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ABSTRACT

Magnetic field data from an array of points within the Rotamak VI at the Flinders University of South
Australia are analysed using a new algorithm to integrate the experimentally measured gradient of a function
of two variables. Evaluation of the poloidal flux function, using both components of the magnetic field,
reveals two closed flux regions, one inside and one cutside the radius of the rotating magnetic field (RMF)
coils. The smoothed toroidal current density features a small region of reversed current outside the RMF
colls. Plasma pressure is evaluated assuming pressure balance.
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1. INTRODUCTION

In April 1986, researchers at the Flinders University of South Australia requested assistance in analysing
data from the Rotamak V! experiment. This rotamak has a cylindrical, stainless steel vacuum vessel
(diameter 75 cm, length 50 cm) with straight, internal rotating magnetic field (RMF) coils (at radius 15 cm)
and a vertical field provided by a pair of coils of small diamster (28 cm) compared to their separation (59 cm)
(see Kirolous [1986] for further details). Kirolous had measured the time-averaged magnetic field
components B, and B, (referring to cylindrical co-ordinates (r,¢,z)) on an array of equispaced points in the r-z
plane (80 positions to cover 0.5 cm < r < 40 cm, and 33 positions to cover |z| < 20 cm). In this report, the

field-line topology, toroidal current density and plasma pressure are deduced from the data taken 20 ms into
the discharge.

The topology of the field is best displayed by a contour plot of the peloidal flux function ¥ satisfying

—%f— = 2nrB, , and m
oV
_a; = -2nr B,- s (2)

the field being axisymmetric. Integrating equation 1 from ¥ =0 on r = 0 gives a formula based on B, alone,
r
¥(r,2) = 2n | By(r, Z)rdr (@)
0

which, when applied to the data, produces figure 1a. Unfortunately, systematic errors (up to 20 per cent)

along rows (at constant z) of the data result in random steps in ¥ with z which at large r are bigger than the
features in ¥ that are sought.

To improve on this evaluation of ¥, an algorithm was developed to integrate the gradient of a function of
two variables

Vi=V ,‘ 4)

where the experimentally measured vector field V is supposed to be irrotational (V AV =0). The algorithm,
described in section 2 below, blends both components of V via a least squares minimisation, with weighting
factors to reduce the significance of one or other component of the data or regions of the data which are

considered less reliabie. Sectlon 3 presents the smooth ¥ obtained when the algerithm is applied to V¥
given by equations 1-2.

Section 4 compares the toroidal current density J, calculated by two methods: first-order differencing of
the original magnetic field data, and second-order differencing of the calculated ¥. The former is found to be
. less noisy and, after smoothing by a cubic spline method, a clear contour plot of J, is obtained.

In section 5, the integration algorithm is used a second time to evaluate the plasma pressure P from the
pressure balance equation

VP = JAB . ' 5)

In this case the measured J A B may be only approximately irrotational owing to other physical effects
neglected in equation 5, in addition to inaccuracies in the experimental measurement.

Kirolous [1986] analysed the data by first fitting B, and B, with two-dimensional polynomial expressions,

antisymmetric and symmetric, respectively, about z= 0 and constrained by V. B =0. Thus he determined a
¥ of form

moon )
Y=y ¥ A . (6)
i=0 j=0
One drawback of this method is that even if the experimental errors were very small and there was little
uncertainty in ¥, the restriction to form 6 with given n, and n, means that only an approximation to ¥ would
be found. Kirolous used n; =8 and n, = 4 which may have been too low to detect all the structure present in
the data - in particular, it would appear from his figures 6.25 and 6.26 that the maxima of both B, and B,

were always underestimated by the fitting procedure. The algorithm presented here does not have the above
defect as it integrates V¥ without imposing a form or symmetry upon V.
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2. AN ALGORITHM TO INTEGRATE THE GRADIENT OF A FUNCTION OF TWO VARIABLES
This section presents an algorithm to integrate the two-dimensional gradient

of _
ar —vf ' (7)
i
-EE—Vz ) (8)

given V, and V, on a grid of equispaced points. The algorithm is intended for use when V is supposed to be
irrotational (i.e. 9V /dz - aV,/ar = 0) but is only approximately so, due, for example, to errors in experimental
measurement. We label the (r,z) grid positions by (i,j) for i=1,2,...n; and j=1.2,...n;, and denote the grid
spacings by A, and A,. By integrating equation 8 we can obtain f (up to an arbitrary additive constant) for
i=1. Inthe applications of the algorithm in this work, V; =0 oni= 1 (corresponding to r = 0) andfis setto an

arbitrary constant oni=1 (for ¥ this constant Is 0). From the following algorithm f is obtained in columns (of
constantr), fromi=2to n.

Suppose we have f(ij) for a given i and j=1,2,...n;, and wish to determine X(j) =f(i+1.,j) for j=1.2,..n,.
According to equation 7 the difference X(j) — f(i,j) should be set equalto

D) = AV +Vii+ 1) 2 ©
but for equation 8 to be satisfied, the difference X(j+1) - X(j) should equal
D,{j) = Az[Vz(i S+ Vi + 14+ 1)] 2. (10)

The problem is clearly overconstrained and some errors must be accepted:
E) = (X() —£0i) = D) » | = 12,0z, (11)
EA) = (X(+1)=X({) =D , ] = 12,01 . (12)

The parameter o, is introduced to weight the V, or V, data and the vectors W, and W, to weight the rows of
data; X is determined by minimising

no[EdD)? et [ Eqf))®

FX) = a ZTWil) | ——| + (1-) T Wo)| ——| -

]:1 Ar ]=1 AZ

Note that the errors have been divided by the corresponding step length, so that if a step length is larger in
one direction, correspondingly larger errors are tolerated in that direction. If the V, and V, data are regarded
as equally reliable, then a = 1/2 should be adopted.

It is straightforward to show (by differentiating with respect to X(j)) that F is at a minimum when
= (1=-BW(j- )X(-1)+ [BWr(i) +(1=BUW{j - 1) + Wz(i))] X(j) = (1 = BYW()X( + 1)
= BW(i)((i.i) + D)) + (1 - B)[— W,(i)D4(i) + Wa(j — 1)D(j - 1)] , forj=12,..n, , (14)

(13)

where B = [1+(1—a) A,’-/aAf] " (15)

and for j = 1 and n,, terms involving W,(0) and W,(n,) are to be neglected. In general, this tridiagonal system
of linear equations can be easily solved for X. For a.= 1 the solution is

X() = 1) +Di) + j = 12,1 5 (16)
F =0, and only the V, data are utilised. For o= 0, the system may be shown to be equivalent to
X({i+1)=X() = Dgfj) , j= 1201, (17)

and is singular, with non-unique solution. Thus, if more weight is to be given to the V, data, o should be
made a small but non-zero value.
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3. EVALUATION OF ¥

The algorithm described above was used to obtain ¥ for various values of o, with no z-dependent
weighting (i.e. with W, and W, equal 1). The ¥ calculated for o= 1, i.e. from the B, field alone, is given in
figure 1a. Using the same contour Intervals, figures 1b-d give the ¥ calculated for
a=0.75, 0=0.5and a.=0.02. The incorporation of the B, data in the calculation is seen to produce a
smoothing of the W contours. Whereas for a.= 1 only an inner region of closed flux contours can be reliably
discerned, from the other plots it is clear that there s also an outer closed flux contour region separated from
the first by a band of open field lines and an X-type neutral point. There is also some evidence that the outer
closed region divides through z =0 into two small closed regions - the lower region is prominent in the

-a=0.75 and o= 0.5 plots, and the upper region Is brought out by the B, data in the o= 0.02 plot. More

accurate field measurements are needed to confirm this result.

We regard the ¥ calculated for o.= 0.5 (see figure 1¢) as optimal, blending the B, and B, data equally.
Figures 2 and 3 compare the measured field with that deduced from this calculated ¥, at various fixed r and
z. It would seem that the B, data have actually been better fitted than the B, data. Note in particular how B,
has been reduced in magnitude over much of the region 0 <r<20cm, -20cm<z<0 as a means of
ensuring V. B =0. The zero offset of the measured B, at r=0 for z=0, -5 cm and -10 cm (see figure 3)
indicates that there the B, data is unreliable. If the data were symmetrised about z = 0 the fit for B, would by
chance be improved, for example the calculated maximum B, amplitude is high at z=5cm but low at

=-5cm (see figures 3b and ¢). However, we choose to analyse the original data, rather than reduce
apparent errors by symmetrisation.

4. EVALUATION OF J,

Two finite-difference methods have been used to calculate J,. The more straightforward method

evaluates '
1 | 9B, 0B,
J°—E[a_z_7 ' (8)

using centred differencing on the raw B, and B, data. The resulting J, is shown in figure 4 as a contour plot
(with negative contours dashed and J, = 0 included as a full line) and on z = 0. The second method, giving J,
for each value of «, takes the W given by the algorithm of section 2, and evaluates

SN T O i ORI I

Jo = 21tuo[r az2+ar[r ar” ' (19)
using three-point difference expressions. The J, derived for a=0.5 is shown in figure 5. Although the
smoothing effected in the evaluation of ¥ was expected to produce a smoother J, by equation 18, this J, is,

in fact, slightly noisier. In both cases, the large J, alternating in sign with z at large |z| is probably spurious.
In particular, the J, on the domain boundary was found by linear extrapolation and should be ignored.

To make the features of J, more apparent, a program was written to smooth the array of J, values. First,
each column of J, values (at fixed r) was separately smoothed; then, adopting the new smoothed J, values,
each row was separately smoothed. The smoothing was performed by the IMSL procedure ICSSCU, which
fgr data f(i) at x(i), i=1,2..N, obtains a cubic spline S with the smallest J'[S"(x)]zdx, while satisfying

b [[S(x(i)) - ((i)]/W(i)] ? < E for specified constant E and weights W(j).
=]

Figure 6a gives a contour plot of the smoothed J, calculated from B, and B, (cf. figure 4a) using
smoothing parameter E = 8 and weights W()) = 1+4|z(j)/z(n,)|? for the z-direction, and E = 20 and W(i) = 1 for
the r-direction. The region of highest J, lies within 0 < r < 15 ¢m, |2/ £7.5 cm with maximum value
Jp=25x10* AmZ at r=10cm, z=0. Within the region 15 cm<r<25cm, |z] <5 cm, J, is negative with
largest magnitude J, =-5x 103 Am™ at r=20cm, z=0. This small negative J, region is flanked by regions
of positive J, with maximum value J,= 1 x 10* Am™ at r= 25 cm, z= 211 cm. The efficacy of the smoothing
may be gauged from figures 6b and ¢, showing J, on z=0 and r=10 cm. The fit is generally good except
that the maximum J, seems to have been underestimated.




-4-
The total toroidal current, found by integrating the raw B, and B, data around the perimeter of the
measurement domain, was

l, = —— [B.dl = 625A . (20)
Mo

The toroidal current over the domain 0 < r < 15 cmwas 310 A, so the total current was almost equally dividcd
between the regions inside and outside the RMF coils.

5. EVALUATION OF P

The plasma pressure P is evaluated by assuming that pressure balance (equation 5) holds and

integrating
%Frl = J4B; . @
aP ’
57 = " %eBo (22)

using the algorithm of section 2. To give equal weighting to the B, and B, data, we choose a.=0.5 and,
because the integration involves smoothing, it is sufficient to use the unsmoothed J,, derived from B, and B,.
This J, is unreliable at large |z|, however, and the following weighting functions are employed:

- Woi = 1), j=2,...(n; = 1)/2 2() |
W), § = 1oy = { Wz(i).i=(nz+1)/2....nz—1} = [1+5 | Tr:z) p] : (23)

(In fact we further reduced W, by a factor of 10 and W, by a factor of 5 at their end points, to minimise the
influence of J, on the domain boundary.)

Figure 7 shows the resulting P assuming P = 0.5 Paonr =0, sufficient to keep P > 0 everywhere (except
at large |z|). P rises to a maximum of about 0.7 Pa on the magnetic axis (at r=7cm, z=0) and falls to
near-zero at r= 15 cm, z=0, where there is a well in P with depth of about 0.1 Pa. Figure 7c shows that
outside the RMF coils P is fairly flat (provided that the effect of the unrealistically large J, at large |z| is

neglected).

6. DISCUSSION AND CONCLUSIONS

The principal results of this analysis are the ¥, ) and P shown in figures 1c, 6 and 7. In summary, ¥
and P have been obtained by integratingV¥=2rr¢ B and VP =J AB, using a least squares minimisation
at each column of grid points (at constant r). The raw B, and B, and derived J, (by centred differencing) were
used in the right-hand side of these expressions, and a z-dependent weighting was incorporated in the P
calculation because J, was unreliable at large lz|. To clarify the features of J,, smoothing by a one-
dimensional cubic spine method was performed, first for each column and then for each row.

Variations on the above methods could be attempted. It would be possible to reformulate the integration
algorithm (section 2) so that the minimisation was carried out globally rather than column by column, but this
would involve the solution of n, x (n, - 1) simultaneous equations. In the calculation of ¥ a z-dependent
weighting could have been applied (as in the calculation of P), but there was no a priori reason to suspect the
data from any z region. A two-dimensional smoothing method for J, might have been superior, the local
cublc spline fitting being favoured as it imposed no functional form on the data.

Let us compare these results with those obtained by Kirolous [1986] after fitting the B, and B, data by
two-dimensional polynomials (as described in section 1). His ¥, reproduced in figure 8a, is much smoother
than the ¥ computed by our algorithm for o= 0.5 (figure 1c). Nevertheless, his ¥ has an additional, small
feature, namely an additional closed flux region about r =22 cm, z= 0, whereas in ours the outer separatrix
has a simple X-type neutral point. The additional closed flux region has obviously been extracted from the B,

data as it is present in our .= 1 and o.= 0.75 plots (figures 1a and b). Its existence seems improbable as it
makes the field structure topologically more complicated.

J, of Kirolous, reproduced in figure 8b, shows broadly similar features to our smoothed J, (figure 6a).
They differ slightly in that in his calculation the negative J, region extends to within the RMF coils. This
appears doubtful on consideration of the unsmoothed J, (figure 4a).

R
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Kirolous calculated P using his fitted variables and equation 21, i.e.
r
P = Po+ [ Jo(r2) B, (F2)dr | (24)
s}

to obtain the P reproduced in figure 8c. The resulting difference between the maximum and minimum P on
z=0 was 0.44 Pa, which is markedly different from our value (0.63 Pa). If J, B, is integrated on z = 0 using
the ‘raw values' (i.e. the measured B, and J, given by equation 18) the result is 0.61 Pa, supporting our
value. Actually his P has a minimum, not on z= 0 but in troughs at z =+ 7 cm, and the difference between
the maximum P and this global minimum is roughly 0.6 Pa. The value he adopted for Py, namely 0.3 Pa,
was not, in fact, sufficlent to keep P > 0 in these troughs.

The inadequacy of using equation 21 alone to calculate P, neglecting equation 22, is evident on
considering the profile of the resulting P at a fixed large r (= 30 cm). Moving to positive z from z =0, his P
falls into a deep trough then rises to a maximum near the positive J, maximum (at around z =13 cm).
However, on this whole interval his J, and B, are positives so if equation 22 were employed P should fall
monotonically from a maximum on z= 0. This inconsistency can be directly attributed to the fact that for his

fitted fields VA (J A B) was approximately zero (i.e. small relative to the magnitude of its two components)
only overthe region 0 <r<15cm, [z] £ 7.5 cm (see his figure 7.1).

In our results, too, there are indications that pressure balance could only have heid (approximately) within
the inner region of closed field lines. There, the P and ¥ contours do roughly coincide. Elsewhere,
comparison of figures 1c and 6a shows that J, /r is not constant on each flux contour, as would be implied
by pressure balance. !n particular, the region of negative J, does not extend along the field lines passing
through it. Also J, does not increase with r along the field lines passing through the side lobes of positive J

(at r=25cm, z=* 10 cm). These features indicate that pressure balance does not apply outside the RMF
coils.
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