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ABSTRACT

The discrete ordinates approximation of the one—group, source—free, neutron transport
equation has been solved.analytically for slab geomefry. The resulting eigenvalues are func—
tions of both the angular quadrature and the spatial mesti used in the discrete ordinates equations.
The dependence of the eigenvalues on the angular quadrature has been examined for the three
limiting cases of ¢ < < 1, [i~c | < <1 and ¢ > > 1, where ¢ = 0, /o, . Both the diamond
difference and step function approximations have been considered in the evaluation of the eigen—
value dependence on the spatial mesh size. When the neutron flux is well described by a func—
tion of the form exp (— xx), the diamond difference approximation gives an eigenvalue
xdur (1 + (kD)2 /12), where « is the eigenvalue for small values of the mesh size A, while

the step function approximation gives an eigenvalue k82 (1-0.4 o ).
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1. INTRODUCTION

The neutron transport equation is commonly solved numerically by use of the discrete
ordinates {Sy) approximation. In this approximation, the neutron angular flux is evaluated for
discrete directions and at discrete spatial points. This gives a flux solution which is depend-
ent upon the angular and spatial mesh used, but which becomes exact for infinitesimal mesh
sizes. The usual method of estimating the error for a calculation using a given mesh is to
recalculate using smaller mesh sizes and note the changes in flux. This is often impractical
for calculations involving large numbers of mesh points, so an a priori criterion for evaluation
of the accuracy of a given calculation would be useful. With this in mind, the discrete ordinates
form of the one -group, time-independent, source-free neutron transport equation has been solved
analytically in slab geometry.

An analysis has been made of the dependence of the resulting eigenvalues and theit
corresponding eigenfunctions on the angular quadrature and spatial mesh size used in the dis-
crete ordinates equations. This treatment illustrates the rate of convergence of the discrete
ordinates approximate solution of the transport equation as angular and spatial mesh sizes
decrease. Particular attention has been paid to the behaviour of the dominant eigenvalue which
determines the flux values in large homogeneous systems such as radiation shields.

The dependence of the eigenvalues on the angular quadrature is considered in Section 2.
The effect of spatial mesh size is evaluated in Section 3 assuming the diamond difference form
of flux averaging, and in Section 4 assuming the step function form of flux averaging. In Sections
2 to 4 the neutron scattering is assumed to be isotropic. The analysis is repeated allowing
anisotropic scattering in Section 5. A brief discussion of the extension of the one-group results
to realistic multigroup problems is given in Section 6. In Appendix C an analysis is made of the
dependence on spatial mesh size of the eigenvalues of the one- group diffusion theory equation.

2. DISCRETISATION OF THE ANGULAR VARIABLE

The one-group, time-independent, source-free neutron transport equation in slab geom-
etry is

3l,b(x,,u) +-,b(x,u,) ce(x)

o T (1)

where ¢ (x,u ) is the angular flux per 27 steradians,

1
qb(x) = f]_ ‘,D(X,I.L)d# 3 (2)

c = o4 /o ,and spatial dimensions are expressed in mean free path units.

The discrete ordinates (S) method for solution of the transport equation evaluates the

angular flux for a set of N direction cosines {1} with associated weights {wm}. In this
report, only symmetric quadrature sets will be used and the direction cosines are ordered so
that w, > pa 2 ... 7 iy -

Hence
“m . = — lu'N-lTl"'l aﬂd Cl)m = wN'm+1 1 m = 1,2, v ey N/2 . (3)

Equation (1) is therefore replaced by a set of N coupled differential equations'’:

c o(x)

#m%@ * ',bm(X) = ’ m = 1:2;--'3N 1} (4)
dx 2



where
@) < V0o R - Sy )

and the weights are normalised so that

N .
S owp = 2 . )
m=1

Equation (4) may be solved as follows. Replace i, (x) by , e** , multiply both sides
by @m/(1 + pimx ), sum for m = 1 to N and use Equation (3) to obtain the relationship
N/2 W

mzzl 1_:_“'211,(2 B E ! ©

This has been obtained previously by Davison (1957). A sketch of the function

N/2 W
f(x') = 3 —D @
ml 1= p2 k?

is given in Figure 1. From this figure it is apparent that there are N/2 roots for «2

in Equation
(6). Hence the eigenvalues of Equation (4) are t «,,(m = 1,2, .

..,N/2), with the properties:

@ -1 <mg L m - 23,...N/2
'u'm—l ‘u'm.
(ii) 0 < £ ‘]"" 1>c20 :
~ K1 % L1 ) s - y
(iii) ky, = iB, withB, > 0 , c > 1 . (8)

The general solution for Equation (4) has the form

N/2
) dn) = % F,; ®, 0 sc<1
=1

y

o s N/2 .
(11) l}llm(x) = gm,l'* Cm,lx + X Fm,i (X) H c =1

)
1=2

.
?

N/
) Y = Lot cosBin) + Lyt sin®Bin) + 3 Fai@), > 1
a SR ()

where
Fni ) = C::,i cosh(«;x) + C:,_i sinh{ ; x) ,

and the terms Q;.f are constants determined by Equation (4) and by the boundary conditions.
This solution is considered further in Appendix A,

In large, homogeneous, source-free systems, the neutron flux is determined predominantly
by the value of the dominant eigenvalue «; and so it is useful to compare the value of «,, that
results from use of a given angular quadrature, with the exact value ko . The eigenvalue » can

be obtained either by solving Equation (1) or by letting N - ® in Equation (6) ; it satisfies
the equation
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tanh ™
Ke

1
s . ‘ : {10}

A closed expression cannot be obtained for x, unless N £ 8. However, expressions have been
obtained for x, as a function of c, {m t and {@gq } for the limiting cases where |1—c << 1,

c>>1lorc<<l A comparison is made with the corresponding expressions for ko as a
function of ¢ .

21 x, when |1—c[< <1

An expansion of the form

ki = % aj (1—-c)j (11)
j=

-

is tried. Direct substitution into Equation (6) is difficult. A better approach is to expand f(«7)
of Equation (7) in powers of «2 , to obtain

® N2
f(«7) = hS.F ﬂél ®m p,;l;] Kt ’ (12)

=0
which is valid as long as lw,x,] < 1. Also,
2h

tanh™ ' K¢ @ Ke
— =% a1 . (13)

Ke h=0

The coefficients of & and Kz: agree if

N/2, am 1
= , 14
T o

that is, if the angular quadrature correctly evaluates the moment
1 2h
Moy = [ "0 (15)

Since

f(x}) =

= e ——
)

Ke

-1
i_ tanh™ k. (16)

it can be shown by substituting
P 3 a; (1- (:)j
and
i PR %j. a; (1- c:)j
{ in Equation (16), that
| a, a; (= 1L,2..:])

|
' if the angular quadrature cotrectly evaluates all moments M, for0 <hs]J.
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Hence, the dominant eigenvalue given by a symmetric quadrature which correctly evaluates
the moments M,, for 0 < h < » is correct to 0((1—c)J). That is,

ki = kg0 ((1=c)*1) (17)

The following expansion for ke has been evaluated by Case, de Hoffman & Placzek (1953):

ke = 3(1-c) [1-0.8 (I-c) + 0.0229 (1—c)* + 0.0229 (1-¢c)*+ 0.0224 (1-c)* +

+0.0215 (1—cp* +...] (18)

.- The result given in Equation (17) also holds when ¢ > 1 as longas |B,p,| <1 and
Be | <1.

2.2 B, whenc >> 1

This case is only of academic interest, since lar

ge c implies a small system in which
all eigenfunctions are important.

Assuming |y, By | > 1, expand
fBy - % "
B - L am

in powers of B;* to obtain the relationship

f(-Bi) = g " b, B;* (29)
where
N/2 wm
b, = mE=1 n (20)

Expanding B in powers of ¢! » Substituting into Equation (19),
collecting powers of ¢ leads to the relation

ool -E-dy -] L e

This is to be compared with the solution of

equating f(~B%) to 1/c, and

tan"'B, 1
——tz

B =

=]

which is (Case, de Hoffman & Placzek 1953)

R 2 2 16 2 T
S aE CI I Gy

2.3 «ywhenc <<1

_ For small c, it is apparent from Figure 1 that Km, == 1/p2,
dominant eigenvalue X, can be obtained by expanding
(6), collecting powers of ¢ and equating their coefficients

. A series solution for the

in powers of ¢, substituting in Equation
to zero. This leads to
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1 N2 wu?
Ki © F‘i[l‘“"c‘(“" m§2 ﬁ)cz—...]. (23)
Case, de Hoffman & Placzek (1953) give the following result for <% :
ki - 1—4e"2/°[1 cA=Ee e, ] (24)

The coefficients of ¢ and c? in Equation (23) are 0(1/N*) for standard quadrature schemes, so
they rapidly decrease for increasing N.

It is apparent from Equations (23) and (24) that the correct evaluation of «, for small ¢
requires 4, close to 1.

3. SPATIAL DISCRETISATION — THE DIAMOND DIFFERENCE APPROXIMATION

Replacing the differential coefficient d Y o(x)/dx in Equation (4) by the finite difference
approximation (Y 41~ m,r)/2 results in a set of N coupled difference equations:

ch
Fm I:‘1bm,r+1"'l/"m.r] + Dy = Td)l‘-"‘/a , m=12,...,N,

(25)
where
A is the mesh spacing,
bume = Ymtd) ,  and
Wm,c+y, 1S some value of (%) in the interval tA to(x + 1) A .
In the diamond difference method, the approximation
Vinye + %° T Wae t Yome 1) (26)
is used. This leads to the equations
p Wmest —~Fme] + B st #me ) = S (Bt b )
| m=12..,N . @D

These N coupled difference equations may be solved in the following fashion. Substitute
Umes1 = O Y Am = 1,2,...,N) in Equation (27), multiply both sides by wy, / [pm(e—=1) +

% (¢ +1)] , sum for m=1 to N and use Equation (3) to obtain the relationship

n/2 ©m 1

m§11-_ 2 l.?ﬁ;l_ 2= C_ * . (28)
Hm A "o+ 1
Note the simizlarity between Equations (6) and (28) with x* in the former being replaced by

[% . %L%%] in the latter. If o, is a solution of Equation (28), then so is 1/¢,, , and there

are N/2 independent roots of thation (28). These have the values
L+ rxmfh/2
%m =7 Knl/2

Com=12,...,N2 , (29)
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where «_ are the roots of Equation (6). It is apparent that %o is positive as long as
ka2 < 1.

The general solution to Equation (27) has the form

Nal o fof + e o 25—y
Yme = 2 [gmx(—-) LI (—""' )] , m=12,...,N
=05 i\ T mi\ g (30)

where the terms C::: are constants determined by Equation (27) and by the boundary conditions.
For a, positive, write
K'g A
0y = € . (31)

Then, as long as [KN/2 A/2 | < 1, the general solution to Equation (27) can be written as follows:

Nz
® dmld) = T o, 0<c<1;

[4] 8 / r
() pmtd) = Loy+ LSitb+ S F
1=2

y ¢€©=1

I

e A c d 8 . d N/2
(i) fm(d) = Im;cos(B,yrd) + [n;sin(B, tA) + £ Fp;, c¢> 1; (32
i=2
d . .
where F,,r,_i = §:,i cosh(x‘ii rA) + C:.,isinh(xi rA) . Note the similarity between Equations

(9) and (32), with x and «; in the former being replaced by rA and Kf in the latter. Further
details of this solution are given in Appendix A.

Equations (29) and (31) give
(1 + koA /2

K

d - r "
a Py )/A, |kmd/2 < 1

tanh™" (e, 4/2) /(5 /2)
a1 ¢ (kmB) | (e B)' -] (33)

12 80

Thus, for the diamond difference method, the eigenvalue K:I can be expressed in terms of the

eigenvalue « ., resulting from the angular segmentation of the transport equation, as long as
K A '

5 l < 1. From Equation (33), it is apparent that «d > x_ except for ¢ > 1, when
the relationship for the dominant eigenvalue becomes
B - tan!(B.A/2)/(0/2)
- _ (B:8)'  (B,4) B,A
31[1 -+ ] e IS U™

The error in Kﬁ, relative to «,, is second order in A and rapidly tends to zero as x_, A becomes
small. Avalue A = 1.0gives xq = L1 «y while kA = 0.3 gives 3 = 1.01 «,, .

4. SPATIAL DISCRETISATION — THE STEP FUNCTION APPROXIMATION

The step function method uses the approximation
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l1bm,r+}é = l/’m,r'*l ’ m = 1!2""’N/2
- Yme o m = N/2+L. N (35)

in Equation (25). This results in the equations

Hm [¢m,r+l - l1£‘m,r:| + A L/Jm,r - Ezé [5:"'1 + ar_] m = 12,..., N/2,
#m[‘/’m,r"’l _‘l’m,r]"'é“ljm,r =(':'2é [5:+l + 5.-_] m = N/2+1,...,N,
| (36)

where

N/2

— N
DI and T = § w .
o m ¢m.r+l bt Iy m\bm,r

ot
Prl

Substituting Y ;41
the equation

& Yy, and proceeding as in Section 3, it is found that o satisfies the

0B = pum(e=1) A/2

m=1

/ 2 _ 2 _ 2 -1
N4 mm[l—- poa =1+ p(a=1) A/?.:I =?:1“ _ (37)

If o, isa root of this equation, then so is 1/¢,; thus there are N/2 independent roots aq
(m - 1,2,...,N/2). The evaluation of o, is simplified by substituting

1+ BA/2
* = [ Bn/2 (38)

in Equation (37) which then becomes

/ 1 2 2 —i '
" en [1_ BB+ m B A/z] _1 (39)
m=1 1- umB'D/2~B°K/4 c

Consider the function

(@ - % wm[1- pmB'* pmB'D/2 ] (@0)
m=1 l—ﬂmﬁz A/Z—BZAZ/“ '

which is shown in Figure 2. It has poles at Boum = 1/(tm + A/ for m = 1,2,...,N/2,and

it has limiting values B}*if‘too g3) = }/‘i wn/(l + 21 n/0) . From Figure 2, it is apparent
that there are N/2 values of B:n which satisfy Equation (39) and that |By A/2. <1 for all real
3, with the exception of the trivial case ¢ > 1/ I:éjwm/(l +2 um/0 )Y, when the mesh size is of
the order of, or larger than, the'cfitical size of the medium. Thus, from Equation (38), o is
positive and it is possible to write

1+ BeBA/2  kpd
Om  * {8 A2 Y = e . (41)

The general solution to Equation (36) can now be written in the form given in Equation (32) with
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«i replacing «4. This general solution is discussed more fully in Appendix A. Although it is

not possible to obtain a general expression for «?2 in terms of the angular segmentation eigen—
values «m , relationships have been derived for the limiting cases of A -~ 0 and A — .

4.1 Small Spatial Mesh

In this case, an expression for «, in powers of A is most easily achieved by using the
expressions

dg (B7) l 3 d*g(B?) ‘ i

“dA T laLg 0 and dA* la-0 0
to obtain expressions for

ae and a2

dd la-p dA* 1A =9

This gives the first few coefficients in a series expansion of B2 in powers of A, and the
appropriate expansion for « . can then be obtained from Equation (41).

After some algebra, the result is

K = Ky [1=dpd + e, + 0(8%)]  m=12,...N/2, (42)
where
1 Mo, (Lepd k3) /N2
dy = + I s "% (43)
4omst (=g 13D ) et (1-pp k)

The expression for em is more complicated and is not given hete. For large N and ¢ =~1,
€,=2=0.2. The error in g, relative to «,,, is first order in A . The term d,, is positive except
for large c, when d, becomes negative. Thus, use of the step function approximation leads to
eigenvalues « 2 which are smaller than the corresponding eigenvalues «_ . For the dominant
eigenvalue «7, the following expression can be obtained for d, in the limit of large N:

. Ki 1 2 1 1+ ky
lim d, = — bIn (1— &3 == fn .
N— ' [I_Kf-'- 2 ( Kl)]/[l—Kf Kq E 1—K1] (44)

For ¢ >1, the expressions for d, are obtained from Equations (43) and (44) by replacing «, by
iB,. Values of d, as a function of N and ¢ are given in Table 1. Typical values of d, are
about 0.4 and a mesh size as smallas A = 0.1 will lead toa 4 per cent error in «: relative
to «, . It is interesting to note that for small A and c==1, < = «, (1 +0(1—c).0(A*))
whereas «5 =« (1+0(1). 0(A)).

The radius of convergence of the expansion in Equation (42) has not been found except
in the case of ¢ = 0, when the expression converges as long as |4 ! 2 y,) |< 1. This is prob—
ably a conservative criterion for convergence when 0 < ¢ < 1.

4.2 Large Spatial Mesh

The expression in Equation (42) is only accurate for |d,A | 0.1, so an alternative
expression is sought for large A. The case c > 1 is not treated since negative flux values
are obtained for multiplying media for large A,
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TABLE 1

VALUES OF d, AND «, USING GAUSS-LEGENDRE QUADRATURE

d, «1(B1)
~0N 2 4 @ 2 4 ®
>>1 _0.433 | -0.58lc | —0.5cfac | 1.732c% 2.472c% | 0.5 mc
2.0 0.000 0.027 ~0.125 1.732 2.164 2.331
1.5 0.217 0.237 0.159 1.225 1.443 1.451
1.1 0.390 0.364 0.339 0.548 0.569 0.569
1.0 0.433 0.391 0.375 0.000 0.000 0.000
0.9 0.477 0.417 0.407 0.548 0.526 0.525
0.5 0.649 0.509 0.488 1.225 0.989 0.958
0.0 0.866 0.581 0,500 1.732 1.161 1.000

Note: Forc=1 and N=®, ey = 27/128 = 0.211

Using the definition

.1
B = senm (45)

the following useful expression for x; can be deduced:

. En(%’fl), (46)

where 7y_, are roots of the equation

n/2 wm[7’+(7—um/2)ﬂ]
met (Y= b)Y it D)

1
= P ’ - (47)

with the following limits:
w1 € Y18 @ and b€ Ym S Mmoy s m=2,3,...,N/2.
The ,, ate functions of both ¢ and A. The power series expansion

y =y° + ¥y /A +0(1/4%) (48)

is substituted into Equation (47). Only the first term in Equation (48) is retained owing to the
increasingly complex analysis needed for higher terms. This leads to the equation

NE/Z wm(7°—um/2) 1

YO - c “49)
m=1 m
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for the values 75, - A closed expression cannot be obtained for ¥?, as a function of c, so an
expansion of y° in powers of (1-c) and ¢ is used with the following results.

For |1-c | < < 1, the dominant eigenvalue is given by

sy b5y 0 0w) (50)
1
with N/ 2 N/2 1 N/2 2
S wpp, X o 2‘[2 “m lu'm]
oL , o L b 0(1-c)
1 2(1—c) N
2_1 Wm Um
1 5
S v = R 0(l—c) , for N large . (51)

This result is accurate when 0 < (I1-¢) <<1 and (1-c)A > > 1 .

For ¢ < < 1, the eigenvalues are given by

1 A
G - 3 e (g om) 52)
with
Ym = Hm *t 05w u_ c+0(?), m=12,...,N/2 (53)
= Mg , for N large .,

5. ANISOTROPIC SCATTERING

The preceding analysis is now expanded to include the effects of anisotropic scattering.

Only the more interesting aspects are considered because of the complexity of the eigenvalue
equations that are obtained.

The extension of Equation (1) to include anisotropic scattering up to order L gives

dy(x, L
po Sy - 5 2 QUeDbygy 0 Py () (54)
where
1
2@ = [ IEaR @ (5)
-1
and the scattering function
1 L
F(Q.Q) = fuo) = 77 = (20+1) bRy (uo) . (36)

The terms by are the Legendre components of the scattering fuaction, with b, = 1.

An equation for the eigenvalues of Equation (54) is now derived. Assume a separable
flux of the form

px,u) = e g(u) (57)
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with

p—

(o) = 5 § @+1) L9 P () (58)

Substitute Equation (57) into Equation (54), multiply by P, (1) and integrate over u to obtain
the equations

(0+1) Loy (W + (I=cb ) @0 +1) { () /x+nl, () =0, n>0. (39

These equations can be solved for Z;n («) in terms of {(x), and Lo(x) can be normalised to unity.
Another equation for { () is obtained by substituting Equation (57) into Equation (54), multiply—
ing by P, (n) /(1 + p ) and integrating over . This gives

1 P (u)Py (1)

& & . «
L = g g @ue b (o f i e (60)

Substitution of n = 0 in Equation (60) gives the eigenvalue equation

Py ()
1l +ux

1 - du . (61)

<
2

e

1
@t +1)bE§E(K)f1

0

Mika (1961) has found that there are, at most, 2(L +1) discrete roots of Equation (61) of
the form #«, and for ¢ = 1 there is a double root, « = 0. In Appendix B it is shown that as long
as |1—c|<<1and by # 1 for £ > 0, the smallest eigenvalue, «,, can be expressed in the form

Ke = fa(by) (1—c) + folby,br) (F—c) + ...+ fr(®a,..., by) (1-c)-+
Ff by, .o, b ) A=)+l (62)
and
. f/z
L) = 0 ((1=0)"") . 63)

From Equation (62), it is apparent that if the expansion of the scattering function has been
truncated at order L, then «2 is accurate to 0{(1—c)r) .

5.1 Angular Segmentation

The relationship between the eigenvalue . and the corresponding eigenvalue «,, obtained
from the Sy form of Equation (54), is now determined under the condition that [1—-c| < < 1.
After angular segmentation, Equation (54) becomes

d L -
po 00 Ly ) - S E QU Dby B R () (64)
where N
$p (x) = 2=i O Ym @) P (2g) . (65)
Assume a separable flux of the form
P = X £ (k) (66)

and define

L) = 3 wném(IPy(un) - ©7)

1
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Substitute Equation (66) into Equation (64), multiply by w, P, (u)/(1+ #, ) and sum over m
to obtain the equation

v c L -2 N mel!l (“’m)PE(“‘m)
{a (k) = T2 Db L 2 T+ o . (68)
Taking n = 0 and defining To(x) = 1, Equation (68) becomes
C L 3 N wm&(lu'm) 69
1 - 2 E=Eo (28 + 1)by & (x) =, Trpgk ‘ (69)

There are N eigenvalues of the form tx(m=12,..., N/2) which satisfy Equation (69). The
smallest one, «,, tends to zero as ¢ —1.

Comparisons of Equation (68) with Equation (60) and Equation (69) with Equation (61)
show, after some algebra, that

K= kd e 0((-c)’™) (70)
and
Ge) = Lple) (L 0((-c)* )] | 1)
when the quadrature evaluates the moments

1
Mep =f p dp
0

correctly for 0 £ hg J.

It is apparent from Equations (62) and (70) that, at least for [1—c]< < 1, a value of
J > L is necessary if the error in «, is to be of the same order as any error in «. arising from
the truncation of the anisotropic scattering at order L.

5.2 Spatial Discretisation — the Diamond Difference Approximation

An analysis similar to that carried out in Section 3 can be applied to Equation (64) using
the diamond difference approximation. This leads to the same results as obtained in Section 3,
namely, that there are N eigenvalues of the form iK"";l » which are related to the eigenvalues of
Equation (69) by '
k8 = tanh™' (x,A/2)/(A/2) (72)
if Jen0/2 <1,

5.3 Spatial Discretisation — the Step Function Approximation

An analysis similar to that carried.out in Section 4 has been applied to Equation (64).
This leads to an expression for the eigenvalues « w Which involves a determinant of order L '+ 1.
Substitution of an expansion of the form

Km = kpll-d A +0(AY)] (73)
into this expression results in an equation for d,, which is quite complex. A value of d,, has

been obtained for the special case of L = 1, but even in this case the equation is not simple and
so is not given here. However, it can be shown that for ¢ =1,

d = 3 (-by)+ 0(l—c) . (74)
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When inserted in Equation (73) this gives, for c==1, the same value for «§ as would be obtained
by using the isotropic scattering value of d, and measuring A in transport mean free paths. Also,
when ¢ < < 1, the transport mean free path is the same as the total mean free path and the values
of d, for isotropic and anisotropic scattering are identical. Thus it appears that a feasible method
for the evaluation of the correction term d,4 in Equation (73) is to evaluate d. from Equation (43)
and measure A in transport mean free path units. It is conjectured that this approach can also be
used for the evaluation of d,A when higher order anisotropic scattering is included.

To test this conjecture, the transpost theory code ANISN (Engle 1967) was used to evaluate
the neutron flux in a 120 cm water slab with a source on the left hand boundary. One—group cross
sections corresponding to an energy range of 10 MeV > E > 1 MeV were used, with scattering in—
cluded up to order P3. A single exponential of the form exp(—«x) was fitted to the flux between
x = 20 cm and x = 80 cm, and « was evaluated for a fine spatial mesh and for a mesh of 2 cm.

For the fine mesh, « = 0.206 cm—! while the 2 cm mesh gave « = 0.176 cm—!. The value of «
predicted by Equation (43) for the 2 em mesh was 0.166 cm—! for A measured in total mean free
paths, and 0.175 cm—! for A measured in transport mean free paths.

These results suppost the above conjecture that, when the step function approximation is
used, Equation (43) gives a good estimate of the variation with spatial mesh of the dominant
eigenvalue as long as the mesh is measured in transport mean free paths.

6. MULTIGROUP AND MULTIDIMENSIONAL PROBLEMS

Because of the complexity of the solution, a direct extension of the analysis presented in
this report is not feasible for multigroup and multidimensional problems. However, in many classes
of problems the flux has certain similarities to a one—group, slab geometry flux and so the results
derived for the latter may be adequate. In particular, the radiation shield of a reactor generally
has a large radius of curvature, and often consists of a thick homogeneous material in which the
flux attenuation is governed by the behaviour of the high energy neutrons (E > 1 MeV). In this
case, the neutron spectrum varies only slowly with distance into the shield, and the flux behav-
jour resembles that of a monoenergetic flux in a slab.

Before considering an explicit example to illustrate this situation, an analysis is made of
the dependence of a multigroup flux on angular and spatial mesh. All aspects of the multigroup
transport equation which are of interest here can be examined by considering a one—group equation,
with a specified source which represents the in—scatter from other groups. A large homogeneous
region is assumed and the source is taken to have a spatial dependence of the form

S(x) = S,exp(—xg X} . _ (75)

Two possibilities arise, depending whether the dominant eigenvalue, «, of the group under con—
sideration is smaller or larger than xso.

(1) & < Keo

In this case the source dies away faster than the flux with penetration into the region.
Thence the flux behaves as a one—group, source—free flux after a certain distance into

the medium.
(2) x> Keo
In this case the flux has a spatial variation similar to the source term,
P(x) = PoeXp(—KeoX) - (76)

However, the amplitude of the flux, ¢, , is dependent on the angular quadrature and the mesh size.
The dependence of ¢, on the angular quadrature and spatial mesh can be analysed using tech—
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niques similar to those in Sections 2 to 5. The results obtained are now outlined. In the follow—
ing, the further approximation is made that S, and «,, are constant and independent of the meshes
used,

(2a) If &7 is the value obtained using an infinitesimal spatial mesh and an angular
quadrature which evaluates moments M, - f p*h de correctly for 0 <hg],
0

and ¢, is the exact value, then
bo = B [1+0 (kg™ M)] : an

(2b) If ¢34is the value obtained using the above angular quadrature and the
diamond difference approximation, then

#2 = B2 [1+0((koAF) ] : (78)
This result assumes that oscillations do not perturb the flux.

(2c) If o7 is the value obtained using the above angular quadrature and the step
function approximation, then

$o = #5 [1+0(xo0)] - (79)

It can be deduced from the above relations for x > K g0, that mesh sizes which lead to the
accurate evaluation of the source term S, exp(— «,,x) will also give accurate values for the
flux @(x), provided that #(x) has the spatial dependence exp(— x4, % ).

As a test of the applicability of the one—group results for a typical multigroup problem
encountered in reactor shielding, the transport theory code ANISN (Engle 1967) has been used
to evaluate the S8(P3), 29—group neutron flux arising from a fission spectrum source at the left
hand boundary of a 120 cm water slab. In this case, the attenuation of the flux is determined
predominantly by the behaviour of the fast neutrons with energy greater than 1 MeV. To evaluate
the dependence of the fast flux on the spatial mesh used in the solution of the transport equation,
the neutron flux in the first 11 groups (E > 1 MeV) was calculated -using the diamond difference
approximation for mesh widths of 1 cm, 2 cm and 4 cm, and each total flux was fitted by an
exponential of the form exp(— «x) between x = 20 cm and x = 80 cm. The derived values of «
for the 1 cm and 2 cm mesh were 0.1355 and 0.1359 respectively, The difference in these values
is 0.0004, which is about 30 per cent less than the difference of 0.0006 predicted by Equation
(33). Flux oscillations are evident in the 4 cm mesh case and so an exponential attenuation no
longer describes the flux. From this analysis it appears that the accuracy of the diamond differ—
ence approximation will not generally be limited by the mesh size dependence of the dominant
eigenvalue, but by the flux oscillations arising from negative values of the eigenvalues «_,
defined in Equation (29).-

The flux has also been evaluated using the step function approximation with a 1 cm mesh,
giving the result « = 0.1304. A difficulty encountered here is the value of the transport mean
free path to be used as the unit of length in Equation (42) for the prediction of the mesh size
effect on the eigenvalue. A flux average of the transport mean free path using the flux spectrum
at x = 50 cm was tried, but this gives a correction term which was 70 per cent too large. Better
results would be obtained if a larger mean free path was used. This indicates that the attenu—
ation rate from x = 20 cm to x = 80 cm is determined mainly by the flux at an energy near the
upper part of the 1 to 10 MeV range, as the mean free path becomes larger with increasing energy.

It is felt that the results obtained in this example are adequate in that they show that,
when the multigroup flux can be fitted by an exponential over a considerable spatial range, the
one—group results can be used to predict the approximate effect of the spatial mesh size upon
the results, and hence indicate whether the mesh used in a particular problem is.smail enough.
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7. SUMMARY

The discrete ordinates form of the one—group neutron transport equation has been solved
analytically in order to show the dependence of the solution on the angular quadrature and
spatial mesh used. The results obtained are predominantly of interest for the case of a large
homogeneous system in which the flux can be characterised by a function of the form exp(— xx),
where the dominant eigenvalue « may be real or imaginary. The dependence of « on the angular
quadrature and on the spatial mesh has been examined.

Assumi_ng'an infinitesimal spatial mesh and isotropic scattering, the relationship between
the dominant eigenvalue, x;, obtained from the S equation and the exact value, ., can be ex—
pressed by the relationship

ko= ki +0(A-cy'" (80)

1
where ¢ = o, /o, and the angular quadrature is symmetric and evaluates the moments M,, =‘/.

1P du cotrectly for 0 < h < J. This relationship also holds for anisotropic scattering as

long as [1—c | < <1 and the scattering parameters bg # 1for £ > 0. It has been shown that
if the Legendre expansion of the anisotropic scattering tetm is approximated by L terms, then
k2 is accurate to 0( (L=c)~)}. Therefore, to retain this order of accuracy, it is necessary that
the angular quadrature evaluates the moments M,, for0< h< L.

- For problems in which absorption is small and in which the neutron flux is characterised
by a function of the form exp(— «x), Equation (80) indicates that an angular quadrature which
evaluates the largest number of moment terms, M,, , will generally be most accurate. This points
to the use of Gauss—Legendre quadrature for large systems with slab or spherical geomeiry. For
a problem with high absorption, ¢ < <1, the dominant eigenvalue may not play such a large part
in the determination of the flux. When it does, a quadrature which has a concentration of terms
in the direction of greatest flux decrease may give the greatest accuracy; however, the accuracy
of the quadrature used will be very problem—dependent.

The use of a finite spatial mesh for the flux evaluation also has an effect upon the dom—
inant eigenvalue obtained. The diamond difference approximation results in a dominant eigen—
value 3, related to «, by

n

tanti ! (x,0/2)/ {(5/2)

(KlA)2 (KIA)4 N 81
K1[1+—'—12 + —"—80 ] , (81)

«f

as long as x,0/2 < 1, where A is the spatial mesh size. This eigenvalue will determine the
flux in a large homogeneous system as long as t]le larger ei_genvalues, “n (=2 ... N/2),
satisfy «,A/72 < 1. If this condition is not satisfied, spurious flux oscillations and/or neg.atwe
flux values may occur and the flux will not be given by a term of the form exp(— xx). Equation
(81) shows that for ¢ < 1, xJ is greater than «, and so the diamond difference approximation
results in a flux which falls off fastet with increasing x than does the flux evaluated using an
infinitesimal mesh. However, the eigenvalue correction term, (x,8)* /12, is generally _small and
the effective limitation on the mesh size used in the diamond difference approximation is caused
by the appeatance of flux oscillations due to a too large mesh, rather than by the error in the

dominant eigenvalue.

The step function approximation for finite spatial mesh results in a dominant eigenvalue
( k) which, for isotropic scattering and small A, is related to «i by

K& = ok [1mdib e AT ] (82)
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where d,==0.4, e.,== 0.2 and A is the spatial mesh measured in mean free path units. In the
presence of anisotropic scattering, Equation (82) holds quite well when A is expressed in trans—
port mean free path units. The eigenvalue «§ is less than «,, and so the step function approx-
imation overestimates the value of an exponentially decreasing flux. Also, the eigenvalue cor—
rection term —d 1 A is small only when A< < 1, and so an accurate calculation of a large homoge—
neous system requires the use of a spatial mesh which is a small fraction of a mean free path.

For a problem representative of a class of deep penetration shielding problems, the equa—
tions derived for the one—group case have been used to predict the dependence of the multigroup
flux on the spatial mesh used, and the prediction has been compared with the actual dependence.
The results show that for problems in which the flux can be approximately represented by a func—
tion of the form exp(— «x), the one—group equations can be used to estimate the variation of the
eigenvalue « with spatial mesh size, and so present a method of evaluating whether or not the
spatial mesh used is small enough for the desired accuracy.
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APPENDIX A
THE EIGENFUNCTIONS OF THE DISCRETE ORDINATES EQUATIONS

The general solution of the angular segmented transport equation

dyr, () co
dx 2
is given in Equation (9). This solution contains N? constants, N(N-1) of which can be evaluated

by substituting Equation (9) into Equation (Al). This results in the following general solution of
Equation (Al): ' '

+ P ()

tHm

(AD)

N/2
M Ya® - Z Gmitd <l ;
+. _ N/2
(i) Y = Lo+ LGE—pm) * E G, i (%) c=1;

+ cos(Bix) + 1y B 's'm(Bl x)

(iii) Y& = &,

1+ pp Bi
_ sin(B1x) = £ Ba cos(B,x) n/2
toe 1+ pnBa iZ'z Gr,i (%)
c>1; (A2)
where g:- eKix éi— e—Kix
Gp,i () = (A3)

1t ks | 1= i Ki
and the terms £ : " are constants to be fixed by the boundary conditions.
The diamond difference form of the transport equation,
“m[‘rbm'r+1 —Hl"m,r] + %‘[‘/’m,rﬂ + ‘nl’m,r] = %A-[QEI-H * ar] ? (A4)

has the general solution given in Equation (30). Substituting Equation (30) into Equation (A4)
results in the following expression for the general solution:

b (ED) = "z/z[{'i i TR ] , (45)

1=t L1+ gy 1""u’mKi

where 2,;:" are constants determined by the boundary conditions. If IKN /2 A/2| <1, the
solution (AS) can be written as:

. Nz e
(i) \bm(tﬁ)= > Gm,i c<1;
1=1
N/2
() V)= Ui+ U700 —pm)+ 2 Gng c-1;
) 1=2
, cos(BYrd) + pp By sin(B3 18)
(111) "Prn(ta) = C1 1+ F‘-:zn B:

. d d
} .1 sin(BSrA) — pu,Bicos(Byrd) +N/22 GE.
1+ up B3 1=2 !

c>1; (A6)
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APPENDIX A (continued)

where L er,A ;- e_K;’,A
Gr - - _i-—-__-.-— _-'-i_.——_
™ | T ' 4D

and { : "~ are constants to be fixed by the boundary conditions. Note the similarity between
Equations (A6) and (A2), with Kg' rA replacing ;% in the exponential, sine and cosine terms.

The step function form of the transport equation,

m [';bm.rﬂ_ ‘I’m’,] + Al!lm_,vr[ = -%A-' [6:**1* d-)-r-] m < N/2

Hom [¢m.r+l - Hbm,r] + A‘I’m.r

9.29_ Fh1 +d51  m > N/2, (A8)

has a general solution similar to that given in Equation (30). Substituting Equation (30) into
Equation (A8) results in the following expression for the general solution:

+ r [ o
ab,..(m)-”gz[gi 4, Lo ] , (A9)

isl [1+y,By 1-v.B;

where

Aol
]

o =l t B2 m< N/2

—(lewl+28/2) m>N2 (A10)

5 A
and B; has been defined in Equation (38). Puiting «; = ekl in Equation (A10), the general
solution of the step function equations can be written in the form given in Equation (A6), with
the replacement of «{ by «?, x; by B; and u by v .



APPENDIX B

THE DOMINANT EIGENVALUE WITH ANISOTROPIC SCATTERING

It is shown that the dominant eigenvalue, «, , has an expansion in powers of (1—c) for
l1—c|< < 1land by # 1,2 > 0. .

From Section 5, «, satisfies the equations
(e1) L 4p (kp) + (mcby) @n+1) Ly (ko) /xg + 0Ly (k) = 0, n > 0

(B1)
and

1 P (u)Pp(n) du
1+pk,

(B2)

250

L. ()= — £ (20+D)by Lylxe)
: /,

To obtain the expansion for « it is necessary to show that
4
L(x.) g0 (@-0"") - 0dy . (83)
First note that Davison (1957) has shown that «, « (1-c) % if by # 1.

AISD, - 1
f n—(.z-g—(—z d“ = O(Keln ml) {1"‘0(!‘(2) } . ( )

-1 1+«
Substitution of Equation (B4) into Equation (B2) shows that if Lp = 0(xE), then g4y = 0(xE™)
for £ > L. Hence, from Equation (B1) it is seen that {p_,; = 0(xE-1). Repeated use of Equation

(Bl) gives {_ = O(K:_t), as longas b, # 1for n>0;but {,= 1s0 ¢ =( and Equation (B3)
holds.

To obtain the expansion for . consider Equation (B2) with n = 0.

This is
Pp ()
1+ pxe

L 1
1- S 5 @esDby (Ke)f du . ®5)
-1

<
2 E:O
Substitution of Equations (B3 and (B4) into Equation (BS) shows that

S 2 £
1 = ¢ 2 bp0(<2%) . (Bo)
f=0
As «2 is 0(1-c), it is apparent that the series expansion of . in powers of (1—c) has the form

k3= f5(by) (1=¢) * Eo(ba,bo) (1=0)? + ...+ fi(bubs, ..uby ) (1—C)" +

[

+f[_,+:_(b1;b2) "')bL) (1_C)L+1+-"l (B7)

for |1-c] < <1 and bp # 1 for £ > 0. Evaluation of the coefficients fp is arduous, so only
the three following values have been obtained:

fi(by) = 3(1-by) (B8)
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APPENDIX B (continued

f2(bs,bs) = 3b, — (12/5) (1-b,)/(1~b,) (B9)
fa(bibabs) = (12/5) (1-b)/(1=bo) [(4/5 + by)/(1~by) ~
— by /(1-b4) - (27/35) (1-b,) / ((1-b,) (1-bs)) ]
(B10)



APPENDIX C
THE EIGENVALUES OF THE FINITE DIFFERENCE DIFFUSION THEORY EQUATION

The one—group, time—independent, source—free neutron diffusion equation in slab geometry
can be written as:

Vi) - xi¢(x) = 0 . CD)

Taking the usual three point finite difference approximation for the Laplacian, Equation (C1)
becomes:

qbn*‘l _2¢n * ¢n—l
A2

— ki, = 0. (€2)
Substituting ¢, . = ¢, = o ¢,_; in Equation (C2) leads to the relationship

0 =2+ k2 M8)o+1= 0 . (C3)
The two roots of Equation (C3) are « and 1/¢, wherte

¢ = 1+ k*AY2 +x AL+ 20 /D% (C4)

Defining the eigenvalue «' by

]
a=eKA

(C5)
gives
. 1 1 o —C('.—l
«! = R tanh T+ a-1
S RS YN RN L
= Atanh [ 1+ x?0?/2 ]
= kK [l— (——-—-—K2f)2 +0 ((KA).)] , for

For a multiplying medium, « and «' are replaced by iB and iB' respectively, and

(«B)?
-"_2._ |< 1. (C6)

. 1., |BAQ-B*AY/H* | (BbY
B A tan [ 1B AY/2 ] , for l 5 <1
Bay . (Ba)®
- B [1+ 27 ¢ 0(BD) )] , for I"'—z-Iz“ <1.(€D
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