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1. INTRODUCTION

The objective of this report is to present the surface stress
distributions for a range of flanged elbows under out-of-piane bending, to
assist pipework design engineers and to provide analytic solutions for
checking numerical solution methods. Wall thicknesses vary from one to ten
per cent of the pipe radius with bend radii two, three and five times the pipe
radius.

Stresses were calculated by the thin shell theory of Novozhilov [1970]
and details of the analysis have been published [Whatham 1982, 1983]. The
assumptions were that:

(i) the pipe wall is thin (t/r <0.3),

(i1) normal stresses through the wall are negligible,

(i1i) normals through the wall remain normal to it and unchanged in
length, and

(iv)  the flanges are infinitely stiff.

2. STRESS DERIVATION

The flanged pipe elbow configuration is shown in Figure 1, and a segment
of a curved pipe middle surface, an imaginary surface mid-way between the
inner and outer surfaces, is shown in Figure 2 with one end flanged. An
element of the middle surface in Figure 3 is supposed to have forces Ty » Tn’
Ten, Tﬁe, Ne, Nn and moments Mgs Mn’ Mne, Men per unit length acting on its
edges and the solution was obtained by thin shell theory in terms of these
forces and moments; the stresses presented in this report were then derived

as follows:

. = 3
Hoop stress: T = Té/t + 122M6/t

. _ } 3
Axial stress: % Tﬁ/t + 122Mn/t . (1}

Shear stress: Opg = S/t + z(12H/t3 - S/rt)



where S = Ten - MnB/r'n = Tne - Men/r, and H = Men = Mne.

These stresses were close to those derived from beam theory when
considering a straight pipe subjected to bending or torsion; if a moment M is
applied to a straight pipe, Novozhilov's theory [see Whatham 198l] gives

T = 12M cos ©
B 2
n (12+Y}mr
M = YM cos © (2)
S O 2 Fr

where Y = (t/r)z.

Substituting in Equations (1}, the axial stress distribution approximates
that from beam theory, which is

G = M§r+ziéose
3 ) (3)
M aedt (1+y/4)

If torque T is applied to a straight pipe, Novozhilov's theory gives

3 37
$ = ——
2(3+y)mr
H 1T (4)
4(3+Yiﬁr *

Tn = Mn = Te = Me = 0 .
Substituting in Equations (1), the shear stress distribution approximates that

from beam theory, which is

G .= T(r+z) .
ne 2wr3t(1+y/4) (5)

Equations (1) assume that the strains are linearly distributed through
the pipe wall; this is not true for curved shells and the stresses oy, Oﬁn’
oﬁederived by the following equations are theoretically more accurate, even
though the results do not agree with beam theory in the case of straight
pipes:



The = gy - z(A+vB)/(1-v2) >
(ﬂ¥]= O " z(B+vA)/(1-v2) . (6)
oﬁe== %e - f%—[(r/(r+z)+r/(rn+z))0ne - (n]-r)Bne/(q1+Z)] .

where

rm = rt R/cos 6 ,

A = (098 = \)Onn)/(r+z) s

B = (onn - \mbe)/(§]+z) . and
Bne = -%—one(inside) + %ohe(outside).

3. ELBOW CONFIGURATION AND RESULTS

Stresses were calculated for one side of the bend in Figure 1 (6 = 0 to
180°), those for negative 6 having the same magnitude but with the hoop and
axial stress signs changed; note that a pure out-of-plane bending moment
acting on one flange of a 90° bend produces a reaction of pure torsion at the
other flange. Hoop and axial stresses on the outside surface are plotted in
Appendix A, together with the stresses at ¢ = 90° on theoretically
unterminated or unflanged pipe bends. The latter stresses vary as sin¢ and
the maxima and minima are given by the floating numbers; note that the shear
stresses on unflanged pipe bends with this loading vary as cos¢.

The two graphs for each pipe bend are accompanied by tabulated stresses
from which the graphs were constructed. In addition, since shear stresses and
inside surface stresses are also given and a Tinear variation through the wall
is assumed, the complete stress state in each pipe bend is provided.

A computer program package BENDPAC, written in FORTRAN IV and ASSEMBLER
for an IBM3031 computer and designed to calculate the stresses in and the
flexibility of flanged pipe elbows under in-plane or out-of-plane loading, is
available from the Australian Atomic Energy Commission, the Risley Nuclear
Power Development Establishment, Cheshire, UK, or the National Energy Software
Center, Argonne National Laboratory, USA.
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FIGURE 1. PIPE BEND CONFIGURATION
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FIGURE 2. PIPE MIDDLE SURFACE



FIGURE 3. ELEMENT OF PIPE MIDDLE SURFACE






APPENDIX A
STRESSES IN FLANGED PIPE ELBOWS FROM OUT-OF-PLANE BENDING

Parameters of pipe elbows considered:

R/ir = 2, 3,5

t/r = 0.01, 0.02, 0.05, 0.1
V = 003
Stress factor (S) = stress . writ/M

For unflanged pipe bends:

X sin
X €OS

UF

multiply stress factors by{gggi

unflanged pipe bend.

1

Diameter expansion factor = diameter expansion . TrEt/M

E

Young's modulus
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