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ABSTRACT

Two FORTRAN subroutines are presented that determine interpolating
functions for experimental data. The first produces a spline where the smooth-
ness of the function and the degree to which it fits the data is determined by
the user. The second allows subdivision of the data, with individual poly-
nomials being used to approximate the data on each interval and the polynomials
are constrained to be piecewise continuous along with their first derivatives.

An option to make the second derivative continuous is also available.
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1. INTRODUCT ION

Two FORTRAN subroutines SPLINS and SMOOTH are described that allow smooth
approximations to be made to experimental data. The first approximates the
data on each segment with a cubic spline that rather than minimize 'curvature'
alone as with the more conventional spline, seeks the minimization of
'curvature' and least squares error combined. The second allows the user to
subdivide the data into a number of segments and cubic polynomials are fitted
by least squares technique subject to the constraint that they be piecewise
continuous together with their derivatives of up to the second order at each
segment joint,

2, SUBROUTINE SPLINS

2.1 Definition of the Interpolating Spline

In normal cuble spline approximation we consider an interval a { x { b to

be subdivided into a set of mesh points,

A : a = x <x <. < x = b
o 1 ' n '

to which is associated a set of ordinates,

Y Yof Yll o e o F Yh .

A function SA(x) which is continuous together with its first and second
derivatives on [a, b] , and which coincides with a cubic in each subinterval
xj—l £ x £ xj (j =1,2, . . o n) and satisfies SA(xj) = yj(j =0,1, . . ., n}
is said to be a spline of order 3. (The third derivative undergoes step changes
on the set of mesh points A.) Fér various specific conditions applied to the
first and second derivatives at x = a and b such splines are known to possess
properties of smoothness; that is they may be shown (Ahlberg, Nilson and Walsh
1967) for all functions £(x) such that f(xj) = yj (j=0,1, . . ., n} to
possess an absolutely continuous first derivative on [a,b] and a second deri-
vative in L2(a,b) to minimize afb'{f“(x)}zdx. Considering experimental data
where errors exist in the observations yj(j =0,1, . . ., n) we seek a'smooth
least squares fit'function ¢(x) that has its first derivative absolutely

continuous on [a,bl and a second derivative in Lz(a,b) that minimizes
b ' n
2 2
f {¢“(x)} dx + E X, {¢(x ) -~y } R ees{1)
3 i i

a =0

where the Aj are chosen to obtain a balance between the smoothness of the
function and the extent to which it fits the data. Such a function can be
shown (Hanscomb 1965) to possess the descriptive conditions given for the



2.

~ spline of order 3 but instead of ¢{xj) =y. {(J=0,1, . . . , n) the condition

J
¢"ij+) - ¢"ij_) = -lj ]¢(xj) - yjt «es {2)

applies.
2.2 Formulation of the Interpolating Spline

Let SA(x) denote a spline possessing all the properties (2) and let Mj
denote the'moment'SA“(xj) of SA(x) at xj {(i=0,1, . . . , n). From the

linearity of the second derivative on xj—l' xj
M, ) X5 =X M, X=X,
] "(X) = _J J +_l __L
A 6 h, 6 h
3 3
where hj = xj - xj-l' On integration twice we obtain
(x,=-x) 3 L 3
§p0x) = Mj_l hj + Mj hj + Aj_l X + B:,‘_1 for X591 Sx s %y

.. (3)
To evaluate the constants of integration the continuity condition (2) is

employed at x=xj on [xj_l,xj] to give

M M M, h?
B 2 S| =1 _ 73 _ . 34 )
n h + . hj )\j[ e Aj_lxj + Bj_l yj_ .

Similarly at x=xj_l on [xj_l,xj]

M M M M M, .h2
i Rt S A j-1=-)t —j;l—l—+a x. . +B -y, .
B by TRy BT 4-1 6 §=1%j-1 7 Fy-1 T ¥3-

Elimination of Bj-l produces

M., M, M, M M, M, . M, M.
Aj-l=-7\]i'1 j+l'hj+i1'ﬁi] 2 I:_i-Jl+hj2_hjl]
3 3 3-1 j-1

ho | h . .
B N e R o 3 j
2 2
M.h, M h
-....].'.... —13 - j—lj -y +y
h 6 6 j =

3

and consequently

M M M M M.h2

1| j+1 3 j=1 3 33
B.- = e - + - — - -A-x'-]-y .
-1 Xj [hj_'_l By hy hj] G 3-1%5 3

A recurrence relationship can now be derived through the continhity of the



first derivatives at each knot xj '

Sy' (xj_) = §,° (xj+)

which is expressed as

- M, .h, ‘ M. h,
__lﬂ—t]:--l-A_:-—-l—l-}-A
2 3 2 j=1

The following recurrence relationship is obtained

1
M — ov————r
j=2| A, _,h.h,
. [ 3-173 J“l]

- [ T S SR SN S oo
J 3 2 2 A.h, . .h, 3 ?L.h.h.+
TEL R R 3737+

1 ]
1.2 2
Al A, b

1 1 1 3+1 1
M + + - +
j+1[ A, .h, h, 2 2 6 A h,h, ]
41 +1 542 Aj+1hj+1 ljhj+1 343+l

+

.
1
+M, | -
3"2[ APy Py4e2

1 1
By [Yj yj+1] hy Y54 Yj] .
-

By applying this recurrence relationship to each of the knots xj(j=2,3, e e sy

n

n-2) in turn, n-4 linear equations may then be immediately specified in the n
unknown moments Mj. By introducing two fictitious external knots X_q0 and
X two additional equatipns may be added to the system when the recurrence
relationship is applied at x; and Xo.1° The four remaining conditions may be

specified somewhat arbitrarily as:

C.M + C.M = C

1 -1 20 3
C4Mo + Cle = C6
cM . +CM = Cg

Ciotn * St = C12
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By the selection of appropriate coefficients ci various end conditions may be

applied.

(1)

(ii)

(iii)

The FORTRAN program SPLINS allows three options to the user:

The default setting of M_, = Mo = Ml and Mn- =M =M where

the constant moment in th: two segments at e:ch ezd rezzits in the
approximating curve having quadratic run-off there. It is to be
expected from (1) that such splines will pass through the end
peoints. .o (4)
The user may specify the coefficients if he so desires. «as (5)
Often knowledge of the behaviour of the derivatives is

available at the end points. Differentiation of (3) gives

y2

M_j(x-xj_1

3

2
firl(xj'x) .
2hj 2h

+A .

SA(x) = ju1

Using the notation mj to represent the first derivative at xj we may

express the derivatives at the end points of Ixj-l’ xj] as

and

[ 1
m = M, -
3 J+1 I thjhj+l]
[ 1 1 1
+ M + +
3 2 A,h,h 2]
Llj-lhj i3 i+l ljhj
- -f_‘j__ 1 N !
-1 6 p2 A hh T T
L Maly TSl Agh
] Y Yi_
1 r'ﬁ"ll?—]* - g
] 575%-1] % Pya
_ [ 1
jel j+1 ?Ljhjhj_‘_1
. h
+ Mj - 2 + A.h 1]'; + 12 - _61]
h?
Py I Ak
- 2 S S +*_‘j_]
j-1 3 2 2 6
. .h -1'474-1  A.h
| Aj-l 3 i-133-1 373



Y ¥
i-173 3-1 3 J
Consequently the user may specify derivative conditions of the form

oen + c.m = ¢

lo 21 3
C4mh-l + csmn = C5 ¢ eea (B}

which can be transformed by the subroutine into moment conditions. The two
derivative conditions are not sufficient on their own and quadratic run-off is
permitted in the external segments to form a fully determined system of

equations by the automatic getting of M_, = M.o and M= M ..

Application of the recurrence relationship produces :+iet of (n+2) linear
equations with a diagonal band width of 5. Only the non zero elements need be
kept and the solution can be obtained through forward elimination and back
substitution. The main diagonal contains the dominating terms so the procedure
causes errors to be damped out rapidly.

2.3 cCalling Procedure

The subroutine SPLINS is first called to set up the interpolating spline
function and the computed moments are returned in a vector. The user must
preserve these along with the experimental data and weighting system to carry
out interpolation through the use of an associated FORTRAN function EVSPLS.

Often it is desired to determine the first derivative of the approximating
curve. Differentiation of (3) gives a convenient continuous interpolating

scheme of second order available through the function EVDSPL.
CALL SPLINS {¥,n,B,C,D,E,RHS,AM,ALAM, X, ¥, IfPT,CHEF)
where N is the number of tabulated data points +2,

&,B,c,D,E,RHS are real vectors of length N used by SPLINS,

“AM is a real vector of length N that contains the computed moments
M, MO, . e . g Mn+l. |

ALAM is a real vector of length N-2 containing the positive constants

on return from SPLINS,

for each knot, chosen to obtain the appropriate balance between the
least squares and curvature components of the functional (1}.

(In the selection of these weights experience will be an advantage. The
spline should not be forced to pass through data points by the seleétion
of excessive weights, as other spline formulations are readily available
when the data points are error free, and the interpolating function may

take on a cubic appearance between adjacent points that are too highly



weighted.),
X,Y are real vectors of length N-2 containing the experimental data,
igeT

1 default end conditions (4) apply,

2 the end condition (5) applies and the user must specify the
coefficients Ci (i=1,2, . . ., 12) in the vector CZEF,
= 3 the derivative conditions (6) apply and the coefficients
| Ci (i =12, ..., 6) must be specified in the vector CPEF and
CPEF is a vector of length 6 or 12 and need only be used when I@PT = 2or 3.
Interpolation is carried out by using the appropriate FORTRAN function viz.,
YPRED = EVSPLS (N,AM,ALAM,X,Y,XX) for function interpolation
YDERIV = EVDSPL (N,AM,ALAM,X,Y,XX) for derivative interpolation.

N,M,X,Y,ALAM are the corresponding arguments used in the criginal call to
SPLINS.
XX is the independent variable for which interpolation is required.

3. SUBROUTINE SMOOTH

3.1 Description of the Interpolating Function

Given a set of n observed data values Y %y (i=1,2, ... ,n) and a
set of m break points x'i (i=1,2, ..., m then (m+l) cubic polynomials
are constructed that give a bhest least squares fit in each segment subject to
the constraints of continuity placed on these polynomials and thelr deriva-
tives at the joints. The user may specify that either the first or second
derivatives are to be continuous.

3.2 Formulation of the Interpolating Function

For any set of k observations, the coefficients of the cubic polynomial
that give the minimum least squares error with weighting are given by the
golution to the linear system of equations represented in matrix notation as

T T T
X w Xa = w ¥y.

Here X is a kx4 mafrix formed from the experimental data values of the‘indepen-
dent variable, E? is a vector containing the k weights associated with each
observation, g-contains the observed values, and a will give the four coeffic-
ients of the cubic polynomial on solution of such a system. With (m+1) cubic
polynomials and no restrictions placed at each of the m break points a least

squares problem would be given as



which in future we shall write as

xT wT Xa = wT Yy .

T T
Xl ¥me1 ¥

3 wr y
! M1, 1
1 Iy
3 Y2, 2
! o'
i Eﬁ+l Ym+1
M 3
_ 2 i

In the case of continuity constraints being placed on the first two derivatives

and the functions at the jth

coefficients are

2
+ a X, + a

345-3 * %432 %4

a + 2a

43-2 43-1 %4 43

2a,. + 6a

4j-1 a3 %

43-1 ¥9 7 %45

x, + 3a .x?

3
X

In matrix notation we may write these as

P, a.
3 ~3-1

a

3

5 = Pa3+1 T 24442

break point, the three relations imposed on the

2 3
X + a4j+3 x + a4j+4 X

x + 3a,. x2

34542 ¥ 284543 45+4

2a4j+3 + 6a4j+4 f cee ()

where Pj is a 3 x 8 matrix formed from (7) and aj denotes the four coefficients

of the polynomial

can be expressed as

P

m-~1

in the region x,

j+1

~m=1

a
|

>X ? x,.
)

The full set of constraints
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which for convenience we shall now denote as

Pa=p .
When the first derivative only is constrained to be continucus at each break
point the third equation of (7) is neglected in forming the reduced P matrix.

The approximation problem consists of obtaining a weighted least squares

solution to the overdetermined system’

Xa=y

~

that satisfies the side conditions
Pa=p .

By the introduction of a vector { containing 3m Lagrange multipliers the

required solution is found by solving

T
W x | pT a vy
= = = . .es(8)
P 2 p

~

This system involves 4{m+l) + 3m equations with a large number of zero elements
structured in such a way to make the following scheme more attractive than
direct inversion or solution of (8). By considering the separate block compo-
nents of {(8) we may write

T T T T

w Xa+P4L = wy ... (9)
and Pa = p ... (10)
From (9) we obtain
a = (Xwrxt (w'y - P'2)

which when substituted in (10) gives the following expression for £, the vector
of Lagrange multipliers,

-1 :
L = (P(Xw 0t T) (P(XT:IX)-I ng -g) .

The solution consequently commences with the inversion of the 4(m+l) x 4{m+l)
system x W x where the diagonal block structure is exploited by inversion of
mtl separate 4x4 matrices. In the calculation of the vector of Lagrange
multipliers, a 3m system of equations is involved and form > 2 further
attention may be given to the hlock tridiagonal structure of P(x I x) PT.

Despite the additional operations involved in the multiplication of
matrices in this approach there is an overall saving due to the reduction in
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the size of matrices to be inverted. Experience gained has shown that single
precision arithmetic on the IBM360 does not give sufficient accuracy in the
modified method of solution outlined here. Tests have also shown that while
direct solution of (7) in single precision arithmetic is improved, significant
differences still exist between it and a double precision sclution. The.
modified scheme does not involve any penalty in storage as all the matrix
operations can be carried out as is now shown in the space assigned to store

the original matrix defined in (7).

[XTWX | PT I wTy]
Step 1 = ———

_ -1
(xTwa) PT wTyW
Step 2 —~ —
r o P
- -l ) -
(xTwa) PT wmy
Step 3 — —
pxwx) M o | p
_ -1
(xTwT ) PT | wmy ]
Step 4 — ~ o
Py T | pxTwrx) "teT | P (XTwX) 1wTy-pJ
[ o Tt T T
(X w X) P wy ]
Step 5 e — —
Pw ) | petweD) L | padw ) twry- J
(x¢wa)'1 PT w?y1
Step 6 = -
T - -
Pwn | v e | g J
(XTWTX)-l ' PT wTy - PTl]
Step 7 e W B an e =
P(xTwa) 1 (P(xTwa) 11=T) 1 & J
I-(xTwa) -1 pr a ]
Step 8 e - - =
lpa™0 ™ | oty Nt EJ
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3.3 Calling Procedure

CALL SMOOTH (X,¥,N,XSEG,C@EF,KNOTS,N1,N1Pl,W,WT,I@PT)

where X,Y are real vectors of length N containing the experimental data,

XSEG is a vector containing the break points. When the break points do
not coincide with values of the independent variable for which the experimental
observations were recorded, then extrapolation is used in each segment to derive
the constraints that force piecewise continuity into the smoothed approximating
function. When break points are required that do coincide care must he taken
in the writing of the FORTRAN cocde to achieve this,

e.g. Code XSEG(K) = X(1L),
otherwise I/0 conversion limitations may cause the observed values intended to
be breakpoints to only be included in one of the two adjoining segments, with

extrapolation being employed to obtain the constraints),

OJEF is a real vector of length 4 x {KNOTS+l) that contains the coefficients
on return from SMOOTH,
KNOTS specifies the number of break peints,
N1 must be set 2 7xKNOTS+4,
N1P1l rust be set 2 7xKNOTS+5,
W is a double precision matrix dimensioned to be NI1xN1P1
by the user and is used by SMOOTH to perform all matrix operations,
gm is a real vector of length n to which weights corresponding to each
observation are assigned, and
IfPT is set as 1 or 2, and is used to indicate the order of the derivatives
constrained to be continuous at each segment joint.
The interpolating polynomial may be evaluated through the use of a FORTRAN
function EVSMTH,
YPRED = EVSMTH (C@EF ,XSEG,KN@TS,XX)

where XX is the value for which interpolation is desired.

4. EXAMPLES OF THE USE OF THE SUBROUTINE SPLINS AND SMOOTH

In Figure 1 approximating curves are shown for data generated for the

function y = with 20% random noise. Subroutine SPLINS is used with a

1+ x2
uniform weighting scheme of A = 8 {Plot A). The close degree to which the

approximating spline follows the data is shown except for the peak observations.
In (1) the component of curvature dominates the least squares component for
smaller values of A in the neighboufhood of the peak. Any attempt to 'lift'
the peak by a uniform increase in the weight A will cause the approximating
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curve to wander about in a cubic fashion in each segment. Increasing to 32 the
weight associated with the peak point alone ensures that the required lift
(Plot B) is obtained and smoothness preserved.

In the subroutine SMOOTH considerable skill is necessary to position the
break points to produce a satisfactory result as Figure 2 demonstrates (1dPT =
1). The break point at x = ~1.5 gives an acceptable form to the left of the
peak, while the second break point (shown at x = 0.25) would have produced a
monotonic decreasing function on the right of the peak if it were moved farther
to the right. When the second derivative was constrained to be continuous as
well, the peak proved easy to handle but great difficulty was experienced with
cubic fluctuations for ]x] > 3.

In Figure 3 two break points at x = 1.3, and 2.3 were chosen with continu-
ity being required in both derivatives (Plot B) and the first derivative (Plot
A). The additional constraint while having desirable properties of smoothness
in an approximating function makes such a function stiffer.
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