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ABSTRACT

Four methods for the calculation of multigroup collision probabilities in cluster geometry
are described. These are Monte Carlo, full numerical integration, numerical integration over the
annuli containing rods combined with the Bonalumi approximation in the moderator annuli, and a
ring smearing method again based on the Bronalumi approximation for annular geometry. Results
of six group calculations for three tight, natural uranium, D,0 lattices are presented in detail.

These results suggest that the ring smearing model is suitable for cluster calculations
which do not require high accuracy. The largest esror is in the thermal flux in the outer moderator
regions. This error is a general problem inherent in the Bonalumi approximation and is not peculiar
to the ring smearing model presented.
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1. INTRODUCTION

Collision probability methods offer some significant advantages in cluster geometry neutron
flux calculations. The alternative diffusion and Sn transport methods suffer from the fact that the
individual fuel pins cannot be represented explicitly, and some sort of smearing model has to be
devised. As a general principle in transport calculations we want to be able to obtain as accurate
an answer as is required, simply by increasing the number of groups in the multigroup representation,
or the number of mesh intervals and angles in the spatial flux representation. Such a refinement
procedure cannot be adopted when smearing models are employed, because the error inherent in the
sinearing approximation always remains. The collision probability method with its explicit representa-
tion of fuel pins does meet this refinement criterion satisfactorily, and is therefore popular in calcula-
tions withicluster cells. .

The collision probability method consists essentially of two independent steps ~ the calcula-
tion of the multigroup collision probability matrices,and the solution of the neutron balance equations
for the multigroup region fluxes. Of these the calculation of the collision probability matrices takes
a major part of the total calculation time, while the flux solution process is carried out using standard
.iterative techniques (Pull 1963, Doherty 1969 a) which are common to all collision probability calcula-
tions.

The present report discusses various methods for calculating the collision probability matrices
which have been programmed for the IBM360/50H computer, and presents a comparison of accuracies and
computing times obtained for some typical cells using the different methods.

2. MONTE CARLO METHODS

The collision probability P;; is defined to be the probability that a neutron born uniformly in
volume and isotropically in angle within region i will have its next collision in region j. Figure 1
shows a typical cluster lattice cell and we assume for simplicity that the regions to be used in the
collision probability calculation are the physically distinct regions shown in the figure. As we have
previously remarked, the physical regions of the cell may be subdivided to improve the spatial flux rep-
resentation in an actual calculation. However, the physical regions in the figure already include all the
geometric complexities we wish to discuss.

We note first that the outer boundary of the moderator in Figure 1 is square. For this problem,

and for a hexagonal outer boundary, it is convenient to replace this boundary by a circular one containing
the same volume of moderator. This approximation, when used with the assumption that neutrons leaving
the cell are reflected isotropically (white boundary condition) has been shown to give adequate accuracy
in cells not containing clusters (Doherty 1969 b) and the same accuracy will be obtained here. With such
a circular outer boundary the six fuel pins in the outer ring are physically equivalent, and for the purpose
of computing the fluxes they may be regarded as one region with six times the volume: In the calculation
of the collision probability matrices, they will, of course, be treated individually.

2.1 Direct Simulation Monte Carfo

~ The most direct and simple method of calculating collision probabilities is the direct simulation
Monte Carlo method. This process consists of sampling for a set of initial starting coordinates and direc-
tion cosines, then sampling for a neutron tracking distance in mean free paths, stepping off the track
length through the regions of various total cross section until the collision point is established, and
finally scoring the collision in the appropriate box. Then if N neutrons are started out of region i,
and of these, Njj have their collision points in region j, the collision probability Pj; is estimated to be

Pij = Nij /N;

Provided the number Nij is high enough for successive trials with N; neatrons to yield a normal distribu-
tion of values of Njj , the standard deviation in Nj; is simply

Nij -~ VNj Pjj (1-Pi;) .
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Thus the estimate Pjj can be assigned an error on the basis of one trial of Nj neutrons:

Pij < INij/Ni £ Pij (1-Pij) /N;

As is customary in Monte Carlo calculations, the error goes down only as the square root of the sample
size so that obtaining sufficient accuracy usually requires a very rapid tracking procedure, or a large
amount of computing time,

2.2 Sampling Techniques

The sampling proeedure is to select a set of neutson starting coordinates, a set of direction

. cosines, and finally a neutron track length in mean free paths. In the cluster geometry we are considering,

no account is taken of axial dependence in the collision probability calculation  so it is unnecessary to
select z coordinate starting values. The selection of starting x, y coordinates is governed by the require-
ment that sufficient neutrons be started out of each region to ensure that the P;; errors will be acceptable.
The Monte Carlo process actually calculates the larger collision probabilities with better accuracy than
the smaller ones, which is generally a desirable feature though it poses problems if accurate reaction
rates are required in a small region. '

To ensure that sufficient neutrons are started out of each region in the problem, the routine as
programmed requires specification of the number of neutrons which are to be started out of each annulus.
For the physical regions of Figure 1, the coolant region contains all the fuel pins and therefore requires
a larger number of neutrons to be started there to obtain adequate statistics on the coolant and fuel pin
collision probabilities. Neutrons must be started uniformly in volume, which can be accomplished either
by rejection or by direct sampling.

Let the inner and outer radii of an annulus be r; and r, respectively and let a; be a set of random
numbers-on the interval (0,1). The rejection algorithm may be simply stated:

x ° 1p,(1-2a)

y = r1o(l—2a,)

X + y*>ri reject
x* &+ y® <1} reject .

This algorithm has the advantage that x,y are defined explicitly in the selection process. Restriction
to any one of the four angular quadrants is simply accomplished by altering the equation for x,y. For
example, if we require x> 0, y> 0, then '

X = 1, a
y 7 1z ay

will achieve this result. However, it may be desirable to restrict x,y to lie within some other-angular
segment to improve the variance of our results by explicitly including geometry symmetries present in
the problem. In the seven rod cluster of Figure 1, the starting position of neutrons can be restricted to
the angular interval (0, sz) from symmetry. Such a restriction is difficult to implement using a rejection
technique.

The effiéiency ¢ of the rejection technique is defined as the number of acceptable starting
coordinates divided by the total number of trials. From area considerations this quantity can be seen
to be:

2
h — 11

i
by Z
4 1,
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if the whole area of the annulus is to be sampled. In the outer annuli the efficiency € is too small
to make the rejection approach attractive.

The direct sampling procedure is to select a radius r from the probability distribution

P(r) dr - rzzr drz_ )

2 1

and an angle & from the angular segment (0, ¢) determined by symmetry considerations:

= 00+ (G -1 a 1"
8 = ¢Pa,

X = rcost

y = rsinf .

Rejection techniques are available for the simple square root and for sin and cos when & is unrestricted,
but these are inconvenient to apply on annuli with restricted angular segments,

Next a set of direction cosines for the neutron track must be selected. Rejection techniques are
standard for this task when either (o, ) or (2,B, v ) are required. In this programme the axial dependence
will be treated by integration so we need only select (¢,). The neutron will be tracked in both forward
and backward directions, so we need only consider set §> 0. The rejection algorithm is then

c = dajy
d = a, ,
if c? +d? > 1 reject
_ CZ o dﬂ
o CZ + d2
2ed
B B c?+d?

The efficiency is % which is usually sufficient to ensure that rejection will be computationally faster

than direct sampling.

2.3 Tracking Techniques

In direct simulation Monte Carlo, a neutron track length d in mean free paths is selected from
the distribution

P(d) = e—d ,

and this mean free path distance is stepped off along the direction cosines selected, using the total
cross sections of the regions through which the track passes until a collision point is reached. In the
ptesent application, it is intended that more than one energy group will be considered so we are faced
with two unattractive alternatives; either each energy group must be considered separately with the
implied duplication of selection processes and tracking, or the stepping off problem is complicated by
the need to consider simultaneously the total cross sections for all groups. The cluster is often quite
tight and the identification of points of intersection between the neutron track and region boundaries is
a non-trivial problem, so a multiple stepping off process is clearly inefficient.
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A device which has achieved some success in one group cluster collision probability.calcula-
tions is the virtual collision probability method of Woodcock et al. (1965) used in the MONTE programme
described by McCulloch et al. (1968). Essentially the intersection point problem is avoided by taking all
total cross sections equal to the largest so that the tracking problem resolves itself into identifying the
finishing point which is a much simpler task. The collision point can be real if the total cross section
equals the largest total cross section in the system, otherwise the weight of the neutron is reduced, a
partial collision is scored, and tracking continues. The method is successful if all the cross sections
in the system are roughly of the same order of magnitude, a situation which unfortunately does not prevail
in multigroup calculations. Even if this were not so, the prospect of tracking terminating in some groups
and continuing in others is uninviting, as this would considerably impair the efficiency of the overall
calculation.

The best solution is to admit the tracking complexity and set up an efficient procedure for determin-
ing all the intercepts from one side of the cluster to the other. Having done this once, we can abandon
direct simulation tracking and instead of scoring only a collision in one region we can, without much
additional labour, score for each region an estimated collision probability. This estimator device is dis-
cussed by Pull (1962) and is. known to give worthwhile reductions in variance. With the estimator approach
we have additional information necessary to integrate in the axial direction, thus eliminating this potentially
large source of statistical error. The precise form of the estimator is discussed below.

2.4 The Intercept Calculation

All the region surfaces in the cluster problem are circular so all intercept calculations are of the
same type. The equations of the track are simply

X 7 X + oot

y ~ Yyeo*t Bt

We assume for simplicity that a typical circle of radius r is centred at the origin, as translation to any
other centre is trivially achieved. '

X+ oyt o=,

If p* s {axe Y Byo) 1t — (X * ¥h),

then the track intersects the circle if p* > 0 with signed values of t given by
t = —(axe * Bye)tp .

Each of the circular surfaces in the cluster can be examined in turn, using simple geometric
properties to exclude unnecessary testing. In this way we can build up an array of intersections tj with
a corresponding set of region identifiers m; . It is unwise to attempt to sort these into order while the
circles are being examined because the sorting can be done efficiently using a machine language coded,
bit pattern sort when the full array of intersection points has been assembled. Such a sort routine is
usually available at any large computing installation and is, in any case, not difficult to write.

_ With the intersection points ordered into ascending order, it is a simple matter to deduce the
track lengths in each region across the cluster. If the coolant regions are subdivided and do not enclose
all the rods, the logic is slightly more complicated as some intersection points with coolant boundaries
may be internal to rods. Having established the track lengths the problem is reduced to computing the
probability estimators.



2.5. The Probability Estimator

y
X1 Xa X3
Suppose the neutron track has successive intercepts x., X,, X,——— with regions of cross section
Zi, 3, Zg—w=—, The transmission probability at an angle & to the horizontal plane through a distance
X in matenal with cross section % is
—xZ
€ Cosos B

The probability that a neutron will be born in an interval d@ about an angle 6 to the horizontal plane is
P(8)d8 = cos 0d6F.

Thus the collision probabilities from the starting point q to each of the regions is given by

A
=I2 l:l,u—e'“xiz"*/cos 9:1 cos 9 d6
0
___Jf‘ e—xizifcos 8 [1-é-XQEQ/CDS 8:] cos 0 d6 |
0 .

Each of the estimators requires the evaluation of the Kj, function
7 Jeos 8
Ki: () = f e 7% “os 6 49,
: 0

for which fast and accurate subroutines are given by a number of aiithors, for example, Gargantini
and Pomentale (1964). Thus:

[}

Pq1 1 - Ki_g(Xi Zj_) y

Pqe = Kig(x:21) = Kiz(x121 + %22,)

All groups in the problem can now be treated with equal ease, requiring only a change of cross section |
in the estimator. Thus instead of the original concept of a set of finishers N ; resulting from N; starters
in region i, the Nj; now contain: the estimated number of finishers. D1v1smn by N; produces the final
collision probability matrix, completing the calculation.



2.6 Discussion

The final form of the Monte Carlo routine is now far removed from the simple idea of direct neutron
tracking. Random numbers intrude into the calculation only in the selection of the neutron starting point
and its direction cosines in the plane. Efficiency considerations have dictated the development of the
rather elaborate tracking scheme which has been devised, but it is clear that the tracking procedure yields
much more information than can be utilised by the simple starter-finisher philosophy. The same intercepts
should be used to provide collision probability contributions for every point which the Monte Catlo process
has selected as the starting point of the neutrons. It is also clear that by selecting the orientation of the
tracks and assigning variable weights corresponding to a simple integration scheme, the problem of reducing
the variance in the Monte Carlo calculation can be transformed into the more familiar problem of obtaining
a desired accuracy from an integration algorithm, The numerical integration scheme discussed in the next
section is thus preferable as a routine calculation, though the Monte Carlo method provides a useful check
on the correctness of the numerical integration routine. :

3. NUMERICAL INTEGRATION METHOD

The numerical integration method consists of laying down a set of parallel neutron tracks at a
number of discrete -angular orientations to a reference diameter of the cluster, and integrating along each
track to produce collision probabilities for the different regions. We have two numerical integrations to
perform; the radial integration across the cluster, and the integration over track orientations. The radial
integration is defined by the number of tracks per annulus. If n, tracks are to be placed across the annulus
(rq,r2) then with

A= (r; =)0y,

tracks are placed at distances from the centre given by

I = 1y t A/2
I =, +t3A2
r = oy v 2n-1 A2

and each track is given equal weight A on the integration.

Specifying the number of tracks per annulus ensures that no region escapes refinement when the
total number of tracks in the problem is increased, offerin g a conceptual advantage over the alternative
method of equal spacing across the entire cluster. The latter does not guarantee a refinement of small
regions when the number of tracks is increased. For tracks which do not intersect annuli containing
rods, the intercepts are independent of the angular orientation of the track,.so the an gular integration
is not required for the outer annuli. If the number of tracks per annulus is specified, the. angular integra-
tion can be deleted = conveniently. The track intercepts can be used to compute the volumes of the var-
ious regions using the same quadrature scheme as is used to compute the collision probabilities, and a
comparison of the actual and computed volumes yields quite a good assessment of the accuracy with
which the collision probabilities are being computed.

The angular integration is performed over the range ( 0, »/2) where ¢ is the rotational symmetry
angle of the cluster. In the seven rod cluster of Figure 1, ¢ - é’- . Provided that the number of angles

is relatively prime to the number of rods on each pitch circle, the range of integration (0, 2+) gives an
equivalent representation to (0, ¢/2) and avoids the possibility of input error. The range of integration
‘is broken into equal angular segments with the track angle at the centre of the segment. The tracks are
again equally weighted, corresponding to the physical situation where all neutron directions are equally
likely. The reason for using equal weighting in the radial integration is quite different. Here a more
complicated integration rule, such as Gauss-Legendre quadrature, could profitably be used if the rod
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intercepts t(r) were non-zero over the width of an annulus r,< r <r,. Unfortunately such is not the
case and one is forced to use equally spaced, equally weighted tracks to ensure that the errors are
uniformly reduced when the number of tracks is increased.

The tracking procedure is precisely that outlined in Section 2.4 for the Monte Carlo calculation.
Each track yields a set of intercepts t; with regions m; and again the collision probabilities can be
expressed in terms of a Bessel function integral. In the Monte Carlo calculation we calculated the
point-to-region probabilities from the specific starting point on the track which was selected. In this
calculation we perform analytically the integration over starting position in each intercept to compute
region-to-region probabilities.

3.1 The Numerical Integration Formulae

The collision probability from region i to region j may be written

Pjj = —1\7 j dt ; Idﬁ{j P{ti, t;) ,
i~y Vi

where | 1 defines a point in region i

and V; is the volume of region i .

The point to point collision proba_lbility P(tj, t;) is given by the relation
P(ti,tj) = Zje P,

where p is the path length (in mean free paths) from tito t;.

The system under consideration is infinite in the axial direction so that z. mtegratlon in dt
can be ignored. Using the method of parallel tracks descnbed above, the double integral in Pj; may

be written:
f dx J’ do f sm@d@f dy; j dyj P(yi.yj)
Pl] b
I dx f dqu- sin £ d& t;
0
where R is the outer boundaty of the system,

¢ is the angle in the radial plane between the neutron frack and the reference’
diameter, -

¢ is the angle between the neutron track and the vertical axis,
ti is the intercept of the neutron track with region i,
t; is the intercept of the neutron track with region j,

P(y1 ,¥j) is the probability that a neutron starting at y; on intercept t; will collide at ¥
on mtercept t; .

If there are a number of intervening regions k this probability is simply:



—8—

P(yi, yi) - eH21 (ti- yi)/sin 8 1] e”zktE/Sin 8 i— e_,zl' yj/sin 6
K sin g

ty

I P(yi,yj) dy; = o~ Fi(tinyi)/sin 0 g~k ti/sin 9[1_e—2 tj/sin a]
0 K

“[;)

The integrations which must be performed are of the type

t; tj

dyiJ in"P(yi ’Yj) } Slzn_ g |'1_e.=§:1- t; /sin 9] IIE e-zk t) /sin B[I_E_Zj 3 /sin 9] .
0

£

hid

7 -
j{; sin? 6 "% 40 - K (%) ,

for which accurate subroutines have been given by Clayton (1964) and Gargantini and Pomentale
(1964).

3.2 Selection of the Number of Tracks and the Number of Angles

The numerical integration procedure which we have described is quite time consuming since
each track gives us a set of intercepts t and for every pair t;, t; of these a contribution requiring
the evaluation of four K; , terms must be made to the appropriate P;; for every energy group of the
multigroup representation. Consequently there is a considerable interest in obtaining the minimum
number of tracks per annulus and angles which will yield collision probabilities of the desired accur-
acy.

The volumes of the regions are computed together with the collision probabilities, being the
denominator of the Pj; . If we ignore for a moment those annuli which do not intersect or enclose
fuel pins, the volumes of the remaining annuli show a steady increase in accuracy with increasing
number of tracks per annulus. It is thus simple to arrive at a number of tracks per annulus which
will satisfactorily describe these simple annuli, using only one angle in the integration. The cal-
culation of the fuel rod volumes, and the volumes of the annuli immediately adjacent to them, will
not be sufficiently accusate when only one angle is employed, and we can increase the number of
angles, keeping the number of tracks per annulus constant, until the volumes of these regions reach
satisfactory accuracy. In this way a systematic search for the minimum track-angle representation
can be undertaken for each type of cluster. When the necessary computational effort has been in-
vested on a number of different cluster configurations, experience will suffice to provide the user
with appropriate values of these two numbers. Such experimentation is necessary because the time
is proportional to the product of the two numbers and we cannot afford to be too generous with either
of them.

Some numerical results which will provide useful guidelines for efficient use of the sub-
routine are provided in a later section. It will be seen that the times for use of the subroutine are
unsatisfactory for day-to-day calculations and there is considerable incentive to provide a faster
routine which retains as much of the accuracy of the numerical integration procedure as possible.

A similar numerical integration routine PI] which was described by Beardwood et al. (1965) is now
incorporated in the multigroup lattice code WIMS (Askew et al. 1966) on which running experience
has been accumulated over a number of years. The current version of PIJ contains a facility for
. computing collision probabilities in the outer annuli of the cluster using the methods developed by
Bonalumi (1961) which yield worthwhile savings of computer time. The theory of such an approxima-
tion is presented in the next section.
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4. USE GF THE BONALUMI METHOD IN THE OUTER ANNULI

The use of the approximation is confined to probabilities for those annuli which are completely
external to the fuel pins. The fuel pins are smeared into surrounding annuli and a normal Bonalumi
calculation is performed on the annular system which smearing has formed. Details of the equations
which are solved are presented in Section 4.2, where the modifications required to cope with void
annuli are also discussed. If i and j index annular regions, the Bonalumi treatment gives us a set
of collision probabilities P;; and a set of ring capture probabilities G ij - The quantities Gjj arise
naturally in the Bonalumi theory and aretdefined as follows:

Gfi- = the probability that a neutron born in region i, and arriving at the inner
boundary of annulus j will collide in region j.

The qua;ntitiés GY; vary slowly with the position of the annulus i so that if i is a smeared
annulus then G; j will appl’ equally well to both the coolant and the rods which make up-the smeared
annulus .

An annular boundary r; is chosen so that all the rods are contained inside r; . The collision
probabilities for the regions enclosed by r; are then computed by the numerical integration method dis-
cussed in Section 3. At the end of this step, the following quantities will be available: :

Py for jk< i
P.. = 1—- Sum P.
i ki O

(The j,k indices are assumed to include in their range all the fuel rods and their éubdivisions, as well
as the annuli internal to i). : ' -

Thus we have from the Bonalumi calculation, Pji for jk >1i and from the numerical integration
Pjr for j,k <i. It remains only to show the form of Py for j<i,k>1i as Py; will be obtained by
reciprocity.

Pffi is the probability that a neutron will arrive at the intemal boundary of annulus P; .1- Hence

P P. r. G

jivl T O N Yy

Pie = Pjn 1=Gjiip) =~~~ (=G 1) Gy -

The index j here can refer either to the coolant of smeared annulus j or to the fuel rods in annulus j.

The smearing necessary in this model cannot seriously impair the accuracy which is obtained.
It intrudes only in the computation of G}; which is known to be quite insensitive to details of region i,
and into the probability that a neutron born externally to r; will collide again in a region external to rj
after crossing the region internal to r; . The latter probability will also be insensitive to the smearing
model employed. The main source of error is in the Bonalumi approximation itself, which will certainly
introduce errors into the probabilities for the outer moderator regions.

4.1 Reciprocity Relations

With the Bonalumi approach we need only calculate Pjp for j < k since the remainder of the
probabilities can be calculated from the relation:

Vj Zj Pjx = Vkaij
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This relation ensures that P|; will be calculated with the same accuracy as P;)., a useful property’
forj <i, k >i since we can tie P, fairly accurately through the correctly computed quantity P;,; .

In each of the methods discussed in Sections 2, 3, and 4 the outer boundary is:assumed to be
white reflecting. This allows the use of the surface/volume reciprocity relation:

% 27R PR] = Vi Zi PiR y

to obtain a set of Pg; = ,3—R V; 2, Pig -

If we renormalise these so that Sum Pg; = 1, the effect of reflection is a simple modification of the
probabilities computed for a free outer boundary:

Pij = Pij + Pir Pg;

4.2 Treatment of Void Annuli in the Bonalumi Procedure

Annular voids are treated in the flux solution portion of our collision probability programme by
omitting these regions from the calculation, as the collision rate and scattering source are both zero
in the void. However, the void annuli must be treated explicitly in the calculation of the collision
probabilities for the other annuli. The modifications necessary to achieve this are presented below.
For full details of the original Bonalumi treatment the reader is referred to Bonalumi (1961) and
Jonsson (1963).

The calculation may be divided into several stages, the first being the calculation of probabili-
ties for the central cylinder. The self collision probability of the central region is the P_ function of
Case, de Hoffman, and Placzek (1953):

P., = Pe¢ (211'1)

P.: = (1~ Pisg)Gis

P13 :(1-—-" Pll)(l—"G]_Q) Gj_g

Pij = (0 =Pu)l = Go)l = Gig === (1 = Gajoa) G

where the ring transmission probabilities 1 — G ij are given by the relation

1-Gyj= e7ij

where
-5 T (__1:__1__)__ ) Iy
Y1] ]1'} 4 T[T rj Q'.j T f,-l s
and 2 . =1
{-8in "u
T(u)=—,,7[ T +\|1—.|1'2:|,
with
Of.]' = rj'i
T
and

7= 2y (fp =T1) t 25(Ty — M) —— — 4 ‘%‘ 2t =159 .
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The collision probabilities P;, are obtained from the reciprocity relation:

Vl 24 Pi'_

U

Now if 2; = 0 we obtain P,, = 0. The remaining ring probabilities G,j and collision probabilities
P, are correctly computed because >, does not appear explicitly in their evaluation. Straightforward
application of the reciprocity relation yields P;;, = 0 as is expected.

If 2, + 0 but > - 0 for some j, then y.j = 0and hence G,;- 0. This gives correctly the
result that P;j = 0. However, we cannot use reciprocity to obtain Pj, since the computational result is
indeterminate. However, if the quantity > is assumed small,

1—-G1] = e_h}' -

= 1— yli -
Hence
Pij = (1 =Pyl = Gi)(1 = Gyg) = —~ (1 ~ Gij-1) ¥ij
and now applying reciprocity removes Z; from numerator and denominator:
V1 zi i I, ) . I
Pj, = '—VT— (1-Py )(1=G1 ) — — = (1-Gyj-a) 1 '4—TI:T ("f}') - 0 T(;]_-:):I .

The calculation of the remaining collision probabilities is complicated by the need to consider the
probabilities for neutrons crossing internal regions. Consider annulus i for which only Pi; ( < 1)
are available, having been calculated by reciprocity from Pj; .

Pij - Pjj + {P?‘,'iq - Sum Pij}Gi-1,i :

j<i
where Pi'- = probability of collision in region i without crossing region internal to i,
P}R’; .1 - probability of crossing the boundary r;., ,

3 T Ij-g

P’i,i-l = 2 Vizl

Gi—1,i

Here again i#f region i has 2; = 0 then Gj.,,; must be expanded in poWers of ¥ ; to obtain a sensible
result for Pi;i-i . )

! *

Pii = fi —Piia Gi.,i
If Z; =0, P!h--: 0 is guaranteed by the form of f; and the fact that Gj., ; = 0.
The remainder of the collision pfobabilities can then be evaluated without difficulty.

5. A SYNTHETIC METHOD BASED ON THE BONALUMI APPROXIMATION

Use of the Bonalumi approximation in combination with numetrical integration over regions con-
taining rods gives reasonable agreement with the more exact results obtained purely from numerical
integration and yields a substantial saving of computation time. In this section we explore the possi-
bilities of a routine based solely on the Bonalumi approximation and considerations of neutron balance.
Such a routine offers a reduction of two orders of magnitude in computation time and would make a
cluster calculation possible in routine design calculations if the accuracy it achieved were adequate.
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We assume that the rods on a given pitch circle can be surrounded by an annulus of coolant
which completely encloses the rods, an assumption that is usually close to being satisfied in reality.
The further assumption is made that the rods on a given pitch circle have the same symmetry properties,
on the basis that the accuracy we will obtain is inconsistent with any attempt to distinguish rods with
different symmetry properties on the same pitch circle.

The initial stage of the calculation is the same as that outlined in Section 4. The rods are
volume-smeared into the appropriate annulus and a Bonalumi calculatmn is performed for the smeared
annuli to obtain a set of collision probabilities which are labelled Pj; . If both i and j refer to annuli
which do not contain rods, the calculation of these probabilities is complete, apart from the calculation
of reflection from the outer boundary of the cell, which is performed when the remaining rod probabilities
have been resolved.

Next we consider the breakup of the probability Pi- when annulus i is one which contains rods.
All the rods in such an annulus are assumed indistinguishable and we define for the annulus a cell con-
sisting of a rod (with whatever subdivisions of the rod that are specified) and an outer annulus of coolant
equal in volume to the total volume of coolant in annulis i, divided by the number of rods in annulus i.
Such a cell is annular and agam we may apply the Bonalum approximation to this system to obtain a set
of collision probabilities P, .

P:nn = the probability computed by the Bonalumi approximation for regions m,n

of the cell centred at the centre of the rod.
If the outer radius of this cell is taken to be R, the escape probability from region m is given by
Por = 1 —Sum Pp,
n

Further, using rec1proc1ty, we can calculate the probability PRm that a neutron impinging isotropically
on R W111 collide in annulus m:

2 2
Prin = Vi umR

For neutrons which impinge on the cell and must collide in the cell we also need these probabilities
normalised to unity:

3

PRy = Pf{m/S‘-Ilnm pfz{m .

Now consider the probability P1 j and assume for the moment that region j is an annulus not containing
rods.

If we assume that neutrons born in the annulus i are born in the cell which we have constructed
to approximate annulus i then the probability P iri can be broken up as follows:

' 2
V; pij = Sum Vm Por PR]:

whete Pg; is defined by the above equation to be the probability that a neutron emergmg from annulus i,
and hence in our approximation, from the outer boundary R, will collide in annulus j. Re-arranging the
ahove equation gives:

P V; Pj;

" Sum V,Pog
7 m
and the individual probabilities Py; are given immediately by the relation:

mj m
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~ Treatment of the probabilities Pin is equally direct. Here we assume that Pim 1is given by the
equation:
3
Pnj = PR PRam >

and the collision conservation relation:

Pij = Sum RPjn = Pjr Sum P;{m ,
m m

yields P;p = P;; and hence the individual probabilities P;,.

There remains only the computation of the self collision probabilities Ppy,. The quantities Py g
are the probabilities of escape from region m so that the total escape probability for annulus i, based
on our cell approximation, is:

Sum Vi, P,;R
2 m
1 - Pii~ " Sum Vi
m

We have from the initial Bonalumi computation on the smeared annulus i, a self collision
probability P;; which must be conserved. The quantity Q defined by

2

Q - Py —P;
represents the net self collision probability lost in our assumption that annulus i can be replaced by
an annular cell centred at the rod centre. This probability can be conserved by adjusting the collision

probabilities in the following way:

’ 2 2 3 Q
l:)mn = Pmn * PmR PRn 1- Pz--
ii

Now recalculating the cell escape probability will demonstrate that probability is conserved.

Pr =1 -Su;n P.o
) :  Q
= 1 —=Sum P, -~ Pugr -
n ]""Pii
2 Q
= PmR [ - 1_.,p12' .
1
Sum V, P g
1-P; - =
Sum V,
m
Sum V, Pon 0
m .
= 1 - —r
Sum V, [ 1-Pj;
m

[-mi]-
1-P; :

-P. _0Q

11
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Thus we have established a relatively simple method of computing all the collision probabilities
from the Bonalumi approximation, assuming that the outer boundary of the cluster cell is free. The usual
application of reciprocity is employed to give isotropic reflection at the boundary for an array of similar
cells.

5.1 Extension to Annuli which do not Completely Enclose the Rod

We expect our approximation will be good for loosely packed clusters where the smearing of the
coolant in annulus i around the rods enclosed by i is physically reasonable. In tight clusters it may
be impossible to define an annulus enclosing the rods on one pitch circle which does not intersect the
rods on neighbouring pitch circles. We must rely on the user fo define coolant annuli which most nearly
satisfy this requirement and proceed with the calculation as though the requirement is satisfied. Thus a
tod is assumed to be completely enclosed in an annulus if its centre is enclosed by the annulus. The
effective cross section for such an annulus is computed by volume smearing all the rod into the annulus.
This further approximation seems to be adequate on the problems tested where all the pitch circles come
close to satisfying the separability requirement. We may expect poor results however for some power
reactor clusters where neighbouring pitch circles are separated by distances considerably smaller than a
rod diameter.

5.2 Accuracy Considerations

The synthetic approximation consists essentially of two approximations, firstly the smearing of
rods to produce an effective cross section for an annulus containing rods and secondly the assumption
that the coolant in a smeared annulus can be represented by an annulus surrounding the rod for what is
essentially an unsmearing calculation. We cannot expect that the overall accuracy will be any better
than a smeared transport calculation, though the division of events in a smeared annulus between events
in the rod and events in the coolant may be hetter resolved than with a conventional unsmearing approach.
It is also worth pointing out that reciprocity is no longer guaranteed in our approximation.

Suppose i is a smeared annulus with subdivisions indexed by m and that j is a simple unsmeared
annulus. In the Bonalumi calculation with the smeared annuli, reciprocity is employed in the evaluation
of P;; for j<i:

]j1

Vi Zi Pij = V] Zini

We would like the reciprocity condition to remain valid for the individual subregions m of annulus
i. That is, the equation:

Vi £y P - V; Z; Py, should be true.

In our approximation:
P 2
mj = PurPrj

Sum Vi,
P!, —————— P,
@R Sum V,, Pag Y
mn
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Hence
Sum V
P _ szm 2 ) i i ..
" viz; ™ Sum V,Png
m
Sum VP
- szmpniR m mo
Sum VpPmr V2
m -

- B et —_— (Vl = Sum Vm) .
Sum VP o i m
m

What we are actually using is

3
P; = P Prp >

jm

PRm

S
Sum PR m
m

3
where Prm

-721—;""{'% Vm 2m 1:,:nR

Sum 25V S Par

Vm Zml:)r:flR

P..
Sum V, 3 P.g’
m

J1

Hence Pin -

These two expressions are equal only in the unlikely event that

Sum Vg ZmPn;R: >i Sum Vp Pr;R .

m m

To conserve neutrons we have used the second of the two expressions for P, . [t would be
possible to tesolve artificially the conflicting demands of reciprocity and summabiIlity, but in view
of the other approximations in this method such a refinement is unwarranted.

6. NUMERICAL RESULTS AND CONCLUSIONS

Three clusters were selected for study, a 7 rod cluster, a 19 rod cluster and a 36 rod cluster.
The 7 and 19 rod clusters are similar to some studied in the Canadian ZED 2 reactor, while the phys-
ical dimensions of the 36.rod cluster are those of a proposed natural steam generating heavy water
(SGHW) design. The purpose of these calculations was to compare the different collision probability
methods using the same regions and group structure. The rods were natural uranium, the cladding was
assumed tobe aluminium, and the coolant was assumed to be heavy water of the same composition as
that of the bulk moderator. We used the same six group cross section set for each of the clusters,
ignoring the obvious differences which would be present in realistic calculations for these systems.

No attempt is made here to compare with experiment; we are interested only in method compari-
son on clusters with representative physical dimensions and cross sections. Tables 1 — 3 specify the
cluster dimensions used.
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Results are presented in Tables 4 — 9 for three methods; full numerical integration, numerical
integration with the Bonalumi approximation employed in the outer annuli, and the synthetic method
based on the Bonalumi approximation. When the Bonalumi approximation is used with numerical integra-
tion, the numerical integration extends one annulus beyond the outermost annulus intersecting or enclos-
ing a fuel rod. The possibility of altering this convention is available to the user, but in view of the
results obtained there seems no reason to wish to do so. No results are presented for the Monte Carlo
method, which proved less efficient than the full numerical integration. Since both of these methods
purport to give an exact solution with the investment of sufficient computer time, the numerical integra-
tion routine will always be used in preference to the Monte Carlo routine which has served only as a
check on the numerical integration.

The results of the numerical integration routine naturally depend on the number of lines and
angles used in the integration. The user must specify the number of lines per annulus for the radial
integration and these are selected to be equally spaced in radius across the width of the annulus. For
the purposes of line mesh specification the presence of fuel rods in particular annuli is ignored. The
selection of the number of lines per annulus is preferred for two reasons:

(1) Any increase in the number of lines automatically refines the probabilities for every
annulus of the cluster. If the lines are equally spaced across the whole cluster this
refinement cannot be ensured.

(2) An increase in the number of region subdivisions is automatically accompanied by an
increase in the number of mesh lines in the region where the subdivision is made.

It is recognised that this philosophy may allow some ptobabilities to be calculated to better
accuracy than their importance warrants. Against this, the inexperienced user is partially protected
from obtaining anomalous results from a poor mesh choice.

Mesh lines are placed only on one half of the cluster, since in most clusters the rotational
symmetty is such that tracks placed on the other half would yield identical region intercepts and
collision probability contributions. For clusters with small numbers of rods on each pitch circle
the number of angles in the angular integration should be increased, if necessary at the expense of
the number of lines for annulus.

7 The programme will accept an angular integration interval of less than 27, but in view of ihe

. restriction of the line mesh to one half of the cluster, use of intervals other than 2 7 should be avoided.
The number of angles chosen should be relatively prime to the number of rods on each pitch circle so
that duplication of tracks is avoided. '

Tables 4, 6, and 8 show the variation in fluxes and eigenvalues resulting from different choices
of line and angle mesh for the three clusters, and Table 8 also contains computation times for the 36 rod
cluster. The computation time is proportional to the product of the number of lines per annulus and the
number of angles in the integrations. The trends for all three clusters are much the same and the tables
have been presented in full to enable the potential user to decide from his accuracy requirements what an
acceptable mesh and angle specification might be.

Tables 5, 7, and 9 are repeat calculations where the outer annuli are calculated using the Bona-
lumi approximation while the annuli containing rods (and one more ‘buffer’ annulus) are calculated by
numerical integration. The differences between these results and those of Tables 4, 6, and 8 are usually
within acceptable limits, except for a trend in the outer moderator flux where the Bonalumi results for the
group 6 flux are 3% high in the 36 rod cluster. Apart from this deficiency the approximation, which con-
siderably reduces the computation time, must be recommended for realistic calculations. In the 36 rod
cluster the time is roughly 0.4 of that required for full integration, the relative saving increasing with
the number of moderator subdivisions.

Finally, at the end of each of Tables 4 ~ 9 we have presented the results obtained from the
synthetic calculation. The speed of this calculation is, by cluster standards, quite outstanding.
Whether the results are any better than one can obtain from a ring smeared WDSN calculation of the
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type available in the WIMS code (Askew et al. 1966) we are not in a position to determine at present.
When the collision probability portion of the calculation takes negligible time, we have previously
shown (Doherty 1969 b) that the breakdown point between WDSN and the collision probability flux con-
vergence occurs at about 4 energy groups. For more than 4 energy groups the collision probability
method is superior on computational speed because of the more sophisticated acceleration techniques
which are employed.

It must be remembered, however, that errors in the Bonalumi approximation do not allow mesh
regions to be refined indefinitely to remove the dependence of the collision probability method on the
‘flat flux assumption. Beyond a certain number of subdivisions, the changes in the estimates of fluxes
and eigenvalue are caused mainly by the ertors in the approximation, rather than by improvements in
the spatial flux representation. This restriction applies to the synthetic method and to the numerical
integration, Bonalumi combination.

The synthetic method based on the Bonalumi approximation bears some resemblance to the
method described by Leslie and Jonsson (1965). The results obtained from the two methods seem to
have roughly similar accuracy and the computation times are similar. The method presented here, while
less plausible on physical grounds, allows the specific inclusion of canning material and subdivision
‘of the fuel pins in a straightforward fashion. By contrast, pin subdivisions can be included in the
Leslie and Jonsson method only with difficulty.
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PABLE 1

7 ROD CLUSTER SPECIFICATION

Central rod

+ 6.rods on pitch circle of radius 2.6666 cm

Material

Rod subdivisions

Coolant subdivisions

Pressure tube
Insulating gap
Calandria tube

Moderator subdivisions

Outer Radius

(cm)
1.200 nat U metal
1.210 void
1.2698 Al
1.3333 D.O
3.9364 D,0
4.1275 D,0
5.0175 Al
5.08 void
6.50 Al
7.50 D,0
8.50 D,O
9.50 D,0

10.50 DO

11.50 DO




Central rod

TABLE 2

19 ROD CLUSTER SPECIFICATION

+ 6.rods on pitch circle of radius 1.6488 cm

+ 12 rods on pitch circle of radius 3.2976 cm

Rod subdivisions

Coolant subdivisions

Pressure tube
Insulating gap
Calandria tube

Moderatotr subdivisions

Quter Radius Material

. (cm)

0.7105 nat U metal
0.7155 void
0.7609 Al
0.82434 D.0
2.4732 D,0
4.1275 D,0
5.0175 Al

5.08 void
6.50 Al

7.50 D,0

8. 50 D,0
9.50 D,0
10.50 D,0
11.50 D,0




TABLE 3

36 ROD CLUSTER SPECIFICATION

6 rods on pitch circle of radius 1.8895 cm
12 rods on pitch circle of radius 3.6475 cm
18 rods on pitch circle of radius 5.5005 cm

Quter Radius Material
{cm)
Rod subdivisions ' 0.846 nat U metal
0.8935 Al
Coolant subdivisions 0.379 Al
0.73 D.O
0.862 Al
2.6763 D, 0
4.511 D,0
6.3998 D.,0
Pressure tube ‘ 6.800 Al
Insulating gap 8.4735 void
Calandria tube 8.5535 Al
Moderator subdivisions 10.3 D,O
12.0 D,O
13.8 D,0O
15.6 D,O
17.4 D.0
19.16414 D,0




TABLE 4

7 ROD CLUSTER RESULTS FOR FULL NUMERICAL INTEGRATION

Number | Number Group 1 | Group 6 | Group 1 Group 6 | Group 1 | Group 6

of lines/| of k fuel 1 fuel 1 fuel 2 fuel 2 | outer outer

annulus | angles flux flux flux flux moderator | moderator

flux flux

1 1 0.95741 | 0.69295 0.04430 | 0.06996 | 0.06097 0.01345 | 0.15028
1 5 0.95349 - | 0.08511 0.04321 | 0.07498 | 0.05971 0.01347 | 0.14027
1 7 0.95722 | 0.08838 0.04669 | 0.07192 | 0.06027 0.01345 | 0.14788
1 11 0.95445 { 0.08651 0.04360 | 0.07393 | 0.05997 0.01347 | 0.14233
2 1 0.96103 | 0.07683 0.04920 | 0.07593 | 0.06019 | 0.01345 | 0.15223
2 5 0.96167 | 0.08293 0.04727 | 0.07211 | 0.06111 0.01349 | 0.15453
2 7 0.96102 [ 0.08288 0.04721 | 0.07269 | 0.06096 0.01351 | 0.15432
2 11 0.96160 | 0.08157 0.04770 | 0.07287 | 0.06093 0.01348 | 0.15419
4 1 0.96262 | 0.07829 0.04770 | 0.07168 | 0.06154 0.01351 | 0.15935
4 5 0.96311 | 0.08174 0.04616 | 0.07141 | 0.06183 { 0.01346 | 0.15950
4 7 0.96242 | 0.07958 0.04595 | 0.67234 | 0.06163 | 0.01350 | 0.15773
4 11 0.96307 | 0.08094 0.04638 | 0.67143 | 0.06180 | 0.01347 | 0.15939
8 1 0.96271 |0.07771 0.04556 | 0.07217 | 0.06182 0.01351 | 0.15848
8 5. 0.96297 |0.08110 0.04494 | 0.07206 | 0.06193 | 0.01348 | 0.15915
8 7 0.96268 |0.07963 0.04511 | 0.07222 | 0.06186 0.01348 | 0.15885
8 11 0.96265 |0.08010 0.04503 | 0.07209 | 0.06189 | 0.01349 | 0.15871
16 1 0.96261 0.07769 0.04613 | 0.07221 | 0.06176 0.01348 | 0.15976
16. 5 0.96265 |0.08122 0.04494 | 0.07202 | 0.06194 | 0.01347 | 0.16004
16 7_ 0.96282 | 0.07967 0.04536 | 0.07207 | 0.06189 | 0.01.347 { 0.15964
16 11 0.96259 |0.08043 0.04528 | 0.07199 | 0.06190 | 0.01347 | 0.16006
Synthetic 0.96362 |0.07896 | 0.04563 | 0.07069 | 0.06200 0.01353 | 0.16001




TABLE 5

7 ROD CLUSTER RESULTS FOR BONALUMI AND NUMERICAL INTEGRATION MIXTURE

Number | Number Group 1 Group 6 | Group 1 Group 6 | Group L { Group 6
of lines/ of k fuel 1 fuel 1 fuel 2 fuel 2 outer outer
annulus | angles flux flux flux flux moderator | moderator
flux flux
1 1 0.96026 0.09185. 0.04352 | 0.06985 | 0.06181 0.01349 0.15977
1 5 (0.95900 | 0.08487 0.04524 {1 0.07428 | 0.06071 0.01352 0.15347
1 7 0.96053 | 0.08744 0.04654 | 0.07168 | 0.06114 0.01_350 0.15864
1 11 0.95943 | 0.08603 0.04489 | 0.07337 | 0.06095 0.01352 0.15478
2 1 0.96352 1 0.07693 0.05040 | 0.07576 | 0.06055 0.01347 0.1593‘6-
2 5. 0.96350 | 0.08263 0.04723 | 0.07216 0.061_45 0.01351 0.15915.
2 7 0.96330 0.082_63 0.04737 0.07272 | 0.06132 0.01353 0.15894
2 11 0.96349 | 0.08132 0.04783 | 0.07289 | 0.06128 0.01350 | 0.15940
4 1 0.96374 | 0.07828 0.04759 0.071_91' 0.06164 0.01352 0.1'61‘33
4 5. 0.96303 0.08174 0.04601 | 0.07165 | 0.06192 0.01347 0.16191
4 _7 0.96377 0.07972 0.04627 | 0.07249 | 0.06173 0.01350 0.16036
4 11 0.96387 | 0.08093 0.04624 | 0.07166 | 0.06188 0.01348 0.16190
8 1 0.96384 1 0.07793 0.04589 | 0.07235 | 0.06185 0.01351 | G. 16026
8 5 0.96399 | 0.08128 0.04516' 0.07227 1} 0.06197 0.01.348 0.1’611_7
8 7 0.96372 | 0.07983 0.04541 | 0.07241 | 0.06190 0.01348 | 0.16111
8 11 0.96387 | 0.08030 0.04532 | 0.07228 1 0.06194 0.01349 | 0.16088
16 1 0.96351 | 0.07787 0.04631 | 0.07244 | 0.06178 |0.01348 0.16155
16 5 0.96359 | 0.08140 - | 0.04510 | 0.07226 | 0.06196 0. 01346. 0.1617'_7
15 7 0.96369 | 0.0798p 0.04556 | 0.07230 | 0.05101 0.01347 0.176156
16 11 0.96354 | 0.08050 0.04543 | 0.07223 | 0.06101. 0.01347 0.16168
Synthetic 0.96362 |0.07896. | 0.04563 0.07069 |0.06200 0.01353 | 0.16001
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FIGURE 1. A TYPICAL CLUSTER LATTICE CELL







