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ABSTRACT

A numerical model of a turbulent single-phase coolant flowing in line
through a reactor-type fuel bundle is described for the prediction of the
turbulent heat transport characteristics of the fluid and the fuel element
pressure drop. A modified two-dimensional form of the Buleev mixing length
theory is used to solve the momentum equation for the subchanne’ average
velocity distribution, and for the distribution of the radia! and ~angential
eddy momentum diffusivity. The effect of the anisotropy of the eddy momentum
diffusivity in the wall region-on the wall shear stress distribution is

examined.
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1. INTRODUCTION

The assessment of the thermal response of a canned uranium dioxide fuel
pin, cooled by a single-phase turbulent fluid, reguires the development and
linking of two detailed mathematical medels, one for the two-region fuel rod
and the other for the turbulent fluid. This report concentrates on the
development of a model of the turbulent transport properties for a single-
phase coolant flowing in a four-rod reactor-type subchannel.

The eddy diffusivity concept is used to account for the transport of
heat, mass and for momentum interchange by fluid turbulence and, in the
turbulent core, the eddy momentum diffusivity is several orders or magnitude
greater than the analogous fluid kinematic viscosity. The eddy heat diffu-
sivity is similarly greater than the fluid thermal conductivity for coclants
with Prandtl numbers of unity or above, and greatly increases the effective
fluid thermal conductivity. For liquid metal coclants, the effect is of the
same magnitude as the fluid thermal conductivity, and thus is still signifi-
cant. The turbulent heat and momentum exchange process within the fluid are
usually assumed to be related. To determine the effective thermal conductivity
of the fluid, it is first necessary tc be able to solve for the fluid average
velocity distribution, and the apparent or turbulent eddy viscosity distribu-
tion created by the fluid turbulence.

The solution of the time-averaged Navier Stcokes or momentum equation for
the average velocity field of the viscous single-phase fluid requires a
general theory linking the turbulent, or Reynolds stresses with the fluid
average point wvelocity. Although such a general theory does not exist,
successful empirical mixing length theories developed by Prandtl and Von
Karman [Schlicting 1968] have been used to describe the velocity profile in
one-dimensional flow past a plane wall, or in a uniform round duct. The
mixing length concept used was generalised by Buleev [1963] to a three-
dimensicnal theory, and this model of the turbulent eddy viscosity was
applied to a four-rod sukchannel.

A subchannel may be defined generally as the simply connected flow
region in a cell, bounded by planes containing the centre lines of adjacent
cylindrical rods of a finite or infinite, regular or irregular array of
parallel rods. The four-rod subchannel used represents an infinite array of
square-pitch parallel rods (Figure 1). This array approximates to the fuel
element arrangement of pressurised and boiling light water nucleaxr reactors,
in which the core is built up from box section fuel elements with approxi-

mately fourteen by fourteen fuel rods in each element.



The prediction of the average velocity field for turbulent in-line flow
through rod bundles has been examined by several authors [Deissler & Taylor
1959; Nijsing, Garganti & Eifler 1966; Shlykov & Tsarevski-Dyakin 1966;
Hoffman 1970; Dwyer & Berry 1971] using graphical construction techniques
[Deissler & Taylor 1959], and by the transformation of the duct into a circle
by a system of orthogonal curvilinear coordinates, the reverse transformation
being used to obtain the velocity field tshlykov & Tsarevski-Dyakin 1966]. 1In
another technique, a universal or logarithmic velocity profile is used along
the normal to the rod surface, and an experimentally determined expression for
the wall shear stress is used to determine the local shear velocity [Dwyer &
Berry 1971}. A problem of this method of analysis is that the zero velocity
gradient is not given across the line of symmetry of the subchannel.

The Buleev mixing length theory, in common with that of Shlykov &
Tsarevski-Dyakin [1966], assumes that the distribution of the turbulent
characteristics over the flow cross section is determined by the geometrical
form of the cross section. The eddy diffusivity of momentum at each point in
the subchannel is a function of the distance of the point from the walls of
the duct, and the total gradient of the average velocity around the point. In
common with all the above theories, the fluid properties are considered to be
constant. This assumption is of considerable importance in simplifying the
solution of the combined heat transfer and fluid flow problem in the duct for
heat generating rods, as the energy equation is decoupled from the solution of
the momentum Equation (3).

No analytical solution of the turbulent momentum eguation, using the
Buleev theory to predict the eddy diffusivity of momentum, is possible. This
is because the eddy diffusivity of momentum is a function of the average
velocity solution, and the momentum equation has thus to be solved by some
form of numerical iteration process. Howevexr, for the associated laminar
flow problem, the eddy momentum diffusivity is zero and a single numerical
iteration solves the velocity distribution in the duct.

2. TURBULENT FLOW TIME AVERAGE EQUATIONS

2.1 General Equations

The momentum eguations for the average velocity component of a turbulent

incompressible fluid are:
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The equation of conservation of mass is:
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and the energy equation is
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The fluid material properties v, Pe and kf the thexmal conductivity are
all assumed to be constant.
In Equation (1), the additional terms to the laminar flow form of the
Navier Stokes, or momentum egquation is the quantity
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This factor represents the additional shearing stresses oy Reynholds stresses
generated by the turbulent interchange process within the fluid, and no
general theoretical method of linking these stresses with the average velocity
field has yet been found. However, for single dimension turbulent flow prob-
lems in round tubes or past a plane wall, the apparent or turbulent eddy
viscosity represented by this term is related by Prandtl to the gradient of
the average velocity by an empirical mixing length.

2.2 Fully Developed Turbulent Flow Equations

For asymptotic turbulent in-line flow through a duct of constant cross

section, the momentum and energy equations reduce to:
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The similarity of the above pair of equations, which goverm the heat and
momentum transfer process for turbulent asymptotic flow in ducts, forms the
basis for analogies between the eddy heat and momentum diffusivities. In the
Buleev theory, the eddy momentum diffusivities (e; and ei) are functions of
the velocity solution, and an iterative numerical method must be used to solve
the nonlinear momentum equation. The eddy diffusivities of heat (e: and

Ei) are not, however, functions of the average temperature solution for the

fluid, and the energy equation is linear.



3. BULEEV MIXING LENGTH THEORY

3.1 Eddy Diffusivity

There are several features of the three-dimensional mixing length theory,
based on Prandtl mixing length concepts, which remove some limitations of
earlier mixing length theories. The detailed theory is described extensively
by Buleev [1963] and will not be reiterated in depth. The Buleev theory
uses a line integral expression for the eddy diffusivity of momentum or heat
at each point in the fluid, involving a length scale and the total velocity
gradient aleng the line of integration. This éxpression applies to all flow
regions and does generate zero eddy diffusivity values in the wall region
(yt* <5).

The use of a line integral, evaluated along the axial direction of the
particular eddy diffusivity component, aveids a zero value of diffusivity at
points in the fluid where the total wvelocity gradient is zero.

In addition, this expression allows the different axial components of
eddy diffusivity to be of different magnitude, and some allowance is therefore
made for the local anisotropy of turbulence in regions where the average
velocity gradient is changing rapidly.

3.2 S8cale of Turbulence Length

A generalisation of the one-dimensional mixing length or scale of
turbulence length is used in the Buleev theory, in which the perpendicular
wall distance is replaced by a length proportional to the distance from the
point in the fluid to all surrounding walls. This scale of turbulence length

is defined by:
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For asymptotic flow problems in long straight ducts of constant cross section,

this integral can be simplified to:
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For flow past a plane wall, integrals (6) and (7) reduce to the perpendicular
wall distance.

The calculation of integral (7) is required at each mesh point for the
numerical solution of the momentum eqguation. The cylindrical system of
coordinates was used for the four-rod subchannel, with a point on the centre

line of one of the four rods determining the origin.



To evaluate Equation (7) at each point in the mesh, a system of numerical
integration was used to find the contribution of each of the four surrounding
rods. The angle subtended between a line joining the rod centre and the point
in the fluid and one tangential to the rod surface from the same point, is

given by:

8 = sin”! (), e (8)
k a
k
where k has the values 1 to 4 (Figure 2).
Integral (7) was evaluated for each of the four rods by Gaussian
numerical integration [Abramowitz & Stegun 1956], using a three-point approxi-

mation.

.j"ek 1 3
_ek ETE“ ab = ek iEI wif(ei) . v (9)

In Egquation (9), 0, is the weight value, and Bi is equal to Bk Xio %y being
the corresponding independent variable interval for the Gaussian integratiocn.

The value of f(Bi) or %(Bi) is calculated by application of the cosine rule:
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The accuracy of the three-point appro#imation was checked by using a
five-point Gaussian approximation at several wall distances from the rod;
the answers gave agreement to four figures for each point selected.

For very small distances from the surface of one rod, the scale of
turbulence length approaches the perpendicular distances from the point to
the rod surface. This is to be expected as the geometry under these condi-~
tions approximates to a point near a plane wall.

3.3 HNumerical Solution Technigue

The symmetry of the average velocity distribution in the infinite array
of square-pitch rods was used to reduce the calculatiocnal area to one eighth
of the total subchannel area (Figure 1). The solution of Eguation (4) using
the Buleev theory to predict the eddy momentum diffusivity values, requires
a numerical iterative process involving twe loops. The inner loop determines
the velocity solution for a given set of eddy momentum diffusivity values,
and the finite difference approximation to the momentum equation was solved
by the extrapolated Liebmann process in this loop [Lee & Stone 1959]. The
outer loop recalculates the eddy diffusivity values for each converged
velocity solution until these values also converge.

The methed of solution used is not unconditionally stable, as a good



estimate of the distribution of the eddy diffusivity values has to be used

to start the process. In addition, the eddy diffusivity values are related
to the total fluid velocity gradient and, consequently, each velocity distri-
bution has to be found accurately before determining new values of these
parameters. The initial values of the velocity gradient at each mesh point
were found from the radial derivative of the law of the wall velocity distri-
bution for flat plates:

v = 5.75 log,,y" + 5.50 . .o (11)

In the laminar sublayer
v =y ’ c..(12)

the radial velocity gradient is constant. The intersection of these two
equations at y+ = 11.64 was used to determine the change from a constant
radial velocity gradient to one derived from the law of the wall. This
procedure does not allow for the transition flow region, located between y+
values of 5 to approximately 30, and a discontinuity in the radial velocity
gradients occurs at the intersection point. The integral expression for the
eddy momentum diffusivity (Appendix RA) applies to all three regions of the
fluid, and the eddy diffusivity values calculated by this expression decay
to zero in the region of the rod wall.

4, ROFLOC PROGRAM - AVERAGE VELOCITY SOLUTION

4.1 Finite Difference Calculation Mesh

The average velocity distribution in the subchannel calculational area
(Figure 1) was solved by the computer program ROFLO, using a two-loop numeri-
cal interative procedure (Section 3.3). The solution of Equation (4} for the
average velocity field, using a cylindrical geometry mesh based on the centre
of one rod, presents some difficulty in the selection of the radial mesh
spacing. 1If equal radial mesh increments were used, the very high velocity
gradients in the laminar sublayer adjacent to the rod surface would reqguire a
fine mesh spacing in this region. This mesh, however, cannot be extended over
the whole calculation area owing to the large number of velocity points
created. A logarithmic radial mesh spacing was used, therefore, for the first
N-radial mesh points, ER(I); the spacing of this mesh was determined by the
wall friction velocity specified for the problem and the rod~gap distance
(Figure 3a}:
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The calculation area angle, Z—radlan, was divided into N equal segments by
N + 1 angular mesh lines.

The matching of the cylindrical geometry radial mesh to the subchannel
centre straight-line boundary was achieved by creating an additional radial
mesh circle for the intersection of each of the N angular mesh lines outside
the rod-gap line (Figure 3b). This system creates an abrupt change in the
radial mesh spacing, particularly in the rod-gap yegion (Figure 3a). The
cell average velocity points were located in the centre of each mesh cell,
with the exception of the triangular cells located on the subchannel centre
line. Here, the corresponding velocity point was placed on the subchannel
centre line. The number of radial mesh lines created by this system is 2N,
and these values are stored in the program as a column vector ER(I). The
mid-point between each pair of radial mesh lines determines the distance of

the velocity points from the origin, EA(I).

4,2 Finite Difference Equation
The momentum Equation {4) for the average velocity field in the sub-

channel, in cylindrical coordinates is:

)+l i((gw)
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In the asymptotic flow conditions, the axial pressure drop is assumed
to be constant across the subchannel cross section. The momentum equation
was integrated over a mesh cell, bounded by the radial limits r; and r, and
and angular limits 6; to 6,. This cell-integrated form of the finite
difference equation was used to minimise the effect of the non-uniform
radial mesh spacing, particularly in the subchannel-gap region at the centre
line. Integrating Equation (15) between the mesh cell boundaries leads to

the equation used to develop the finite difference approximation:
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The radial and angular eddy diffusivity of momentum values are required
by this equation on the four boundaries of the mesh cell (Figure 4), and the
radial and angular velocity gradients have also to be evaluated at these
boundaries. The radial eddy diffusivity points are located on the same
angular lines as the velocity points, but spaced at radial mesh distances from
the origin, and the angular eddy diffusivity points are the same distance from

the origin as the wvelocity points, but on the cell mesh angular lines. In the
2

ry, + r;

is EA{I), the distance of velocity point VEL(I,J) from the origin. (See

radial velocity gradient term of the cell integrated equation, factor

Appendix A for program symbols.)

The solution to the finite difference equation, generated from Equation
(16) for the average velocity distribution, was by the Leibmann pProcess
[Clark & Hansen 1964]). The value of the extrapoclation parameter @ for this
process cannot be estimated by theoretical means, and a satisfactory value of
this parameter was determined by a trial substitution of values, and note was
taken of the convergence rate.

4.3 Boundary Conditions

In the interative solution of the velocity distribution, a fixed velocity
value at some point in the mesh is required to normalise the level of the
solution after each iteration. This point was initially selected to be the
first velocity point in the rod-gap region, VEL(1l,1), and relates to a fixed
value of the local wall shear stress. However, subsequent experience in
applying the same logarithmic numerical mesh to the solution of the associated
laminar flow problem (Section 5) showed that as this region of the velocity
field changed the most from the initial velocity distribution, particularly
at low rod pitch to diameter (p/d) ratios, fixing a velocity value here
caused the program to converge on incorrect sclutions. Accordingly, the
normalisation point was changed to VEL(1,N} implying a fixed value of the
wall shear stress along the radial mesh to the subchannel centre. The three
boundaries of the calculation mesh not adjacent to a rod wall form reflection
boundaries to the velocity solution, with a zero velocity gradient across
them, and the velocity of the fluid at the rod surface is zero. These con-
ditions are used to reduce the normal five-point difference approximation
to a three-point approximation at the subchannel centre line, and a four-point
approximation at the two angular boundary lines.

5. LAMINAR FLOW PROBLEM

The finite difference equation approximation to the momentum equation,

and the associated numerical mesh, was used to solve the laminar flow form



of the momentum equation by equating the € terms to zero:
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This was carried ocut initially as a means of testing the stability and
accuracy of the numerical mesh, since the logarithmically spaced radial mesh
coupled with the matching of the cells to the subchannel centre line creates
very substantial changes in the radial mesh spacing (Figure 3a). It was
found that the location of the single fixed velocity wvalue, used to normalise
the velocity distribution after each numerical iteration, did influence the
stability of the numerical solution for laminar flow. However, when located
in a part of the wvelocity field away from the rod-gap area, the process was
stable and converged to a unique solution.

The scolution of the laminar flow momentum eguation also provides a
means of estimating the error in the infinite rod array velocity distribution
created by placing a wall across the rod gap. This problem has some practical
importance, as flow in rod subchannels is experimentally studied by using two
interconnected subchannels as a test duct with all other rod gaps blanked off
{Figure 5a}.

In the numerical sclution of the closed rod-gap problem (Figure 5b),
the zero velocity condition at this wall can conveniently be generated by
using a negative mirror image velocity equidisdant from, and on the other
side of the gap wall to the first radial veleocity line. For laminar flow
conditions, the momentum equation can be solved analytically for approximately
the same geometry, using bipolar coordinates (Appendix B). An analytic
estimate of the accuracy of the numerical solution can thus be made.

In turbulent flow conditions, the error involved in using the closed
duct (Figure 5a) to represent an infinite square-pitch rod array in the rod-
gap area shown would be considerably less. This is because the velocity
gradient adjacent to the duct walls is far greater than for laminar flow,
and the effect of the wall in the rod gap would consegquently have less
influence on the subchannel velocity distribution.

The error in the numerically calculated velocity distribution along the
subchannel centre line, from the infinite rod array solution to the closed
duct solution (Figure 5b), is shown by Figure 6. The approximate analytic
solution, using only the first term of the series expansion, is also shown;
for low (p/d)} ratios {(p/d < 1.10) the agreement is good. The distortion
introduced into the velocity distribution by the rod-gap wall i1s seen to be

strongly dependent on the (p/d) ratio. For widely spaced rods (p/d = 1.50},
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the magnitude of the error at the subchannel centre is estimated to be 1.1
per cent, which is considerably less than the 5 per cent predicted by the
analytic sclution. This discrepancy is due partly to the inaccuracy of the
theoretical model in the subchannel centre, and partly because only the first
term of the series expansion was used to determine the velocity distribution
along the subchannel centre line.
6. RESULTS

6.1 General

A parametric study was made to determine the subchannel velocity, eddy
momentum diffusivity, and subchannel friction factor as a function of the
rod pitch to diameter (p/d) ratio and the flow Reynclds number {Re)}. The
rod diameter was held constant at 15.24 mm (0.60 inch) énd the fluid proper-
ties used represented saturated water at 280°C. The (p/d) ratioc was wvaried
between 1.04 and 1.80, though more detailed attention was given to the lower
{(p/d) ratios (1.04 and 1.10), as these show the largest variation in the rod
wall shear stress distribution and the subchannel eddy momentum diffusivity
distribution.

6.2 . Friction Factor

The subchannel friction factor (fs} compared to the round tube friction
factor (f) is shown as a function of the (p/d) ratio by Figure 7, for a
Reynolds number of 5 x 10*. The Blasius expression, applicable for Reyhnolds

numbers below 105, was used to calculate the round duct friction factor (f)
f = 0.3164 Re”°-2% | ... {18B)

In common with the theoretical predictions of Ramm & Jchannsen [1971],
the subchannel friction factor is below the round tube friction factor for
(p/d} values less than 1.10. However, for a (p/d)} ratio of 1.80 the pre-
dicted friction factor ratic (fs/f} is above the ratio predicted by these
authors by approximately 15 per cent. Experimental results for single-phase
flow in four-rod subchannels show considerable scatter [Green & Hooper 1973;
Marek, Maubach & Rehure 1973] and, although experimental friction factors
are above the round ﬁube values for {p/d) ratios greater than 1.1, there is
not sufficient accuracy to substantiate either of the theoretical predictions
at the larger (p/d) ratios.

6.3 Wall Friction Velocity and Shear Stress Distribution

The maximum wall friction velocity (V¥) and the maximum wall shear
stress (T;) occur at the point on the rod wall cut by the subchannel diagonal,

and the minimum of both these variables in the rod gap. These results are
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consistent with experimental results for developed turbulent flow in
symmetrical three-rod subchannels [Subbotin et al. 1971].

The maximum rod wall friction velocity is specified as part of the input
data in the ROFLO program, and this value is directly related to the subchannel
Reynolds number (Figure 8). This relationship can be generalised to other
fluid properties and rod dimensions by using the average wall friction
velocity Reynolds number, v* dH/v, based on the average wall friction velocity,
v* (Figure 9).

The wall shear stress variation is a function of both the rod spacing or
(p/d) ratio, and the flow Reynolds number. The magnitude of the variation in
the rod wall shear stress, TW(B), and wall friction velocity, v*(8), is strongly
dependent on the rod spacing or (p/d) ratio, the maximum variation occurring
at a (p/d) ratio of 1.0. This configuration, in which the rods are touching,
could not be calculated by the ROFLO program without substantial modification
to the numerical mesh. However, the program operates at a (p/d) ratio of
1.04, and this rod spacing closely approximates the limiting case.

The variation of the wall shear stress around the rod is also a function
of the flow Reynolds number, and the magnitude of the variation decreases
with increasing Reynolds number. This is to be expected, as the thickness of
the laminar sublayer decreases with increasing Reynolds number, and the
intensive momentum exchange process in the turbulent core region of flow acts
to equalise the rod wall shear stress distribution. The predominant factor
influencing the variation of wall shear stress is, however, the (p/d) ratio
of the rod array (Figure 10).

6.4 Velocity Distribution

The radial velocity profiles at several values of § from the rod gap
(6 = 0) to the radial line joining the subchannel centre (6 = 7/4) are shown
by Figure 11, for (p/d) ratios of 1.04 and 1.10. For comparison, the law of
the wall velocity based on the corresponding wall friction velocity is shown,
and for both (p/d) ratios the maximum error between the velocity profiles
near the rod surface occurs in the rod-gap area. The law of the wall velocity
profile fits the predicted velocity distribution along the subchannel diagonal
(6 = 1/4) more accurately for the (p/d) ratio of 1.10, although the fit in the
wall region is more accurate at the lower (p/d} ratio.

A point plot of the velocity values, interpolated at equal velocity
increments from the velocity distribution, is shown by Figure 12, together
with the 30-point angular mesh used. A smocth curve fit to the same isotachs

is shown for the whole subchannel area by Figure 13, and this shows the
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compression of the contours towards the rod surface in the subchannel centre
region, where the wall shear stress is also at a maximum.

6.5 Eddy Momentum Diffusivity

The ratio of the radial eddy diffusivity of momentum to the fluid
kinematic viscosity (ei/v), from the rod gap (6 =0) to the subchannel diagonal
(6 = n/4), shows the radial momentum diffusivity distribution to be similar
to curves for round ducts {[Quarmby & Quirk 1972], particularly for the profile
along the subchannel diagonal (Figures 14a, b). The Prandtl mixing length
theory predicts a parabolic distribution of e; for turbulent flow in found
ducts, with the maximum value of e; given by the dimensionless ratio (EE/RV*)
being equal to 0.10, where V* is the wall friction velocity and R the duct
radius [Hooper 1963]. The eddy diffusivity falls to zeio at the wall and
the pipe centre line. This zero value at the centre line shows one limitation
of the mixing length approach, as the turbulent diffusion process does not
necessarily become zero at points of constant average velocity. By inte-
grating a function of the velocity gradient along the supposed path length
of the eddy to determine e;, the Buleev theory avoids a zero value at points
of no average velocity gradient.

There is little experimental information of the eddy momentum diffusivity
distribution in rod subchannels, and the predicted maximum values (;;) for
this geometry were compared with the Prandtl theory for fully developed flow
in round ducts (Figure 15). Experimental results of measurements of the
analogous eddy mass diffusivity for flow in round ducts have also been made,
using a tracer fluid injected into the duct centre and determining the average
concentration profiles at axial stations downstream. The method of analysis
generally used permits only the average value of the eddy mass diffusivity to
be found for the centre region of the duct.

In contrast to the Prandtl theory, the eddy diffusivity is assumed to
be constant. The eddy mass diffusivity values determined by Towle & Sherwood
[1939] and later by Sheriff & QO'Kane [1971] were also compared with the pre-
dicted momentum diffusivities for the subchannel geometry (Figure 15), and
both the momentum and mass values show a different gradient to the subchannel
values when plotted against the Reynolds number.

Mixing experiments have been conducted for flow in four-rod subchannels
[Van der Ros & Bogaardt 1970; Green & Hooper 19731, using‘a gimilar method
to that of Towle & Sherwood to determine the average eddy mass or heat
diffusivity in the subchannel centre region. The experimental values of the

average eddy diffusivities show a similar relation to the rod spacing and
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subchannel Reynolds number and, assuming that the turbulent Prandtl or Schmidt
number is approximately unity, support the numerical prediction that the sub-
channel centre eddy diffusivity is directly proportional to the Reynolds

number:
“r
(Em/v) = C Re . es e (19}

The value of the constant C is a function of the rod spacing or (p/d) ratio,
and applies for flow in rod bundles without grids or spaces. The work of
Van der Ros & Bogaardt [1970) shows a considerably higher value of this
constant than predicted for the (p/d) ratio of 1.33, and this is probably due
to the presence of grids in their four-rod subchannels. Other work gquoted

by them shows good agreement with the predicted curves (Figure 15).

The Buleev theory is perhaps unique in that a separate expression to the
radial component is used to predict the angular or tangential eddy momentum
diffusivity [Quarmby & Quirk 1972, 1974]. However, although an approximation
to the theory was used to evaluate the tangential component, by integrating
alonyg a constant radius mesh instead of the tangent to this mesh, this
approximation is most accurate in the wall region where the short arc length
of integration closely approximates the tangent. It is in the wall region
that recent experimental work [Quarmby & Quirk 1972, 1974] has shown that the
ratic between the tangential and radial eddy diffusivities may approach as
much as 100 before the laminar sublayer is entered, though the ratio is unity
over most of the turbulent core. The ratio between the tangential and radial
momentum diffusivities as predicted by the Buleev theory is substantially unity
over the whole subchannel. This theory does not predict the anisotropy of
turbulence in the wall region, and this defect has also been noted by Ramm &
Johannsen [1972]1, who have proposed a modification to the theory to account
for this effect.

The anisotropy of turbulence near a duct wall is probably caused by the
greater attenuation of the radial diffusivity component normal to the wall
surface than the tangential eddy diffusivity; this effect has considerable
influence on the variation of the wall shear stress distribution, and on the
related surface heat transfer coefficient.

6.6 Representation of Wall Turbulence Anisotropy

The effect of the anisotropy of the wall turbulence on the subchannel
velocity distribution, wall shear stress distribution and friction factor
was tested by multiplying the tangential component of the eddy momentum

diffusivity by a weighting function, chosen to fit approximately the
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experimental results of Quarmby & Quirk [1972] for round tubes:

We = 50 exp(-40y/(¥2 p - d)) + 1.0 . e {20)

The weighting function (Wf) has a value of nearly unity over most of the
subchannel and becomes of significant magnitude only in the rod wall region.
Two values of rod spacing were used to assess the effect of this weight~
ing function, with (p/d) ratios of 1.04 and 1.10. The effect of the weighting
function on the subchannel velocity distribution was to slightly decrease the
ratio of the peak velocity to the subchannel average velocity. The radial
velocity profiles based on the law of the wall (Appendix A) were brought into
closer agreement with the predicted profiles, and the subchannel friction
factors increased by 8 per cent for the (p/d) ratio of 1.04, and by 4.5 per
cent for the (p/d) ratio of 1.10. Both of these effects may be related to
the variation in the wall shear stress distribution, as the effect of the
anisotropy of wall turbulence decreases the magnitude of the change in the
wall shear stress in the rod gap by 24 per cent for a (p/d) ratioc of 1.04,
and by 18 per cent for the 1.10 ratio (Figure 16).
The wall shear stress distribution is, therefore, the parameter most
sensitive to the anisotropy of turbulence near the rod surface, which acts
to equalise the surface shear stress. Although the wall shear stress
variation is smaller for reactor rod bundle spacings (p/d from 1.20 to 1.50),
the anisotropy of wall turbulence also acts to limit the rod surface tempera-
ture variation due to non-uniform surface heat fluxes, and is important in
the related heat transfer pr&blem.
7. CONCLUSIONS
. The radial velocity profiles predicted show fair agreement with
the law of the wall expression, based on the local value of the
wall friction velocity.
. The relationship between the rod spacing, maximum eddy diffusivity
and subchannel Reynolds number is predicted to be of the form:
€/ = ¢ Re ,
where the constant C is determined by the rod spacing. This
expression appears to be consistent with experimental work, and
provides a means of estimating the subchannel eddy diffusivity
for in-line flow through unbaffled four-rod subchannels. B&As such,
it also provides a means of comparing experimental eddy diffusivities
for flow in fuel bundles with grids and spaces, and thus to estimate

the effect of such grids on turbulent mixing in the centre of the
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subchannel.

The Buleev theory does not predict the anisotropy of eddy diffusi-
vity in the wall region, and this effect is important in equalising
both the wall shear stress distribution and temperature in the
related heat transfer problem.

The variation of the rod wall shear stress is a strong function of
the rod spacing, and only slightly depends on the flow Reynolds
number. This result is supported by the detailed experimental work
of Subbotin et al. [1971], for flow in three-rod subchannels.

For laminar flow in four-rod sgubchannels, it has been shown that
the presence of a wall in the rod gap does not extend far into the
velocity distribution, for reactor-type rod'spacings (p/d < 1.50).
In turbulent flow conditions, and neglecting secondary flow effects,
the presence of the wall would have less influence, due to the
correspondingly higher velocity gradients near walls. It appears

reasonable to study flow in ducts of the cross section of Figure 5a.

NOTATION

Af subchannel area

R rod radius

d rod diameter

P rod pitch

(p/4) rod pitch/diameter ratio

dH subchannel hydraulic diameter (4Af/ﬂd)
v fluid kinetic viscosity

e fluid density

kf fluid thermal conductivity

cpf fluid specific heat

o fluid thermal diffusivity (kf/pf v cpf)
v fluid point velocity (V = V' + V)

v average fluid point velocity

v! turbulent component of fluid point velocity
-a subchannel average velocity

v, or (u,v,w) components of V along reference axis

vi or (u',v',w')components of V' along reference axis

1

=l
n

“¥. or (u,v,w) components of V along reference axis

fluid average point temperature

time
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Re Reynolds number for subchannel (GadHE/v)

P fluid pressure

Pr fluid Prandtl number (v/o)

€ eddy momentum diffusivity Superscript (x,y) or (r,8)
€ eddy heat diffusivity refers to axial direction
T fluid shear stress

Tog fluid shear stress at wall

vy perpendicular wall distance

? wall distance to subchannel line of symmetry

Y* wall friction velocity (f?;?;;)

v maximum wall friction velocity

yt dimensionless wall distance (yV*/v)

vt dimensionless velocity (V/V*)

£(8) wall distance at angle 6

dk tangent length from subchannel point to rod k(k = 1 - 4)
L Buleev scale of turbulence length

Lo scale of turbulence length at reference point

Q - extrapolation parameter (finite difference eguation)
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p - rod pitch, g - rod gap, d - rod diameter. Shaded area shows
smallest symmetrical component of the subchannel. Pitch to
diameter ratio (p/d) = 1.50

FIGURE 1. FOUR-ROD SUBCHANNEL IN A SQUARE PITCH ROD ARRAY
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Mesh area shown shaded. Cosine rule applied to triangle OAB:
1(0,) = dy cos(@,) - (R? - &} sin?(e,))'/?

FIGURE 2. SCALE OF TURBULENCE CALCULATION FOR POINT O
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Shaded area closely approximates infinite rod array.

FIGURE 5(a) TWO INTERCONNECTED SUBCHANNELS FORMING
EXPERIMENTAL DUCT

Closed four-rod array. Infinite rod array.
Velocity solution Vs(r,G)). Velocity solution V_(r,0).

FIGURE 5(b) ERROR BETWEEN VELOCITY DISTRIBUTION ALONG
THE SUBCHANNEL CENTRE LINE IS 1 - V¢(r,0)
V(r.0)
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APPENDIX A

ROFLO PROGRAM STRUCTURE

A two-loop structure is required to apply the Buleev theory to the
numerical calculation of the average velocity solution of the momentum
equation, and the computer program ROFLO is arranged in this basic structure,
(Figure Al}). The initial part of the program sets up the calculation mesh,
initial velocity field and values of the total velacity gradient at eddy
momentum diffusivity mesh points, using the fixed maximum value of the wall
friction velocity;%*. The scale of turbulence length is calculated at each
mesh point for the radial and angular eddy diffusivity coefficients and
stored in matrices TR(I,J) and TA(I,J). The initial wvalues of the eddy
diffusivity are found, and the outer iteration loop of the program started.
The inner loop of the program is the finite difference approximation to the
momentum equation, generated by subroutine DIFF2, and this loop is then
entered. The initial wvelocity solution is changed by the five-point difference
equation until the percentage alteration in the velocity field is less than a
set error limit, and the outer loop is re-entered. The new velocity gradient
values are calculated, and a new set of eddy momentum diffusivity coefficients
found. The diffusion approximation in:the inner loop of the program is then
used to find the next velocity solution, and the two-loop iterative sequence
repeated until both the velocity field and eddy diffusivity wvalues converge.
The subchannel average velocity is calculated, together with the Reynolds
number and friction factor.

A number of graph plotting subroutines were developed to draw the
velocity solution, using the computer off-line plotter.

Al. ROFLO SUBROUTINES

Al.l1 Subroutine SVEL

This subroutine sets up an initial velocity matrix based on the asymptotic
law of the wall [Schlichting 1968]:

vt = 5.75 log,, (y©) + 5.50,

for dimensionless wall distances y' greater than 11.64. This value of y*
corresponds to the intersection of the laminar sublayer equation

vt o=yt

and the logarithmic law of the wall. All velocity points on the same radial

mesh have the same initial wvalue.
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Al.2 Subroutine TURBO and TURBO 1

Double-entry subroutine TURBO-TURBO 1 calculates the scale of turbulence
length, L, at each radial and angular eddy diffusivity mesh point. The method
used is shown in Section 3.2 and the scale of turbulence lengths are stored
by matrices TR(I,J) and TA(I,J) for the radial and angular mesh points. 2
function subroutine, GEOM, called by this subroutine performs the Gaussian
quadrature integration for each of the four rods.

Al.3 Subroutine SDVEL

The total velocity gradient,|%§1, is required at each radial and angular
eddy diffusivity mesh point, to calculate the initial values of these quanti-
ties. The method of setting up the initial velocity' field produces zero
angular gradient. Consequently, the radial derivative of these eguations
was used by subroutine SDVEL to set the initial velocity gradients at the
required mesh locations.

Al.4 Subroutines EDDYR, EDDYA

The values of the radial and angular eddy diffusivity are calculated by
subroutines EDDYR and EDDYA, using an approximation to the integral developed
by Buleev.

The radial eddy momentum diffusivity at a point in the fluid at which
the scale of turbulence length is Ly is given by the following integration,

evaluated in the radial mesh direction:

1
n2 = -
r 0 § L 9V
e (r,8) = T.[L . I £, (.20 p h) £,(1.20p 0)
8
h h

h o ~1.20 b oD,
0.72 GLO e _ GLO d(SLU) .

The factor 6 is a dimensionless constant used in the theory, and variable
P is given by:
222 v
s |2Y
L |3n

The attenuating functions (fg, £} used by Buleev are:

fg = e-ph
= ok - o Ph
f 1 Ph (l e ) .

The integration is performed numerically by the following approximation:

/4.0 1 & oV L
e; (r, 8) = 0.23 1.2 .00 1 o £,(p %) £, (p x;) = .
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The values of the six weights, wi, and the radial distances X from the
radial eddy diffusivity points are given in Table Al.
TABLE Al

w, + %,
i i

0.19 10.167 Ly
0.19 [0.500 Lo
0.12 10.833 Ly

The same equation applied tco the angular eddy diffusivities, eg (r, 9),
with the direction of integration along the tangent to the radial mesh. The
direction of integration for the angular diffusivities was approximated to
integration along a constant radius line. This approximation is reasonable
in the wall region, where the tangential path of integration is closely
approximated by the short radial path, and it is in this wall region that
experimental results suggest a significant difference between the angular
and radial diffusivities.

In the laminar sublayver region, the eddy momentum diffusivities decay
to zero, and the magnitude of the variable p; used by the attenuating func-
tions £y and f; becomes large. To avoid underflow problems in evaluating
these functions by the function subroutine AFCT, the attenuating functions
become zero if the absolute value of the argument exceeds thirty.

Al.5 Subroutines RGDT1, RGDT2, RGDT3

The total velocity gradient at the radial eddy diffusivity mesh points
is evaluated by these subroutines.

The radial velocity compdnent of the total velocity gradient is found
in terms of the two bounding radial velocity points. &An average of four
angular gradients is used to define the angular velocity gradient, these four
gradients being determined by the six surrounding velocity points (Figure 4).

Al.6 Subroutine AGDTI -

The total velocity gradient at the angular eddy momentum diffusivity
mesh points is evaluated by subroutine AGDT1, The angular velocity gradient
is evaluated from the two bounding radial velocity points (Figure 4). An
average of the four surrounding,radial velocity gradients is used to deter-
mine the radial velocity gradient at this mesh point.

Al.7 Subroutine DIFF2

The finite difference approximation to the momentum equation is generated

by subroutine DIFF2, using the latest estimates of the radial and angular eddy
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diffusivity values. The first half of the subroutine recalculates the
magnitude of the four coupling coefficients linking each velocity point to

the four surrounding velocity values, and these corrected coefficients are
stored in four matrices. The second half of the subroutine iteratively

solves for the average velocity field, using a finite difference approximation
developed from Eguation {16). The extrapolated Liebmann method is used, with
a value of the extrapolation parameter, Q, set at 1.7. The cptimum magnitude
of the extrapolation parameter could not be found by theoretical methods, and
a trial and error process was used to set this value.

The iterative process is continued until the maximum percentage
difference between successive values of the velocity, at any point in the
mesh, is less than a pre-set maximum error. If the wvelocity iteration loop
fails to converge to the required accuracy within a set number of iterations,
this loop 1s terminated and new values of the eddy diffusivity are calculated
by the outer loop in the main program. '

However, if sufficient -angular mesh points are used, the welocity
iteration converges before exceeding this number of iterations.

Thé percentage error limit used to determine the convergence of the
velocity field was 0.25 per cent, and the limit to the number of velocity
iterations was normally set at 100.

Al.8 Subroutine VAVER

The subchannel average velocity is calculated by subroutine VAVER, after
the convergence of both the eddy diffusivity values and the average velocity
field. The velccity distribution is then normalised by dividing by this
average, and the subchannel Reynolds number is found.

Al.9 Subroutine FIND

The print-out of the velocity field in tabulated form for each velocity
mesh point is-difficult to interpret, particularly because of the non-linear
mesh spacing. Several subroutines were therefore developed to draw constant
velocity contours in the subchannel, using the computer-controlled Calcomp
off-line plotter.

Subroutine FIND locates the radial wall distance for up to twelve
velocity contour lines, at each of the N angular mesh lines.

These contours are spaced at eéual velocity increments, and the radial
distances are found by linear interpolation from the velocity field. The
first velocity contour is determined by a point on the last angular mesh line,
at a wall distance of one twentieth of the rod-gap dimension. The last

velocity contour is reduced to a point, located at the subchannel centre.
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Al.10 Subroutine VPLOT

A point plot of the twelve velocity contours is generated by subroutine
VPLOT, for one quartef of the subchannel area. The calculation mesh area
is shown by the angular mesh lines drawn in this part of the subchannel, and
the velocity points are reflected from this area into the lower half of the
subchannel quadrant.

Al.11 Subroutine FPLOT

A smooth curve was fitted through the velocity contour points for one
half of the subchannel area, using a spline curve fit. Subroutine FPLOT
reflects the velocity points of Figure 12 into the second guadrant of the
subchannel, and a quadratic curve is used to join successive pairs of the
points. The coefficients of the gquadratic are set by subroutine SPLIC such
that the first and second derivatives of the velocity contour lines are held
constant at each plotted welocity point. Subroutine GPDRAW, and function
subroutines CIRCL and SMOOV are called by this subroutine to control the
plotter.

A3. CONVERGENCE CRITERIA AND INSTABILITY PROBLEMS

The criteria used for the convergence of the velocity program (ROFLO)
was the reguirement that there should be only one iteration in the velocity
field calculation, after the eddy momentum diffusivity values had been
changed by the outer lcoop in the main program. A table of the outer iteration
loop number, with the number of iterations required to reach convergence in
the diffusion equation subroutine DIFF2 is printed, together with the maximum
change for any velocity point during the last iteration.

In the development of the program, an instability due to the interaction
between the eddy diffusivity values and the magnitude of the average velocity
field was found.

The initial value of the eddy diffusivity coefficients greatly reduced
the magnitude of the initial welocity field, and the subsequent set of eddy
diffusivity values calculated by the cuter loop of the program were also
reduced in magnitude. The magnitude of the velocity field calculated by
these coefficients was larger than the initial velocity field, and the program
oscillated between low eddy diffusivity values leading to a high-magnitude
velocity solution and the reverse. This problem was corrected by averaging
the new set of eddy diffusivity wvalues with the previous set before re-
entering the diffusion calculation for the average wvelocity distribution.

The number of angular subdivisions, N, and consequently the spacing of

the radial mesh also influenced the convergence of the program. For the
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error limit specified in subroutine DIFF2, it was found that with values of
N less than 25 the calculation mesh generated was too coarse to allow the
convergence of the velocity distribution. The maximum value of N is set at
40 by the dimension specification of the variables in the program, but a
value of 30 was found tc generate stable solutions of the velocity field
for a range of rod pitch to diameter ratios of 2.0 to 1.05. This value of
N located at least three velocity points in the radial mesh within the
laminar sublayer region of the fluid, where the eddy diffusivity terms are
effectively zero.

A4. MAIN ROFLO VARIABLES

VEL (80,40) velocity distribution

DVR(80,40) radial velocity gradient

DVA(80,40) angular velocity gradient

EMR (80,40) eddy momentum diffusivity (radial)

EMA (80,40) eddy momentum diffusivity (angular)

ER(80) radial mesh spacing

EA (80) radial velocity mesh

OA angular mesh

N number of angular mesh points

DR rod diameter (d) .

VST ‘ maximum wall friction velocity (V*)

GD rod pitch/diameter ratio (p/d)

vis fluid viscosity (V)

DE equivalent hydraulic diameter (dH)

PPD axial pressure drop

oM finite difference extrapolation parameter (Q)

ERROR maximum percentage difference in velocity distribution/
iteration.

AS5. INPUT DATA
Two cards are used to specify the input data to the program
CARD 1: FORMAT. [I10, 3Fl0.5, F10.8]

VARIABLES

N angular mesh spacing (N < 39)

DR rod diameter (d) .
VST maximum wall friction velocity (V¥)
GD (p/d) ratio

VIS fluid viscosity (V)
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CARD 2: FORMAT [4F10.5]

ACOEF weighting function for scale of turbulence length
{normally = 0)

BCOEF weighting function in Equation (37) (normally 50)

COFF exponenf in Eguation (37) (normally 40)

DRAW control variable for plotter {1 for plots, 0 for no

plot}.






MAIN

READ N, dr, V;, gd, v

CALCULATE AXIAL PRESSURE
DROP

SET UP CALCULATIONAL MESH
CA, EA(I), ER(I)

SET INITIAL VELOCITY
DISTRIBUTION

SUBROUTINE SVEL

SCALE OF TURBULENCE
LENGTH
TR(I,J), TA(I,J)

SUBROUTINE
TURBO, TURBO 1

FUNCTION GEOM

INITIAL VELOCITY GRADIENT

SUBROUTINE SDVEL

EDDY MOMENTUM DIFFUSIVITY
RADIAL DIRECTION
EMR(I,J)

SUBROUTINE EDDYR

EDDY MOMENTUM DIFFUSIVITY
ANGULAR DIRECTION
EMA (I,d)

FUNCTION AFCT

SUBROUTINE EDDYA

>

VELOCITY FIELD CALCULATICN

SUBROUTINE DIFr2

COPY OLD EDDY DIFFUSIVITY
VALUES

TOTAL VELOCITY GRADIENT
EMR(I,J) MESH
LOCATIONS

SUBROUTINES
RGDT1
RGDT2
RGDT3

TOTAL VELOCITY GRADIENT
EMA(I,J) MESH
LOCATIONS

SUBROUTINE AGDT1

FIGURE Al. ROFLO PROGRAMME STRUCTURE




YES

NO

REVISED EMR(I,J)

VALUES

REVISED EMA (I,J)

SUBROUTINE EDDYR

VALUES

HAVE OUTER LOOPS
EXCEEDED LIMIT?

NO

CONVERGED?

HAVE BOTH VELOCITY AND
EDDY DIFFUSIVITY VALUES

YES

AVERAGE VELOCITY
AND REYNOLDS
NUMBER

PRINT VELOCITY SOLUTION
AND EDDY DIFFUSIVITIES

POINT PLOT OF
VELOCITY SOLUTION

CONTOUR PLOT CF
VELOCITY SOLUTION

T~

WRITE SOLUTION ON
DISC STORAGE

>/

END

FUNCTION
AFCT
SUBROUTINE EDDYA
SUBROUTINE VAVER
SUBROUTINE FIND
SUBROUTINE VPLOT
SUBROUTINRE FPLOT
SUBROUTINE
SUBROUTINE SFLIC GDPDRAW
1
FUNCTION
SMOOV

FIGURE Al. CONTINUED




APPENDIX B

ANALYTIC SOLUTION IN LAMINAR FLOW,
TO SHOW EFFECT OF INTER-GAP BOUNDARY

An approximate analytic solution to the momentum equation for laminar
flow within the four-rod subchannel can be found by using a bipolar
coordinate system, and solving for the velocity distribution between two of
the rods (Figure Bl). This analytic solution can be used to show the effect
of a wall between the rods in the array on the velocity distribution in a
closed and open subchannel (Figure 5b).

For the infinite rod array, the laminar flow form of the momentum

equation is:
Vzvm(x, ¥}y + Cop =0 '
and, for the closed subchannel,

VZVs(x, ¥} 4+ C1 =90 .

v, v,
Let b = — - =
Co <

and the above equations become the Laplace equation:
v = o .

The boundary conditions for ¢ are 0 on the rod surface, and (Vm/cg)l on the
X=0
wall between the rods (y axis).

Transforming toc bipolar coordinates (£, 8), the eguation becomes
2 2
8__¢L + M = 0
ag? 392

a sin 0
cosh £ + cos O

with X =

a sinh E
cosh £ + cos 6

[

and Y

The pitch to diameter ratio is:
a coth £,

a cosech &,

and the wall gap
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Hence along the centreline,

X _ sin © e wr
g  2(1 + cos 0) 1+2/0

The solution of the Laplace eguation for ¢ is:

¢ = I Ai e  cos Ai E .

As ¢ is zero on the rod surface (§;)

Ai = (Zi - 1) EE;

and so

€0

Co =0

|

0]
igl Ai cos Ai E

for the x axis.,
The difference between the infinite rod array velogity solution to the

solution for a wall in the rod gap, along the x axis,is defined as the error
(c):

(Voo VS) voo
E = \g= =« =)/ =
Co ©177 Co ig,p
v
-4/ 2 :

Co 0,6

Taking only the first term of the series for ¢, the error becomes
e = e-ne/ZEo

with

Eo = cosh™'(l + «)

and 6 determined for each (x/g) ratio.



a Coth (Eo)

pooniff— - —— a

g = Gap width R - Rod radius

FIGURE Bl. BIPOLAR CO-ORDINATE SOLUTION OF THE LAMINAR
VELOCITY DISTRIBUTION IN THE FLOW AREA ABBA






