation Protection and
Measurements [NCRP 19885.76].

For every disintegration observed, a dead-time is imposed on the particular detector; this time is greater
than the time taken by the dstector to process an observed event. Events occurring during the dead-time_are

not recorded. When a disintegration is detected by both detectors, the coincidence mixer does not recelve the B
pulse and the y pulse simuitaneously. A coincidence is recorded if the Interval between the two pulses is less
than the resolving time set In the colncldence mixer. However, If a B pulse from one disintegration and a y pulse
from another disintegration arrive at the mixer within the resolving time, an accidental coincidence is recorded.

Because of dead-time losses and accidental coincidences, the equation given above is only approximately
true. A more elaborate equation, such as that of Bryant [1963], is therefore required. Count-rate-dependent
corrections are discussed In the NCRP report [NCRP 1985:85).

A coincidence counting correction formula Is derived for the case of equal, non-extending dead-times in the
two detector channels. The derivation is similar to that of Bryant's equation. The nuclear disintegrations
considered produce two coincident radiations which are observed by detectors A and B. The efficiency of
detector A with respect to one of these radiations is denoted by E,, and the efficiency of B with respect to the
other is denoted by Eg. E, and Eg are the probabilities of detection of a disintegration by A and B, respectively,
when these are live. For simplicity, it is assumed that when a disintegration is detected by both detectors to
give a true coincidence, they respond simultaneously, i.e. the dead-times are exactly coincident.

2. STATES OF THE DETECTORS

At any arbitrary instant, the detectors will be in one of the following states. In state 1, both detectors are live,
as at the instants |, I, 1”,, and I, in figure 1. In state 2, A is live and B is dead, as at instant I,, A having
been live in the interval between I';, and I,. In state 3, A is dead and B live, as at instant I3, B having been live
In the Interval between |, and l;. In state 4, both detectors are dead, as at instant l4, as a result of a genuine
ceincidence at I”*;. The detectors have the same dead-time, denoted by T.

Dead : ' [ bl ! [
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Dead I ' : : ' :

B Live L | .1 — L
e : L P
I 1 I I 15 L1,

Figure 1 States 1, 2, 3 and 4 of the detectors
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The detectors are in state 5A {figure 2) when A is dead and B has gone dead as a result of an eatlier
disintegration at a time between 0 and T before A went dead. Stale 5A is divided into {a) sub-state 5BA, in
which both detectors are dead (instant lsg,), B having gone dead belore A, and (b) sub-state 3D (instant I3p) in
which B is live and A is dead as in state 3, but with B having been dead when A went dead.

Dead I |
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Figure 2 State 5A and sub-states 5BA and 3D

Simitarly, the detectors are in state 5B (figure 3) when B is dead and A has gone dead between 0 and T
before B went dead. In sub-state 5AB, both detectors are dead (instant lsag), and in sub-state 2D, detector A is
live (instant lyp).

Dead ' I

A Live N B S
{ 1
| 1
Dead : :

B Live ] —
|
|

I S5AB I 2D
Figure 3 State 5B and sub-states 5AB and 2D

Let the probabilities of observing the states 1,2,3,4, 5A and 5B at any arbitrary instant be Py, Py, P3, Py, Psa
and Pgg, respectively. Let the probabilities of observing the sub-states 2D, 3D, 5AB and 5BA at any arbitrary
instant be P,p, Pap, Psag and Pgga, respectively.

3. PAIRS OF CONSECUTIVE DISINTEGRATIONS

Suppose that at the instant of the first of a pair of consecutive disintegrations the system is in a state or sub-
state denoted by r, and at the instant of the second disintegration the system is in a state or sub-state denoted
by s. The probability of this occurring is denoted by the symbol (r.s}. It should be noted that between state or
sub-state r of the first disintegration and state or sub-state s of the second disintegration, there can be another
state, or one or two other sub-states.

4. OUTLINE OF THE DERIVATION

4.1 The Probabilities (r.s)

Formulae are derived for the probabilities {r.s} whers r and s are one or other of the four states 1,2,3, or 4, or
one of the four sub-states 2D, 3D, 5AB or 5BA. There are 64 such probabillities, 36 of which are zero. The
probabilities are listed in table 1 {see sectlon 6}, where zero denotes zero prababhility, and the other figures are
the numbers of the relevant formulae in the text below.
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From these formulae, another set of probabilities (r.s) is obtained in which r and s represent cne or other of
the six states 1,2,3,4, 5A, or 5B. This is shown in table 2 (see section 6), In which some of the probabilities are
the same as those In table 1, whereas others are the sums of two or three of those in table 1. The formulae for
(r.s} in table 2 consist of P, multiplied by a factor which is less than unity. The formulae satisfy the equation

P, =7 (rs) . (1)

For example,
Py = (1.1) + (1.2) + (1.3) + (1.4) + (1.5A) + (1.5B) .

This follows from the fact that if the first disintegration occurs with the detectors in state 1, the second
disintegration occurs in one of the states 1,2, 3, 4, 5A or 5B,
4.2 Solving Six Equations for P1, Pz, Pa, P4, P5 A and P 5B

Consider a pair of successive disintegrations. Let r and s denote one or other of the states 1,2,3,4, 5Aor
5B. The probabllity of the second disintegration occurring with the counters in state s is Ps. The probability of
the second disintegration occurring with the counters in state s is also equal to the_ sum

(1.8) + (2.8) + (3.8) + (4.8) + (5A.8) + (5B.s)
Thus,

P = Y (rs) . {?)

There are six such equations in which P;, Pa, Pa, Py, Psa and Pgg are considered as unknowns {see section 7 -

equatlons 47, 48, 49, 50, 51 and 52). Only five of these equations are independent. To solve for these
unknowns, a further equation is required, namely,

Py + P2+ Py + Py + Pga + Pgg = 1 )

Thus, using equation 3 and five of the six equations mentioned above, formulae for Py, Py, P, P, Ps, and Psg
are obtained (see section 7 - equations 62, 61, 57, 63, 54 and 58)

4.3 The Equation for the Observed Coincldence Rate

An accidental coincidence is recorded when one counter goes dead as a result of detecting a disintegration,
and the other counter goes dead as a resuit of detecting another disintegration within the resolving time of the
system. Equation 63 gives the observed coincidence rate as the sum of the rate of true coincidences and the
rate of accldental coincidences. The formulae for P, Py, Pa, Psa and Psg are substituted into this equation and
the disintegration rate (N) is then computed by an iterative method.

4.4 Bryant's Equation for the Disintegration Rate
In appendix B, Bryant's equation is obtained by abridging the derivation which has been outlined above.

5. DERIVATION OF THE PROBABILITIES (r.s)
5.1 The Probability (1.1)

The probability (1.1} is the probability that both the first and second disintegrations in a pair of successive
disintegrations take place when the system is in state 1. There are two cases to consider:

{a) 'Both detectors are live for the first disintegration, but the disintegration Is not detected by elther. The
detectors are therefore live for the second disintegration.

(b) The first disintegration is detected by one or both of the detectors, so that one or both detectors go
dead for time T, as at Instants I, I, or I’*; In figure 1. For both detectors to ba live for the second
disintegration, no disintagration must take place during time T. The probabliity of thls occurring is
o™NT. This latter probability Is derived In appendix A.

Thus (1.1) = probability of (a) + probabllity of (B,

Case (a} The probability that detectors A and B are both live for the first disintegration is P,. The
probability of this disintegration being detected by Ais Ex. The probability that the disintegration is
not detected by A is 1-E,. The probability that it is not detected by B is 1-Eg. Consider S pairs of
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disintegrations, where S s very large. The number of these for which the first disintegration occurs
with the system in state 1 is P;S. Of these pairs, the number for which the first disintegration is not
detected by A is P,S (1-E,), and of these, the number whose first disintegration is not detected by B
is PyS (1-Ex){1 - Eg). Thus the probability that A and B are live for the first disintegration, and that
neither datact the first disintegration, is P4 {(1-Ea) (1-Eg).

Case (b) Of the P,S pairs, the number whose first disintegration is not detected by A or B is
P, S (1 - Ea)(1 — Eg). Thersfore the first disintegrations which are detected by one detector or both
detectors amount to P,S — P,S (1 - Ep)(1 — Eg). Of this number of ensuing dead-times, the fraction
during which no further disintegration occurs is e™T. Then the probability of case (b) is
Py [1=(1 — Ea}{1 - Eg)} e™'. Thus,

(11) = Py (1 -Ep-Eg+ExEg)+ Py [1 - (1 - Ep— Eg + EpEg)le™ ,

Py + Py (EaEg — Ep - Eg) - Py (EAEg — Eo— Eg)e™"

Py [1+(EaEa—Ea—E)(1-€"M)], (4)

I

Il

Il

5.2 The Probability (1.2)

The probability that a disintegration as at instant I'y in figure 1, will occur when the system is in state 1, and
that the disintegration will resuit in detector B going dead for an interval T is Py Eg. The probability that in
addition the disintegration is not detected by A, so that A remains live during the interval T, is P, Eg(1 - E,).
The probability that one or more disintegrations will occur during T is (1 - e™NT). Thus the probability that the
second disintegration will occur in state 2 is (1 — &™V). Therefore

(1.2) = Py Eg(1-Ep)(1-e™) . (5)
5.3 The Probability {1.3)
By a derivation similar to that for probability (1.2),
(1.3) = PyEa (1 - Eg)(1 -e™"). (6)
5.4 The Probability (1.4)

The second of the pair of successive disintegrations occurs with A and B dead as the result of a
coincidence. The probability of the first disintegration having been detected by both A and B is P; Ep Eg. The
second disintegration has to occur during the dead-time T. Therefore

(14) = PyEpEg (1-&™). (7)
5.5 The Probability (1.5AB)

In figure 4, consider a disintegration which occurs in slate 1 at instant i; and which is not detected by A or
B. The system changes to sub-state 5AB after disintegrations at I’y and 1”3, which are detected by A and B,
respectively. Therefore a disintegration at Is55 in sub-state SAB cannot be the next disintegration after that at |,.

L

[ A L X
Pl el .

—

3 5AB

Figure 4 The prababllity (1.5AB)

Similarly, if we consider the disintegration which occurs in state 1 at 1y, and which is detected by A, the next
disintegration cannot be that at I5,5 in sub-state SAB. Thus

(1.5AB) = 0. (8)



5.6 The Probabllity (1.5 BA)
By reasoning similar to that for probability (1.5AB),
(1.5BA} = 0, (9)
5.7 The Probability (2.1)

There are two cases to consider:
Case (a) In figure 5(a), the first disintegration occurs, for example, at instant I, and is
detected by A. The second disintegration will take place with the system in state 1 if therg is
no disintegration during the dead-time of A. The probability of case (a) is P, E, 6~

]

R IS -H-H
S N S

@

3“

e e e

State: 1 2 5BA

Figure 5(a) The probability {2.1), case (a)

Case (b) In figure 5(b), the first disintegration at I, is not detected by A. The probability of
the first disintegration occurring in state 2 and not being detected by Alis P, (1-E). ltis
assumed that all values of x are equally probable. Thus the probability that the first
disintegration is not detected by A, and that it occurs at a time between x and x + 5x before
the end of the dead-time of B is P, (1~E4)(8x/T). The probability that, In addition, the second
disintegration does not occur during the interval x is P, (1-E)(8x/T)e™™.

Il2 !
1 I I
A i : |
| | |
I
| : ! :
B : I y -
| ' l"' "
: : X+Ox |
I I
: :
] [
Ww‘_’—l—m
State: 1 2 1

Figure 5(b) The probability (2.1), case {b)
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Summing for all the intervals 3x, the probability of case (b)
T Pyl - Epje™
- J- 2( A) dX,
0 T
Pa(1 - Ep) e | T
T N

Pa (1 - Eq) [1 e"‘”]

il

H

T N N

(1~e™)

P, (1-Ep) NT

Thus,

{2.1)

P, [ Epe N+ ﬁ% (1-Ep(1 - e-NT)} ) (10)

L

C

5.8 The Probability (3.1)

The derivation of the probability (3.1) is the same as that for (2.1) except that Ps replaces Py, and Eg
replaces E5. Thus

(3.1) = Py {EB e‘“T+-N17(1—Ea)(1 -e'NT)} ) (11)

5.9 The Probabillity (2.2)

In figure 5 (b), the first disintegration at I, is not detected by A, and the second disintegration occurs during
the interval x. The probability of a disintegration occurring during x is 1—e™™*. Thus

(2.2) = 53-(—1{—@}; (1-eM)dx ,

_ Pa(1-Ep) et | T
= T X+

P2 (1-Ep) o N 1
- T (T+ N - N ) ’
1 .
Pz(‘f—EA) |i1- '-N-:]': (1—3NT)] . (12)
5.10 The Probability (3.3)
By a derivation similar to that for probability (2.2),

(3.3) = Py(1 - Eg) [1~—1— (1 —e‘NT)] . (13)

NT
5.1 The Probability (2.3D)

In figure 6, the first disintegration ocours at |, and A goes dead. The second disintegration occurs after B

has become live again, with A still dead. The probability that the first disintegration occurs between x and
x + 8x, and is detected by A is P, E5 8x/T.



' T !
"
! I I
A — |
o ' |
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State: 1 2 SBA 30 1

Figure 8 The probability (2.3D)

The probability of the second disintegration taking place after the interval x is e ™. The probability of the
second disintegration taking place In the interval T - x, /.e. in state 3D, is 1 - e ™M™ Thus,

T PE
(23D) = Jlo --—-z_l_—A e‘Nx (1 _ e—N(T-x)) dx ,

P,E
= ?I,A I (G-NK —B-NT) dx ,
N PzEA e-Nx _NT T
_ P2Ep g NT 1 —NT
= T [— N + N —TB ]
- PZEA[% (1—6'”7)—3"‘"} . (14)

5.12 The Probabllity (3.2D)
By a derivation similar to that for probability (2.3D),

(3.2D) = P4Eg [N‘—T (1 —e'NT)—e“NT} . (15)

5.13 The Probabillities (2.4) and (3.4)

If the second of two successive disintegrations occurs with the system in state 4, the first disintegration must
also ocour In state 4, or alternatively In state 1. Inthe latter case, the disintegration is that which sends A and B
dead. Theretore

{(24) = 0 . (18)
Similarly,
(3.4) =0 . (17)

5.14 The Probability (2.5BA)

In figure 6, the probability of the first disintegration occurring between x and x + 8x, and being detected by
A, is P, (8x/T)E,. For the second disintegration to occur while the system is in sub-state 5BA, one or more
disintegrations must occur during the Interval x, and the probability of the latter occurrence is 1— e,



Therefore
P2Ea ~Nix
(25BA) = — jo (1-e™ dx

_PE [ e |7

T T R VIR P
P2E4 eNT 1

=T [“ NN

- pzeA[1_ = —e‘NT)] . (18)

5.15 The Probability (3.5AB)
By a derivation similar to that for probabiltity (2.5BA),

(3.5AB) = 9353[1— 1 (1—e~NT)W . (19)

NT ]
5.16 The Probabllities (4.1) and (4.4)

In figure 7, the first disintegration takes place in state 4, for example, at instant 1. The probability of the first
disintegration taking place between x and x + 8x is P,(3x/T).

I,
I
:1: |
— |
n !
| l: .
|
e A
I |
H
State: 1 [ 1

Figure 7 The probabilities {(4.1) and (4.4)
The probabllity of no disintegration taking place durlng the interval x Is ™. Thersfore

(4.1) = ff“— j: e N dx |
-NT
-H e
=Py o [1-e] (20)
Similarly,
(4.4) = %j (1-e™) dx
- e 4]
= P4l 1- W1T_ (1 e'”T)] (21)
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8517 The Probabillitles (4.2), (4.3), (4.5AB) and (4.5BA)
Because state 4 must be followed by state 1, probabilities (4.2), (4.3), (4.5AB) and (4.5BA) are all zero.
5.18 Introduction to the Prohabilities (SBA.s) and (3D. s)

The system is In state 5A when A is dead, and the dead-time of A overlaps an earlier dead-time of B, as
shown in figure 8. The difference between the start of these dead-times is between zero and T. The
probability that the first disintegration occurs between x and x + 8x before the end of A’s dead-time is Pg,x/T. It
is assumed that all degrees of overlapping of the dead-times are equally probable. Therefore the probability
that the end of the dead-time of B occurs between y and y + 8y is 8y/T. The probability that at instant Iz,
detector B is dead, /.e. the system is in sub-state 5BA, Is

x4
J.0 T dy = % '
(. T -l
L v 5 |
| L- ATUNA ==|
|
| X
[ | |l |
|}

A | L L
| b Diggn Iigp :
| | : : |

| 1
B'_! | :E : T
| L |
i et
I | |
: ; 0 oy+By
I

|
|
3

State: 1 2 S5BA 3D 1

Figure 8 The probabilities (5BA.s) and (3D.s)

Therefore the probability that the first disintegration occurs between x and x + 8x, and that the system is in sub-
state 5BA is

y ,
Psa Tz 8x . (22)
The probability that at instant lyp detector B Is live, /.. the system is in sub-state 3D, is
JT a1 dv = T-x
« T Y T

Therefore the probability that the first disintegration occurs between x and x + 8x, and that the system is in sub-
state 3D, is

Pga j%l S5x . (23)

5.19 The Probability (5BA.1)

With reference to figure 8, the second disintegration occurs after A becomes live again. The probability of
no disintegration occurring during x Is ™, Combining this with formula 22 and summing for all the intervals 8x,
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PSA T N
(SBA.1) = Tz_fo xe™ dx

Psa 1, T
= = — | (x+ ==)e ,
NT? ( )

Psa ~NT N 1
=" L Te™ + NT TN
_p 1 (1 -eNT) - P o (24)
B8A N2T2 NT
5.20 Introduction to the Probabilities (5AB.s) and (2D.s)

In flgure 8, it A and B are interchanged, it can be shown, as in section 5.18, that the probability that the first
disintegration occurs between x and x + 8x, and that the system is in sub-state 5AB, is

Psg -%2- ox . (25)

The probability that the first disintegration occurs between x and x + 8x, and that the system is in sub-state 2D,
is

T-
Pen (-T—z"-’- 8x . (26)

5.21 The Probability (5AB.1)
it can be shown, as in section 5.19, that

BRI

(5AB.1) = Psg (1-eN) - T © . (27)

N2T2
5.22 The Probability (5BA.3D)

In figure 8 and formula 22, the probability that the first disintegration occurs between x and x + 8x, and that
the system is in sub-state 5BA, is Pg, (x/T2) 8x. The probability that no further disintegration occurs during the
interval (x —y) is e™*¥), For one particular value of x, all values of y between 0 and x are equally probable.

Thus, for one particular value of x, the probability that the end of the dead-time of B occurs between y and
y + 8y is Sy/x.

During the interval y, when the system is in the sub-state 3D, one or more disintegrations must occur. The
probability of that occurrence is 1 — eV,

The probability that the first disintegration occurs between x and x + 8x, and the second disintegration
occurs when the system is in sub-state 3D, is equalto

jx Poy = sxoNon L (g _ oy gy
o T2 X

T Rt
= SATIO (eV-1) dy ,
_ P5A8X8N* eNx 1
=T T N OOONTY
_ Psa | 1 o™ N
= [N - TN TXe dx

Thus

Poa c7T 1 ™
(5BA.3D) = -Ffjo (§ - xe™dx

Psa | x o™  xg™ g™ |7
_ P | T 2eNT 2 TeM
T | N N2 N2 N ’
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= Pss [W‘T‘“ +omT) - # q —e'“*)} . (28)

5.23 The Probabillty (5AB.2D)
A derivation similar to that for equation 28 gives the result

(5AB.2D) = Py [N1—T (1 +e‘NT)-,—“22—T2 (1 -e‘”T)] . - (29)

5.24 The Probabllity (SBA.5BA)

Again referring to figure 8, If the first disintegration occurs between x and x + 8x before the end of the dead-
time of A, then one or more disintegrations must occur before B becomes live again. The probability of the
latter occurrence is 1 — e™N&Y). The probabllity that the first disintegration occurs between x and x + 8x, that B

becomes live between y and y + 8y, and that the second disintegration also occurs with the system in sub-state
BBA, Is

Sx 4 P 1 ) . \
PSA T _?. '—;'\I—UN ch’
T * Psa -Nx Ny
(5BA.5BA) = jo [jo = (1-e™ ) dy | dx |,
Pga T N ally X
-7l [ *TN X

Psa | x2  x g™ | T
T T2 2 N N2 |0
LT B A Y LA
T2 2 N N2 N2 !
= 31 1 NT
_PSA{Z, NT * e (1-e )] . (30)

5.25 The Probability (SAB.5AB)
if A and B are interchanged in figure 8, then a derlvation similar to that in section 5.24 gives the result

(5AB5AB) = Pyg [l S SN T —e‘”T)} L (31)

2 NT N2T2
5.26 The Probability (3D.1)

In figure 9(a), suppose that the first disintegration takes place at instant lsp. From formula 23, the
probability that the flrst disintegration occurs between x and x + 8x, and that the system is in sub-state 3D, is

Poa {15 ox .
T
There are two cases to consider:

Case (a) In figure 9(a), the first disintegration is detected by B with a probability Eg, and B goes

dead. The second disintegration occurs after an interval T has elapsed. The probability of case (a)
is

T (T-x) .
jo Poa Ege™dx ,
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_ PguEge™ x?
B T2 Tx- 0’

2

l Pen Eg 6™V . (32)

Case (b) In tigure 9(b), the first disintegration at instant l55 is not detected by B, and the second
disintegration occurs after the interval x has elapsed. The probability of case (b) is

T T-
J, Pon 2L (1 - Eg) oMo

Psa (1 - Eg) Te™  xgNx  gN | T
T2 TN TN N2 |o

_ Psa(1-Eg) TeNT 7T Te‘NT eN 1
S Sl e e e T )
o 1 3
= Pga (1 - Eg) l m:" - N2T2 {1- "NT) }
Thus,
(3D.1) = + PeyEg e +Psa(1-Eg) | o - —— (1-€™1) (33)
" 2 5A B [ B NT NZTE .-

5.27 The Probability (2D.1)
if A and B in the preceding derivation are interchanged, it can be shown that

1 i -
(eD.1) = — PSBEAeNT+ Psa (1 = Ep) [ﬁ - T (1—eNT)] . (34)

5.28 The probability (3D.3D)

in figure 9(b}, the first disintegration, which occurs for example at instant lp, is not detected by B, and the
second disintegration occurs during the interval x.

Thus,
T

(30.3D) = j Psa LT—E)- (1-Ea)1-e™)dx ,

= —-—ups‘“ (1-Eg) j (T-TeN—x+xe™) dx ,

T?

_ Psa(1-Eg) Te™M  x2  xe™ M| T

_ Paall=Bg) |, Te™M T T _ TN ™M 1

B T2 N N 2 N N2 N2

=P 1 1 1 _NT

=Paa(1-B}| 7 - ¢ + NG (1-e7)| . (35)

5.29 The Probability (2D.2D)
A derivation similar to that in section 5.28 shows that

(2D.2D) = Pgg (1 - Ep) [% - % N N;Tz (1 —e‘NT)] . (36)
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£.30 The Probabillity (3D.2D)

In figure 10, for the second disintegration to occur with the system in sub-state 2D, the first disintegration at
lsp will be detected by B, there will be no disintegration during the interval x, and one or more disintegrations will
occur In the interval T-x.

L T .
I |
[ T S L T-x
| | [ ( ! _ |
| Jl L : 1
| | l |
A [ v | I !
' —— ! !
[ | | | | |
[ | ] | | !
p— L '
\ | | | | |
State: 1 2 S5BA BD: CAB 20 1
T
I
I

Figure 10 The probability (3D.2D)
Thus,

(3D.2D)

It

T
(T -x} - N(T—
J.O PSA TZ EBQNK("—B ( X)) dx ,
PsaEs T Nk _ o-NT
= _[O(T-x)(e x- gy dx ,

="
= ——‘ril"_‘z B jo (TeM = ToNT — xg™ 4 xe™Ty dx |,

il

PsaEa |  Te™ r, xe™M gNe 2T T
= "N xTe™ + Nt e t TS 0
Prs E -NT NT -NT 20-NT
- 5_1[\_2 B |: TeN + L T2eNT 4 TBN + eN2 _ ﬁ-lz- TE.; ] ’
1 L 1 -
—PsAEB[W—EBNT-WU-GW)] . (37)

5.31 The Probability (2D.3D)
A derivation similar to that in section 5.30 shows that

1 1 1 -
(2D.3D) = PggEx [ T3 e NT_ G (1-e NT)] . (38)
5.32 The Probability (3D.5AB)

In figure 10, the first disintegration Is detected at Izp by detector B, and the second occurs during the interval
Xx. Thus,

T —
@D.5AB) = [ Poa L5 Eg(1-0™) o,
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The above integral is the same as that for probability (3D.3D) in section 5.28, except that Eg replaces 1 — Eg.
Therefore,,

1 1 1 -
(3D.5AB) = Pgy EBI: 7 NT Y e (1-e NT)] . (39)

5.33 The Probability (2D.5BA)
By a derivation similar to that in section 5.32,

1 1 I
(2D.5BA) = PSBEA[ 2~ NF * N_';TZ— (1-o NT)] . (40)

6. TABULATION OF THE PROBABILITIES (r.s)

The (r.s) probabilities which have not been dealt with above are zero. In table 1 the zero probabilities are
denoted by 0. The other probabillities are represented by their equation numbers.

TABLE 1

The zeros indicate (r.s) probabilities of zero, and the numbers are those of the relevant (r.8) formulae in the text.
The symbol (r.s) denotes the probability that the first disintegration occurs in state or sub-state r, and the
second disintegration occurs In the state or sub-state s.

s ; Second State or Sub-state
1 2 2D 3 3D 4 5AB §BA
1 (4) (5) 0 (8) 0 () 0 0

2 (100 (12) 0 0 (14} 0 0 (18)
r
First 2D (34) 0 (36) 0 (38) 0 0 {40)
State
or 3 (11) 0 (15) (13) 0 0 {19) 0

Sub-
state 3D {33) 0 (37 0 (35) 0 {39) 0
4 (200 0 0 0 0 (1) © 0
BAB (27) 0 (29) o 0 0 (31) 0

5BA  (24) 0 0 0 (28) 0 0 (30)

Another set of (r.s) probabilities can now be obtained in which r and s represent one or other of the six
states 1,2,3,4, 5A or 5B. From figure 6, it can be seen that since

Psa = Psga+ Pap , (41)
then (2.5A) = (2.5BA) +(2.3D) . (42)

in figure 9(b),
{5A.1) = (5BA.1) +(3D.1), (43)

(SA.5A) = (5BA.5BA) + (5BA.3D) + (3D.5BA) + (3D.3D) .
But since, from table 1,
(3D.5BA) = 0, then
(5A.5A) = (5BA.5BA) + (5BA.3D) + (3D.3D) . (44)
From figure 10, since
Pss = Psag+ Pyp (45)
then
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(BA.5B) = (EBA.EAB) + (6BA.2D) + (3D.5AB) + (3D.2D).
But since, from table 1,
(SBASAB) = Dand (5BA.2D)=0 ,
then
(5A.5B) = (3D.5AB) + (3D.2D) .

(46)

In equations 42, 43, 44, and 46, it A and B are interchanged, and 2 and 3 are interchanged, similar
formulae are obtalned for (3.6B), (5B.1), (5B.8B) and {5B.5A). The probabilities (r.s) for the six states are given
in table 2. Somae of the probabilities are represented by their (r.s) symbols, the zero probabilities are denoted
by 0, and the remainder are shown as sums of two or three of the probabilities given in table 1.

TABLE 2

The probability that the first of two successive disintegrations takes place when the detectors are in the first

table either as a probability from table 1, or as a sum of such probabilities.

— state,-and-the-second-disintegration takes_place-when the detectors_are_in the_second state, Is_shown.inthis

Second
State
1 2 3 4 BA BB
First
State
1 {1.1) (1.2) (1.3} (1.4) 0 0
2 (2.1) (2.2) 0 0 (2.5BA)+ 0
(2.3D)
3 {3.1) 0 (3.3) 0 0 {3.5AB)+
(3.2D)
4 (4.1) 0 0 (4.4) 0 0
5A (5BA.1)+ 0 0 0 (5BASBA)+  (3D.5AB)+
(3D.1) (5BA.3D)+ (3D.2D)
{3D.3D)
5B (5AB.1)+ 0 0 0 (2D.5BA)+  (BAB.5AB)+
(2D.1) (2D.3D) {5AB.2D)+
2D.2D

As a check on the correctness of the formulae for the probabilities {r.s), where r and s are 1,2,3,4,5A or 5B,
it can be shown that the formulae satisfy equation 1. Thus, if the probabilities in the top row of table 2 are
added together, it will be found that the sum is equal to P4, and likewise for the other five rows.

7. DERIVATION OF FORMULAE FOR P 1 Py Py Py, P s AND Py

Six simuitaneous equations containing P4, P,, Ps, Pa, Psa and Ps as unknowns can now be constructed.
From equation 2, it can be seen that P; equals the sum of the formulae in column 1 of table 2:

ie. Py = (1.1)+(2.1) + (3.1)+ (4.1) + (5A.1) + (5B.1) ;
ie. Py = (1.1)+(2.1) +(3.1) + (4.1) + (BBA.1) + (3D.1) +(5AB.1} + (2D.1) .
Substituting into the above equation the formulae for the probabilities (r.1) written in an abbreviated form,
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Py = Py Fyy+ Py Fyy + Pg Fayy Py Fyy + Pea (Fg + Fapy) + Psg (Fs1 + Fapi) (47)
where Fyy = 1+ (EsEg — E5 - Eg)(1 —e™NT) ,
_ 1
Foy = Epe ™+ M (1-E){1-e™T) ,
- 1 -
Fay = Ege™NT 4 N {1 -Eg)(1 -1y ,
= 1 NT
F41 T {(1-e™ ,
Foy = —a (1—gNT)— L oNT
57 NeT2 NT ’
Fapy = ~ E eN +(1-Ep) 1] (1-eN |  and
a1 = 5 Es B) | N7 NET? .
1 1 NT -1
Fopyi—= = Ex 07" 4 (1 —E\)- (—g=Ny |
M 2 —He =+ (1 E ) [ NT N2T2 At IJ
Adding the formulase in column 2 of table 2, the equation P, = % (r.2) becomes
Py = PyFpa+PyFpy (48)
where Fy, = Eg (1 - Ep)(1 - e‘"T) , and
Fao = (1-Ep) [ 1- NT (1- _NT)] .
Similarly,
P3 = P1 F13+ P3 Faa ' (49)
where Fi3 = Ep (1~ Eg){(1 —e™NT) , and
Fas = (1_EB)1:1" - (1- —NT)] ;
p4 = P1 F14+ P4 F44 ’ (50)
where F,, = E, Ep (1 ~ ey and
Faa = 1- 55 (1-e™) ;
Psa = P (anA + Faap) + Psa (Faaga + Feasp + Fapap)
+ Psg (Fopea + Fapan), (51)
where Fogs = Ep [ -7 0- e‘NT)J :
1 - -
Faap = EA[ N (1-eN)-o NT} .
< 1_ 1 _ T
1
FBASD = NT (1 +e_NT)_ N2T2 (1 _e-NT) 3

(1-EB)[%— N7t BT (1—e~'">] ,

I

FEDSD
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1 1 1 _
FzDBA = EA[E - _f\ﬁ: + W (1—9NT)} ,and

1 1 1 _
FzDaD=EA[ —GNT-NZ—Tz('l"GNT)] :

NT 2
Psa = P {Faag + Fazp) + Psa {Fapag + Fapzn)
+ Psg (FABAB + Fagap + Fapzp) (52)
where Fapg = [ -7 (- ‘NT)} ,
1 - -
Faop = E [W“_em)_em] :
1 1 1 _
Fapag = [ 2 Nt Y (e ”T)] ,
R 1 |
Fapzp = EB[W o © AT - NT2 (1-6NT)J :
11 _ aNT
Fagag = 2 NT * NETE (1—-e™),

} 2 -
Fagop = NT (1+eN) - By (1-eN) , and

Fap2o

(1-Ep) [ 1_ -N1—T ' N;Tz (1 —e'NT)}

Of the six equations, only five are independent. These are solved, together with equation 3, as shown
below, to obtain Py, Py, P3, P4, Psa and Psg. Equation 49 is not used in the following solution.
Rearranging equation 48,
Pa(1-Fza) = Py Fyy,
which can be written in the abbreviated form
P, = PV, , (53)
where
Vi = Fra+(1~Fp) . (48A)
Rearranging equation 50,
Pa (1 - Faq) =Py Fig,

le. P, ﬁ‘f (1-e™NT) = P, EsEg(1~eT) |

Py =PV, (54)

where

Vy = Ep Eg NT . (55)
Writing equation 51 in abbreviated form and substituting from equation 53,
PSA = P1 V1 Va + PSA V4 + P55 V5 . (56)
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where Vg = Faga + Fasp,
Vs = Fgapa + Fpaap + Fapap , and (51A)
Vs = Fapaa+ Fapap -
Rearranging equation 56 and abbreviating further,
P1 Vi Vg = Psa(1-Vy) - P Vs,
Py = PsaVe— Pga V7, (57)
where Vg = 1- Yy ,
ViV
and V, = %
Writing equation 52 in abbreviated form,
Pss_= P3 Vg + Pga Vg + Pgg Vi
where Vg = Fapg+ Fasp
Vo = Fapag + Fapap , and (52A)
Vio = Fapas + Fagan+ Fapap
Rearranging,
P3 Vg = Pgg (1~ Vyo) ~ Psa Vg ,
P3 = Psg Vi1 - Pga Vy2, (58)
where V,; = ! _v:lw .
and Vy, = \\;—: .

In equation 3, P, Pzand P, are replaced by the expressions given in equations 53, 58 and 54,

respectively;

Py + PV, + Psg Vyy — Pga Vig + Py Vo + Poa+ Pgg = 1 .
Collecting the terms together, and replacing P, by the expression given in equation 57,
(Pga Vs — Pgg Vo)(1 + Vy + V) + Pgp (1-Vyg) + Peg(1+Vyg) = 1.
Rearranging,
Pon [ Vo (1+Vi+V2) + 1= Vi #Psa [ 14+ Vi =Vt + V4V | = 1,

Rearranging and writing In an abbreviated form,

1-P5V
Psg = _# ' (59)
14
where Vi3 = Vg(1+V;+ Vo) +1-Vy, , and
V14 = 1+V11"'V7(1+V1+V2) N

In equation 47, P,, P;, and P, are replaced by the expressions given in equations 53, 58 and 54,
respectively.

Py = Py Fiy + Py Vy Fay + (Psg Vyy — Pga Via) Fyy
+ Py Vi Fay + Pgp (Fsg + Fapy) + Psp (Fsy + Fapg) -
Replacing P, by the expression given in equation 57 and rearranging,
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(Psa Ve~ Pe V7} (Fy1+ Vi Fag + Vo Fyy = 1) +
Psa (Fss + Fap1 — Vig Faq)l+ Pgg (Fg1 + Fopy + Viy Fag) = 0 .
This can be written in an abbreviated form :
(Psa Ve — Peg V7) Vig + PsaVig + Psg Viz= 0, (60)
where Vi = Fii+ Vi Foy+ Vo Fayy =1,
Vie = Fs1+ Fap1 - Vi2Fay, and
Viz
Rearranging equation 60,
Psg [ V7 Vis - V‘.?] =Psa [ Ve Vis + V1e]
This can be rearranged and abbreviated further:
Ps = Psa Vie, (61)

Fg1+ Fapy + Vyg Fyy

]

where Vg

[ Ve V15+V1a] + [ V7 Vs - V17] :
Combining equations 59 and 61 to eliminate Pgg,
1-PsaViag = PsaVig Vig.
Rearranging,
N
VigVia+ Vig

Thus the formula for Pgy is given by equation 62. The formula for Pgg is obtained by substituting equation 62
into equation 61. The formulae for P, and P3 are obtained by substituting the formulae for Ps, and Psg into
equations 57 and 58, respectively. The formulae for P, and P, are obtained by substituting the formula for P,
into equations 53 and 54, respectively.

Pap = (62

8. THE EQUATION FOR THE OBSERVED COINCIDENCE RATE
8.1 True Coincidences

For a true coincidence to be recorded, both detectors must be live at the time of the disintegration. The
number of disintegrations per second which occur when both detectors are live is NP,. The number of true
coincidences per second is NP, E, Ep.

8.2 Accidental Coincidences

Consider disintegrations which occur when the detectors are in state 2, and which are detected by A. The
number of such disintegrations per second is N P; E5. Suppose such a disintegration occurs at instant |, in
figure 11. Because |, is within the interval Tp, which denotes the resolving time of the system, the
disintegration is recorded as a coincidence.

>

Figure 11 Accidental .coincidence, first type
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It Is assumed that all degrees of overlapping of dead-times are equally probable. Therefore the number of
such accidental coincidences per second wlll be N P, E5 Tr + T. If the reverse case Is considered, where A
goes dead before B, the rate of accidental coincidencesis N P; Eg Tp + T.

[ T .
-]
1 |
wIr [
| i 11 |
! i, ! .
| L |
A t ll |
| I l'l [ I
l Il || | '
R i N I [ |
= ! K (I
l "ll x ; )
} ||||-—-I I
' Lrgl xedx g !
I LY |
\’\W\/\M‘MW
State: 1 2 < O GAB 20D 1
oo mMm

Figure 12 Accidental coincidence, second type

In figure 12, consider a disintegration which occurs when the system is in sub-state 3D. Suppose that the
Instant of the disintegration Is between (x + 8x) before A becomes live again and x before A becomes live again.
The probability that such a disintegration is detected by B is

Because the disintegration occurs in the interval Tp, it will be recorded as a coincidence. The number of such
accidental coincidences per second Is

NPspEg . T
— jT_T“ (T—x) dx
_ NP Eg Te X T
- T2 2 |1t
NPsEs [, ., T2 T2-2TTp+T3
S |- T T T 5 - ,
_ NP EsTR
- 212

If the case Is considered in which A and B are interchanged, then by a similar derivation the accidental
coincidence rate is

N Pgg Ep T,%
27?2
8.3 The Observed Colncidence Rate

The observed coincidence rate with the background subtracted is denoted by C’, and is the sum of the true
coincidence rate and the four accidental coincidence rates whose formulae have been derived above. Thus,

T T2
C' = N| Py EpEg+ (P, Ep+ Py Eg) ?“ + (Pgp Eg + Pgg Ep) 2—;‘2 . (63)
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9. FORMULAE FOR THE DETECTOR EFFICIENCIES

The efficiency, E,, of detector A is defined as the probability that a disintegration which occurs while A is live
will be detected. The observed count rate in detector A, including background, is denoted by A”. Detector A is
dead for the fraction A”T of each second. Thus the live time per second is 1-A”T, and the number of
disintegrations taking place during this five-time is N (1 — A”T). Of these disintegrations, the number actually
detected will be equal to A’, where A’ is defined as the observed count rate in A with the background rate
subtracted. Thus,

Al
N(T - AT 64
Similarly, if the observed count rate in detecter B, including background, is denoted by B”, and the cbserved
count rate with the background rate subtracted is denoted by B’,

- A
B = Ng-Bm) - (65)

— 10. THE COMPUTATION OF THE DISINTEGRATION RATE

Ea =

By substituting into equation 63 the formulae for Py, P, P3, Pgs, Psg,E4 and Eg obtained from equations 53,
57, 58, 61, 62, 64 and 65, the observed coincidence rate, C’, is given as a function of A", A”, B’, 8, T, Ty and
N. The disintegration rate can now be computed from experimental data by an iterative method.

As a check on the solution of the simultaneous equations which gives the formulae for
Py, Py, Pa, P4, Pss and Pgg, it can be shown by computation that these latter formulae satisfy

(a) the six equations represented by equation 2, namely
P = Z(r.s), and
r

{b) equation 3, namely
P1 +P2+P3+ P4+ P5A+P53 = 1
11. EXPERIMENTAL VERIFICATION

The method of computing N, which is described in section 10, was tested experimentally in the following
manner. Four ®Co sources were prepared with strengths ranging from 20 1o 70 kBq. The solution from which
the depositions were made was diluted once, and three sources in the range 1 to 2 kBg were prepared from the
diluted solution. The depositions were made from pycnometers which were weighed before and after each
deposition on a Mettler M3 electronic microbalance. The source mounts were VYNS foils (20 ug cm™) coated
underneath with a layer of gold-palladium (15 pug cm™2). Each source contained about 10 pg of Catanac
spreading agent. After the deposited 8°Co and Catanac solutions had evaporated to dryness on the foil, the
radioactive residue was covered with a similar foil, the gold-palladium layer being uppermost.

The sources were counted In 10% methane in argon, with a resolving time of 1.1 1w s. The dead-times were
8.1 and 5.0 p s, respectively. The radioactivily of the sources was calculated by using Bryant's equation, and
the method described in section 10. The radioactivity concentration of the original °Co solution was calculated
from the source radioactivities, then plotted against the source radioactivities calculated by the method outlined
in section 10. The results for the seven sources and the two dead-times are shown in figure 13. For the
sources in the 1 to 2 kBq range, the two correction methods give results which differ only minutely. The
radioactivily concentrations calculated from these sources are assumed to be adequately corrected for dead-

time losses and accidental coincidences, and the mean of these results is taken as the radioactivity
concentration of the original solution .

As can be seen from figure 13, the radioactivity concentrations calculated from the results on the stronger
sources are too high. The concentrations calculated by using Bryant's equation are significantly higher than
those obtained by using the method described in section 10.

If the radioactivity concentrations which were calculated from the results of the strongest source are
considered, it can be seen that the concentration which was calculated using the method of section 10 is 0.5
per cent too high. The concentration which was calculated using Bryant's equation is 1.3 per cent too high, for
& dead-time of 5.0 u s, and 2.1 per cent too high, for a dead-time of 9.1 u 8.
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Figure 13 The radioactivity concentration of a 8%Co solution, calculated by Bryant's formula and by the
method of section 108 and shown as a function of counting-source activity and dead-time.
12. CONCLUSIONS

The equation derived here is more effective than Bryant's [1963] equation, in making corrections for dead-
~time losses and accidental coincidences when determining the disintegration rate of a radioactive source by
coincidence counting. Further Improvement will require consideration of other factors, such as the variability in
the delay of pulses in the detectors.
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APPENDIX A

PROBABILITY, e 'Nt, OF NO DISINTEGRATIONS IN TIME t

it is shown that if the radioactivity of a source is N disintegrations per second, the probability of no

disintegrations occurring durlng an interval t is e™™.

Consider & die with L faces. The die could be shaped like a pencil whose cross-section is a polygon with L
sldes. Suppose the L faces are denoted by F{F; + -+ F - - FL. It is assumed that when the die is rolled G
times, the number of times the face F, appears uppermost will approach G/L as G becomes very large. Thus,
when the die is rolled, the probability of F) appearing uppermost is 1/L. Consider the probability, denoted by P,

that F, will not appear uppermost. Any one of the (L-1) other faces may appear, and it is assumed that

1
P-—-—L—"'.

Consider a number of such dice, the number being denoted by Y,. It will be shown that when the Y, dice are

rolled, the probability that no face F, appears uppermost is equal to P%. The total number of possible
P

arrangements whenY, diceare rollsd s 1
which F, does not appear uppermost is (L-1)Y".

"It will'first be shown that the number of possible arrangements in

It the first die to be considered has F, uppermost, the second can have (L-1) faces uppermost, viz
Fa---Fi -+ Fy If the first die has F3 uppermost, the second can have (L-1) faces uppermost, and so on up to
FL. Thus for two dice there are (L-1)* possible arrangements, and for Y, dice there are (L-1)Y° possible

arrangements. Of the total number of possible arrangements of Y, dice, the fraction with no F, uppermost is

L[l)i=p\’-.

it Y, dice are rolled G times, it Is assumed that as G becomes very large, the number of times on which F, does
not appear will approach GP". Thus P" is the probability that when Y, dice are rolled F; does not appear

uppermaost.

Consider a radioactive sample which contains Y,, radioactive atoms at time zero, and Y radioactive atoms at
time t. Let N, and N bae the disintegration rates In the sample at times zero and t, respectively. Treating Y as a

continuous function of t,
dy
N=-—
dt
The experimentally determined decay equation is
N=Ne™,
where A is a constant. Combining the last two equations,
Y o _Ne™
a Nye™ .
Integrating with respectto t,
N
Y = —f— eM+C ,
where C Is a constant,
N
lt Y=L —eMsC.
t=poe l

t—eo

From equation At, lLt N = 0. If Nis zero, there are no radioactive atoms present. Therefore,
—pn

LLyY=0.

trmise

Furthermors,

(A1)

(A2)

(A3)

(Ad)
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Lt No g™ = 0. (A5)
toee A
Substituting equations A4 and A5 into A3, C = 0, and equation A2 becomes
_ Elg o (A8B)
Puttingt=0,
Y, = & (A7)
4] A' '

Combining equations A6 and A7,
Y
v, = a™M . (AB)

Y/Y, is the fraction of radioactive atoms which remalin unchanged. Because of the random nature of radioactive
decay, equation A1 glves the average value of N. Thus g™ is the average value of N/N, and of Y/Y, for the

period t. The time of disintegration of a particular atom is unpredictable. Let Q be the probability of an atom

remaining unchanged during the period t. The probabllity Q Is equal to the average fraction of atoms which
remain unchanged. Thus, from equation A8,

Q=e™, (A9)

The probability that in the period t none of the Y, atoms disintegrate will now be considered. It is assumed
that the probability of an atlom not disintegrating during the pericd t is analogous to the probability that when a
die is rolled a particular face, e.g. Fy, does not appear uppermost. Just as P is the probability that F, does not
appear uppermost when Y, dice are rolled, so also is it assumed the Q" is the probability that the Y, atoms all
remain unchanged during the period t. Substituting from equations A9 and A7,

N,

QY., - [ e_z.t] a - e-—Nnt )

If the disintegration rate at the start of the period t is denoted by N rather than N, the probabiiity of no
disintegrations occurring during t is given by the formula:

e ™M |
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APPENDIX B
DERIVATION OF BRYANT’'S EQUATION

Bryant’s equation is now derived by abridging the method for the computation of N which has been given
above. The probabilities Ps, and Psg are assumed to be equal ; they are now denoted by Pg. The symbols 2D
and 3D are eliminated as follows:

(a) The probabilities (2D.s) and (3D.s) are not used.
(b} The probabilities (r.2D) are called {r.2}, and the probabilities (r.3D) are called (r.3).

The states 5AB and 5BA are now regarded as sub-states of state 5. Thus, letting Psa = Psg = Ps,

(5 AB.1) + (EBA.1} = (5.1) ,

{2.5BA) becomes (2.5) ,

(3.5AB) becomes (3.5) ,

(5AB.5AB) + (6BA.5BA) = (5.5) , and

P1+P2+P3+P4+P5=1 . (B1)

The effect of these changes Is to reduce table 2 10 the array shown In table B1, In which the
formulae are identical with those in table 1 of Bryant {1963].

TABLE B1
These are the (r.s) probabilities from table 2 which are necessary for the derivation of Bryant's
equation. They are grouped together into 25 probabilities which are identical with those in table 1 of
Bryant [1963] after P has been substituted for P5, and Pgg.

Second
state
1 2 3 4 5
First
state
1 (1.1) (1.2) (1.3) (1.4) 0
2 (2.1) 2.2) (2.3D) 0 (2.5BA)
3 (3.1) (3.2D) (3.3) 0 (3.5AB)
4 {4.1) 0 0 {4.4) 0
5 (5BA.1)* (5AB.2D)* (5BA.3D)* 0 (5BA.BBA)*
+(5AB.1}* +{5AB.5AB)*

* In the formulae for these probabllities, Ps replaces Pgy and Pgg.

Bryant's equation can be derived as follows. Referring to table 1 of Bryant, the sum of the
formulae in columns 1 and 2 is equal to Py + P,. Thus

P;+P,=P,—P,Es(1-e"") +
Pg EA e-NT+ Pg - Pz EA + P3 "N.‘I:i.- (1 - e—NT) +
T AT
P, NT (1-e")+ Py NT (1-e7"%.
Subtracting (P4 + P2) from both sides and rearranging,

Py Ep (1-6™VT) 4 P, Ex (1 — 6™NT) = (Py + Py + Pg) — (1-6NT) .
NT
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Dividing by (1 — e™NT) and substituting from equation B1,
1

(Py+Po) Ep=(1-Py—Po) 17

(P1+P2)‘EANT+ P1+p2=1 f
1

P1 + P2 = ?EA—NT , and

1
P = TrERT P .
Similarly,

PetPy = Py =Py Eg (1 ™)+ P, — (1-e™)
+ Pa EBe-NT + P3 - P3 EB

=} 1 4 _ Ny . P 1 4 _..aNTy
L 1 ] 1 L7

e \ + i
] 5 NT \
P,Eg(1-eNT)+ Py Eg (1 -eNTy= (P, + Py + Pg) % (1-e™Ty ,

+ {
4NT\

1
(Py+ Pa)Eg = (1 — Py — Pg) NT

(Py+Pa) EgNT+ Py + Pa=1,

1
1+Eg NT

1
TENT T (83)

Consider the fourth column of table 1 of Bryant. The sum of the formulae in this column is equal
to P,. Thus, combining equations 54 and 55 which appear in section 7,

Py=Py EAEgNT . (B4)

Rearranging equation B1 and substituting for P,, P and P, from equations B2 to B4,

1 1 .
P5‘1‘P1'[ T T EANT ‘P‘] ‘{m "P‘} =P EaBa NT

Pe= 1= TrENT ~ ToEnT "1 PiEaBsNT .

Collecting together the first three terms on the right hand side of the above equation,
1+ EANT +EgNT + Ey Eg N*T? =1 —E, NT—1 - Eg NT

P,+Pg= , and

P3=

P =
s (1+Eq NT){(1 + Eg NT)
+ Py~ Py EAEaNT ;
EaEg N2 T2~ 1
l6. Pg= ——n B P,— P, E,EgNT . (B5)

(1+EANT)(1+EgNT) ©
Summing the formulae in the first column of the table,
Py=(11)+ 21+ @1 +(4.1) +(5.1) .

Inserting the formulae of the first column in the above equation, and substituting for
P,, Pa, P4 and P, from equations B2 - B5,

P, = P-,{ 1+ (Ex Eg— Eap— Eg)(1 - e‘NT)} +
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1 __ WY S I _ T
1:1+EANT P1] { EAG + NT (1 EA)“ e )}-P

1 Y S B __NT
|:1+EBNT P1] {EBB + NT (1 EB)“ e )}'1'

1 g gt
P1 EA EBNT{ NT {(1—e )}4—

EA EB N2 T2 - 1 2 _NT 2 SNT
[ ArENTArENT T 1 1 EaBeNT 1Y fpe (6700 - 7 &7 1 -

Multiplying, and collecting in the first part of the equation the terms containing Py,

0= P1 [ EA EB— Ep-Eg— Ea EB eNT 4+ EA e N 4+ EB e—NT -

Eeto Lo B 1w BA

NT NT NT NT
wr_ 1o, B 1w B
Ea e NPT TN e OTNT Y
EA EB - EA EB e-NT + 2 2 NT _ ‘—2— e_NT'—

N2T2 - NZTZ e NT
2, Ep  2EAEg
NT ©  NT

1 X
{1+ Ep NT}{1 +Eg NT)

e N+ 2E Ege N +

wr, 1B 1w Bao
Eae™+ N7~ NTNT NT

EnEgNT e N+ Eg—EpEg—Ege™NT + E4Ege™T +

E E
Nr, 1 E8 1 __nr, 5B _nT
B e+ T " NT NTY TR T

Ejr Eg NT eNT 4 Ea—-EaEg—Ea N 4+ Ea Eg eNT 4
2EEg-2E EgeNT—2E, EgNT oV -

2 2w, 2

N2T2 + N2T2 + ﬁ

Collecting the terms together, and transferring those containing P, to the left-hand side of the equation,

e—NT) .

2 Exn Ex v Es
P1[ 2EAE3+EA+EB+NT—NT+NT9 “NT T
EB NT 2 2 _NT 2EAEB
NT & TN TNerE 6 T TNT T
2E\Ep e NT | =
NT -
1 2 _EB B e
(A+E ND(1+ENT) |NT - NT ¥ NT B

EB EB _NT 2 2 NT
-N-—_'I:+'ﬁ9 +EA———-—+W0 .
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Factorising,
1
1
N2T2

=NT
% (EANT+EgNT+2-2E, EBNT)] -

P —2EAEBNT+EANT+EBNT+2)—

{(Ea NT + EBNT+2—2EAEB NT)+

1 1
2 NT) —
(1+EANT)(1+EBNT)[ Nt (2+EaNT+EgNT)

1
N2T2
e—NT

W (EANT+EBNT+2):| .

(2 + Ep NT + Eg NT) +

Rearranging

P1 _L_L+ﬂ_ [2+(EA+EB_2EAEB)NT] =
NT — N2T2 © N2T2

1 S - il [2+(EA+EB)NT] .
(1+EANT)(1 +EgNT) | NT NaT2 N2T2
Dividing by the common factor and rearranging,
o 2+ (Ep+ Eg) NT
" (14 EANT)(1 + Eg NT) L 2+ (Ext Eg - 2 B Eg) NT]

(B6)

The equations for the detector efficiencles which are given in section 9, namely equations 64 and 65, are
modified as follows.

- A
A= NEoAT ®7)

- B
%= NT-BT (B8)

Using equations B7 and B8, four more expressions are obtained which, when substituted into equation B6,
give P, as afunctionof A, B, Nand T:

1| A+B-2ABT
EatBa= [ (1= AT)(1-BT) ] : (B9)
A'B

EnBg = — , B10
ATR T NE(ICAT)(1-BT) (B10)

1 _ 1
T+ENT = AT

1-AT
: 1
1.8, m =1-AT. (811)
Similarly,

1

TrENT - 1787 512

Substituting from equation B9 into the numerator of the right hand side of equation B8,
2+ (Ep+ Eg} NT =
2 2A'T - 2B'T + 2A'BT? +A'T + B'T - 2A'B'T?
(1-ATY{1-BT) '

. __2-AT-BT
i.6.2+(Ep+Eg) NT = A= AT —BT) - (B13)
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Substituting equations B11, B12, B13 and B10 into B6,

P = 2-AT-BT .
'T T 2-AT-BT 2 ABT !
(1-AT(I-BT)  N1-ATH1-BT)
N(i -AT)(1 -BT)(2-AT-BT) (B14)
N@2-AT-BT)-2ABT

An equation for the observed coincidence rate is obtained by truncating equation 63 from section 8:

i.e. P1 =

T
C = N[P1 Ex Eg + (P, Ep + P3 Eg) 7“} . (B15)
Substituting equation B11 into B2, and B12 into B3,
P, =1-AT-P, , (B16)
Ps = 1-BT-P, . (B17)

In-equation-B15,-Ex-Eg-Po-and-Ps-are-replaced-by-the-expressions-given-in-equations-B7, B8, B16-and B17,— —
respectively.

, AR
¢= N[P‘ NZ(1 - AT)(1 - BT) ] ¥
(1-AT-P)A"  (1-BT-P)B | Tp
NO-AT) ~  NA-BT) | T

T ]
= A’B’ A’ B’ TH r ’ TR
) P‘[ N(1 - AT)(1 - BT) "{ 1-AT © 1—87}7] + (N+B) T .
r P1 AIBI , , - TR ’ ’ .

. Py . .
Replacing A-ATI BT by an expression obtained from equation B14,

C = N2 - A'T - B'T) { A'B’

’ 1 H TR ’ F TR
NE-AT-BT) 2487 | N~ WHE-2ABT) 7] B

T
Rearranging,

l ¢’ (A +B) %] [ N2 -AT-8T) - 2A’B'T} =

(2- AT-BTIAB ~ N(2- AT-BT)HA +B' - 24BT) % .
Collecting terms contalning N on the left hand side,

N(2-AT-BT) [ C - (A +B) % + (A’ + B’ - 2ABT) ITE}

- A’B’{ (2= AT~ B'T) + 2 [ C'T - (A + B TR] } .

Dividing each side by (2 - AT -B'T),

2GT-2(A+B)T
N[C’—2A’B’TH] - A’B’{ 1+ A+5) “}

2_AT_BT
Dividing each side by [ - 2A’B'Tn] ,
. am 2CT-2(A4B) Ta
N=g= 2A’B’TR{ 2-A'T-BT ®19

Equation B18 is Bryant's correction formula which appears as equation 4 in his paper [Bryant, 1963).






