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ABSTRACT

With a solution of the multigroup neutron transport equation available for a problem in one
dimensional geometry, diffusion theory parameters are determined so as to reproduce in diffusion
theory the essential characteristics of the transport solution. Calculation of a more realistic
reactor configuration can then be attempted in diffusion theory.

Diffusion coefficients, taken as constant within a uniform region, can be determined so that
the diffesion flux is an optimum fit to the transport flux. As an option the conventional 1/3 3¢, can
be used.

The homogeneous boundary condition is found from a diffusion theory calculation which
uses the transport net current as an inhomogeneous boundary condition. The homogeneous boundary
condition forces the diffusion theory to reproduce exactly the transport leakage and multiplication
constant.

A discontinuity in the diffusion flux is permitted at interfaces between different materials.
Interface conditions, if applied, guarantee that any reaction rate, integrated over the volume of a
uniform region, is preserved by the diffusion theory.

The DIFF code uses the results of the WDSN trémsport code to calculate diffusion theory
parameters for the CRAM diffusion code. :
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1. INTRODUCTION

Numerical methods of solution of the neutron transport equation, for example the SN methods
of Carlson et al. (1960), allow the computation of quite realistic reactor configurations though computing

time can be a real problem when the reactor has to be described using more than one space dimension
(1D).

For many such reactors it is possible to isolate, in a 1D model, that portion of the reactor
configuration which requires solution at a high level of transport theory. If diffusion theory parameters
could be obtained so as to reproduce, in diffusion theory, the essential characteristics of the 1D trans—
port solution, then a calculation of the more realistic reactor geometry could be made at the diffusion
theory level of approximation.

As an example, take the 3D problem of a reactor with an array of partially inserted control rods.
The transport effects, occurring in and around the rod, which cannot be predicted by elementary diffusion
theory, can be isolated in the 1D model of a control rod at the centre of a cylindrical cell. To calculate
the more realistic geometry using diffusion theory we require, from the 1D transport solution, the con—
ditions for the diffusion theory flux at the control rod surface.

Diffusion theory boundary conditions are obtained from analytical solutions of the transport
equation by recognising, in the analytical solution, a portion which satisfies the diffusion theory
relation:

J = — constant . V¢,

and which asymptotically approaches the total transpore solution as the distance from the boundary is
increased. The behaviour of this diffusion theory portion at the boundary in question determines the
diffusion theory boundary conditions.

When numerical solutions of the transport equation are available the diffusion theory boundary
conditions cannot be obtained in the same manner since one cannot extract directly the portion of the
solution which satisfies diffusion theory.

We discuss below a method for determining the diffusion theory boundary conditions when
numerical solutions of the transport equation are available. In fact the method has general application.

In the determination of the boundary conditions it is assumed that the diffusion coefficient is
known. In many situations the well known expression:

1
a(zt - {a- zs)

D

is quite accurate. However this result from analytical transport theory is based on a model which
ignores the space dependence of neutron sources in the pasticular energy group under consideration.
With a multigroup transport solution available it would be better to find D from this solution than to
use the conventional formula.

Our approach, in general, is to retain in the realistic reactor calculation most of the flux
fine scale that isproduced in the 1D transport calculation. Some detail is lost in the method of
determining the diffusion coefficient (see Section 2) since we restrain the diffusion coefficient to
a constant value in each uniform region. Some fine scale is lost when we apply boundary conditions
at internal surfaces, such as control rod surfaces. We lose the flux inside the internal boundary.
Some energy fine scale islost if the 1D transport solution is used in an energy condensation (see
Section 4) for the following diffusion theory calculation. A deliberate reduction of the spatial fine
scaleis attempted in Section 5 but with limited success. Homogenisation of the Wigner—Seitz cell
should be attacked by other methods.

Throughout we endeavour to preserve, in the diffusion theory, the group dependent reaction
rates, for any reaction, integrated over the volume of each uniform region.
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The DIFF code, which applies the methods to the results of the WDSN transport code of
Francescon (1963) is described in Section 6.

The DIFF code was used in a theoretical analysis of the worth of a B*® rod inserted in
the A.A.E.C.'s Argonaut type reactor MOATA . The calculated worth departed from the measured
worth by the factor 0.10. A two-space~dimension transport calculation was used as a sophisticated
method of analysing the experiment, though the energy variable was condensed to two groups for
this calculation. The scalar fluxes from the transport calculation were compared to the fluxes
determined by a diffusion calculation in the same geometry using the same two-group data but
with diffusion coefficients and boundary conditions supplied by DIFF. The experiment and calcula—
tions are described fully by Spinks (1967 a).

2. DIFFUSION COEFFICIENTS FROM 1D TRANSPORT SOLUTIONS

In ID geometry since net current and flux gradient must be antiparallel, or possibly paraliel,
we are at liberty to define D from

J(r} = — D(r) V(r)

J and ¢ being the transport net current and scalar flux. The resulting dependence of D on position,
even in a uniform region, is not convenient. Instead we seek a single diffusion coefficient for each
uniform region of the 1D problem.

Our approach relies on the approximation:

Ja@y - ey o, 2.1

for the diffusion theory current, an approximation to be discussed below. In the 1D geometry we have:

Jyo - -p 420 o N 2.2

dr

¥

applying within the nth yniform region. Diffusion coefficients DM are required for N adjacent uniform

regions. Continuity of the diffusion flux ¢bg is required throughout the N regions.

From Equations 2.1 and 2.2-

T 1. r
n-: 1 o+l 1 J- .
s if 2 1 f ' d i = e——— ' d ' ) 2‘3
(’bd([) ¢d (r) Hi.i'l [D(ﬂ ) rn[ J(r ) ' ] D(n) T ](r ) :

h

for 1, €r<€ry,, n - ltoN, r, being the inside dimension of the n'® uniform region.

The N + 1 parameters qﬁd (r1) and D(n), n <1 to N, are determined by fitting the diffusion

flux ¢g(r) to the transport flux ¢(r) . The N + 1 parametets could be considered optimum when:

2
Foooe sz [q5d(r)-—qb(r)] dv is a minimum, 2.4
n=1 Jp

dv being a volume element. It is shown in Section 3 that there is some advantage in applying the
N restraints:

J qf)d(r)dv j PHrydv, n  leoN, ' 2.5
n n

while minimising F .
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The diffusion flux could be estimated by substituting the optimum parameters $g{r1) and D(n),
n =1 to N, into Equation 2.3. The result, in general, would not satisfy the diffusion equation since, in
general, Equation 2.1 is not exact. Even so, the difference between J4(r) and J(r) is normally
sufficiently small to allow Equation 2.3 to be used as a good approximation to the dependence of
the diffusion theory flux on the diffusion coefficient,

In regions where any diffusion theory would fail, owing for example to strong absorption or

to extreme source gradients, the fit between ¢ 3(r}) and ®(r) achieved by minimising F , (Equation
2.4}, must necessarily be bad. In such cases the assumption of equality in the cutrents can be

reparded as a type of restraint on the form of <,z'>d(r) causing the fit to be worse than it need be.

In any situation where diffusion theory is capable of yielding the correct scalar flux, our
diffusion coefficient will give the correct result. In the case of a unidirectional neutron beam
incident perpendicular to a purely absorbing slab where the conventional diffusjon coefficient is

1/32,, our method would produce D - 1/2, and a diffusion scalar flux identical to the trransport
scalar flux.

To discuss the assumption of Equation 2.1 we note from the analytical solutions of Case et al.
(1953) that in a uniform isotropically scattering medium the exact solution for the scalar flux can be
tepresented in the form:

Py = pqr) + Py, (O, 2.6
o 54

where the transient portion ¢hne (r) is of order e, 2Zd being the optical distance of the position t
from the nearest boundary or from the nearest position where the gradient of the source is not zero.

At positions of sufficiently large >d, Equation 2.1 is valid. In a 1D region of smaller 24,
Equation 2.1 is still valid provided the region is source free and non—capturing. To prove this we
designate:

A(r) = B 2.7

where n =0, 1 or 2 for slab, cylinder or sphere. If rq is the value of the coordinate where 2d is
large we have, from neutron conservation:

A(D) J(r) = A(r))(rs) , 2.8
and

A(r) Jq(r) = A(ra) Jq (ra) . 2.9
But: |

Jatray = J(ra), 2.10
whence | |

Ja () = J(r), 2.11

for r even in the small 2d region.

For a capturing region with sources, A(r) J(r) will change from A(ri) J{r1) by just the excess
of captures over sources in the intermediate volume. A similar change in A(r) Ja(r) from A(ri) Jg(ra)
will occur, but in this case the captures must be evaluated using the diffusion flux, and the sources,
if due to energy transfer from other groups, must be evaluated using the diffusion flux in the other
groups. Thus the maximum departure of A(r) Jg(r) from A(r) J(r) is just the excess of transient
captures over transient sources in the volume where 2.d is not large, This difference is usually
extremely small since the volume of the transient zone is normally small in comparison with the
total volume of the uniform region.
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3. BOUNDARY CONDITIONS FROM 1D TRANSPORT SOLUTIONS

We assume rhat rhe multigroup diffusion coefficients are known throughout the reactor
volume.

The homogenecus boundary conditions are obtained by solving the diffusion equations
for exactly the same problem as the transport solution was obtained, applying the inhomogencous
condition that, at the boundary, the diffusion net current equals the transport net current. It is
stipulated, in addition, that the effective multiplication constant k , in diffusion theory, equals
the k value from transport theory. The boundary conditions are obtained from the solution of the

inhomogeneous diffusion theory problem as the ratio between diffusion flux and net current at the
boundary.

Obviously a diffusion calculation of the homogeneous problem, with homogeneous boundary
conditions from the solution of the inhomogeneous problem, will reproduce exactly the net currents
in each group at the boundary and will teproduce exactly the effective multiplication constant,
Including a self scatter term, the neutron balance equation, in standard notation, is:

- Sty 0 by + 5, Ty (0 B % v IO - Vi) 3.1
g

Integrating over the volume of the region enclosed by the selected boundary surface we obtain:

(n} < ) {n) {n}
_ z Zt; (p(g ijz ( a + ig v z ) Cbl = g - 1to gm 3 3.2
n=l g

where ¢ is the volume integrated flux in group g , uniform regmn n, L, is the surface integrated
current, group g , directed out of the boundary surface, and N is the ou %er of uniform regions

enclosed by the boundary surface. Since the boundary currents are equal in transport and diffusion
theory it follows that, in each group, the quantity on the left of Equation 3.2 is the same in transport
and diffusion theory. Summing over all groups we find chat:

(n) (n} (n} :
?nﬁl (k v Zf - zag) ¢g , 3.3
is preserved by the diffusion theory,

The above statements are valid irrespective of the values of the diffusion coefficients D(n)
If the N diffusion coefficients, in each group, are calculated by the method of Section 2, applying

the restraints of Equation 2.5, then the only difference between the volume integrated diffusion and
transport fluxes arises from the Section 2 assumption of equality in the net currents. The boundary
conditions, obtained by solving the inhomogeneous problem over the same N uniform regions, will
force such differences to compensate so far as boundary current and multiplication constant are
concetned. Note that continuity of diffusion flux, throughout the N uniform regions, was assumed

in Section 2. The diffusion flux must be taken as continuous during solution of the inhomogeneous
problem over the same N uniform regions.

Much more can be said about the diffusion theory reaction rates if the surface, in the inhomo—
geneous diffusion theory calculation, is selected to enclose a uniform region of the reactor. With N=1
in Equation 3.2 we obtain g, equations in the g, fluxes qbu} . Since the equations are the same in
diffusion and transport theory the solutions are the same in diffusion and transport theory. It follows
that the volume integrated reaction rates, for any reaction, are maintained in each group by the
diffusion theory. With N= [ in the method of Section 2, we remove any restraint on the diffusion
theory flux at an interface. The diffusion coefficient so obtained will give a better fit between
diffusion and transport flux than for N » I,

The diffusion theory is much improved by forcing the diffusion theory net current to equal
the transport theory net current at each interface between uniform regions. The inhomogeneous
diffusion theory solution must be evaluated separately for each uniform region so that the diffusion
theory fluxes will, in general, be discontinuous at interfaces between uniform regions. Of course
the net currents will be continuous.
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In short, to maintain volume integrated fluxes in the diffusion theory it is necessary to dispense
with the flux continuity condition at material interfaces. That the flux continuity condition limits the
accuracy of diffusion theory has been recognised by several workers including Davison (1957) and
Pomraning and Clark (1963). In our diffusion theory the advantages of the more general interface con—
dition are specific,

The step in the flux &¢b  is related to the interface net current by the interface condition parameter

A ing
g = AT . 3.4
Let ] be positive from left to right. If A™ is the boundary condition parameter in:

qﬁ; = )\MJ ] 3'5

detegmined from the inhomogeneous diffusion calculation for the region to the left of the interface and
if A is the boundary condition parameter in:

¢ = AT, 3.6

determined from the inhomogeneous diffusion calculation for the region to the right of the interface, then:

— +
Pg ~ ¢4 .
= "'"'—j'“— = A=A , 3.7
is the interface parameter, Such a condition can be easily incorporated into existing diffusion codes
by separating uniform regions by a thin single mesh region. Finite difference diffusion codes determine
the current across the mesh interval, width &, from:

b3 - H4

I 5

Comparing Equations 3.7 and 3.8 we see that the interface condition is applied by using the dummy
diffusion coefficient:

D = — : o 3.9

in the thin interface region.
If we seek solution of the inhomogeneous diffusion theory problem using the conventional

source iteration technique we find that convergence cannot always be guaranteed. It is shown in
Appendix 1 that a modified technique will yield the solution.

4, ENERGY CONDENSATION FROM TRANSPORT THEORY TO l]IFFUSIO_N' THEORY

With the 1D transport theory sdlution available in a large number of neutron energy groups, we
desite a condensation to a smaller number of groups for the following 2D or 3D diffusion theory
calculation of the more realistic reactor configuration,

A feature of the method of Section 2 is its applicability to the evaluation of a condensed
group diffusion coefficient, which is determined simply by condensing the transport flux according to:

r T ' 4.1
F0 = 2 40, |
and the transport net current according to:
To®) = 2 Jp 0 4.2
- ginG

before applying the method of Section 2. The condensed group diffusion coefficient is obtained so
that the condensed diffusion flux is an optimum fit to the condensed transport flux.
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A feature of the method of Section 3 is that the conclusions about the preservation of voelume
integrated reaction rates are unchanged, in the condensed group structure, if flux and current are
condensed accordingto Equations 4.1 and 4.2, if the fission spectrum is condensed according to:

)_( - 2 X ,
G ginG 8 4.3

and if cross sections are condensed according to:
(8)  (n)

b3
—(n) g%lG g d)g
ZtG T ———— , 4.4
+(n)
P
s Z(n)cj)(n)
e (0} ginGv fg ¥g
VZfG= , 4.5
—(n}
$g
and
{n) .
s ¢ S ST
=@  ginG & dinG 878 4.6
G-G =(n) ’ .
G

all before finding the condensed group boundary or interface conditions by solution of the condensed
inhomogeneous diffusion equations. Summing Equation 3.2 within condensed group G , and applying
Equations 4.1 to 4.6 we arrive at an equation in the condensed volume integrated fluxes which is
identical in form to Equation 3.2. With the leakage term on the right hand side of this condensed
group equation forced to have the same value in diffusion and transport theory, the statements made
in Section 3 regarding the preservation of volume integrated reaction rates apply equally well in the
condensed group structure.

5. SPATIAL CONDENSATION FROM TRANSPORT THEORY TO DIFFUSION THEORY

With the 1D transport solution available for a problem with considerable ‘detail in geometry we
consider a reduction in such detail as to reduce the complexity of the following 2D or 3D problem of
the more realistic reactor configuration. If the 1D problem is the Wigner--Seitz cell we could desire
the complete elimination of the cell spatial fine scale.

In Section 3 we noted that, if the diffusion net current were forced equal to the transport net
current at a sutface enclosing N adjacent uniform regions, then, unless N = 1, we could not guarantee
the preservation of volume integrated reaction rate, for any reaction, by the diffusion theory.

However if the N regions are smeared according to:
{nj  (n} :

3 E‘ Ztg Py
R LSS 5.1
8 by
(n) (n}
b Vif; g
— n
Vif, T T 5.2
. &
8
and (n) (n)
_ X 2g-g' P
o — 5.3
&8 - :
Py

$gbeing the integral of the flux over the total volume, then substitution in Equation 3.2 yields:
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With Ly and k forced to be the same in diffusion theory and transport theory, the g, equations (5.4)
are the same in both theories, Therefore the volume integrated fluxes are the same in both theorjes.
It follows that, provided a separate inhomogeneous diffusion theory calculation is made for each
smeared zone of the reactor, the volume integrated reaction rate for any reaction is preserved in
each group by the diffusion theory. The same is true in a condensed group structure if the cross
sections on the left of Equations 5.1 to 5.3 are condensed in similar fashion to Equations 4.4 to

4.6,

The aboveis valid itrespective of the diffusion coefficient, but a diffusion coefficient is
needed for the inhomogeneous calculation. A pos sibility is to weight the individual diffusion
coefficients DEé'}, obtained by fitting a diffusion flux to the transport flux within each uniform region
of the zone, according to:

{(n) , {n)
XDy dy
g = —T'-h .
Vg

D 5.5

Such a procedure is valid if the actual microscopic flux can be expressed as a product of a macro—
scopic flux with small buckling and a periodic fine scale flux. Applied to the complete Wigner—Seitz
cell, the procedure assumes in addition that the ratio of net current to flux gradient determined in the

cell calculation is maintained when the flux gradient is changed by the influence of the cell surroundings.
In the limit of a small cell, the diffusion coefficient should equal the reciprocal of three times the volume
averaged transport cross section. There is no guarantee that Equation 5.5 has-this limit.

Though a simple prescription such as Equation 5.5 is probably adequate when the smeared
region is a small part of the 1D problem it should be used with caution in the smearing of an entire
Wigner—Seitz cell. Better still the methods of Benoist (1959) or Leslie (1961) should be used for the
cell problem. -

6. FINITE DIFFERENCE DIF FUSION THEORY

In practice, the inhomogeneous diffusion theory calculation, discussed in Section 3, for
determining the boundary and interface conditions is made in finite difference diffusion theory, In
practice it is the discrete representation of the net current at the boundary which is equated to the
transport net current at the boundary. The right hand side of Equation 3.2 is the discrete representa—
tion of the current in diffusion theory. qb(él) in Equation 3.2 is the discrete representation of the volume
integrated flux in diffusion theory,

It follows that all statements made in Sections 3, 4, and 5 about the preservation of effective
multiplication constant, leakages, and volume integrated reaction rates are true, not in analytical
diffusion theory, but in the particular finite difference diffusion theory used for solution of the inhomo—
geneous diffusion theory problem. Of course, if the finite difference diffusion theory mesh is suffi—
ciently fine, analytical and finite difference diffusion theory are equivalent, but if a coarse mesh is
desired for the diffusion calculation of the realistic reactor configuration, the calculation will be
accurate if the same mesh is used in the inhomogeneous diffusion theory calculation.

For some problems the space coordinate of the 1D model does not correspond to any coordinate
of the more realistic reactor model. For example, the radial coordinate, in the cylindrical cell model of
a reactor with an array of partially inserted control rods, does not necessarily correspond to a natural

coordinate of the reactor.

For such problems the mesh in the inhomogeneous diffusion théory calculation cannot be the
same as that for the diffusion calculation of the more realistic reactor. For safety a fine mesh should
be used in the inhomogeneous diffusion theory calculation.
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For such problems the direct representation of regions which conform naturally to the 1D
model is not necessarily possible in the natural mesh geometry for realistic representation of the
complete reactor. A boundary perturbation theory had to be developed (Spinks 1963) to account
for the difference in the shape of a control rod and the shape of the mesh surfaces, Instead, in
representing, say, a cylindrical control rod in an XY mesh, it is suggested that the boundary con-
ditions on the diffusion flux be determined and then applied at a new surface suited to represent—
ation by the XY mesh, and located away from the control rod surface. The boundary conditions at
the new surface will dependon azimuth even though the conditions at the actual cylindrical control
rod surface are independent of azimuth. The boundary conditions at the new surface can be readily
determined from the solution of the inhomogeneous problem since this solution isavailable away
from the control rod susface,

7. THE DIFF CODE

The above methods of determining diffusion theory parameters from the results of transport
theory were incorporated in the code DIFF written in Fortran 4 for the IBM 7040, This code processes
the output tape resulting from a run of the transport code WDSN, Francescon (1963). The diffusion
theory parameters are produced in format suited to the diffusion code CRAM, Hassit (1962).

In its present form DIFF treats each uniform region separately in calculating the diffusion
coefficients by the method of Section 2 and in solving the inhomogeneous problem as in Section 3.
Thin interface regions are therefore required between each uniform region of the following CRAM
calculation. DIFF produces the dummy diffusion coefficients, Equation 3.9, taking 5, the thickness
of the interface region, equal to 0.0009999. The dummy diffusion coefficients can be negative.
Normally a negative diffusion coefficient is an indication to CRAM that the diffusion coefficient is
actually an internal boundary condition to be applied at the surface of the region. A modified version
of CRAM tests whether the thickness is not 0.0009999 before using the negative diffusion coefficient
in this fashion.

The thin interface regions can effect the convergence of the CRAM calculation when they
lie in the channel direction. Since no trouble has-been experienced with the thin regions lying
perpendicular to the channel direction, the trouble is thought to be due to the CRAM method of
solving for all groups in each channel before proceeding to the next channel. It seems likely that
the thin regions would have little effect on the convergence of a conventional code, such as CURE
{(Wachspress 1957), which solves for all space points in the particular energy group before proceeding
to the next group. :

The procedure of calculation in DIFF is as follows.
1. The WDSN tape is read.

2. The net currents are determined, in the cylindrical geometry, from neutron balance by
starting at the axis and calculating outwards,

3. The fluxes and currents are normalised so that the total neutron loss, absorption plus
external leakage, equals unity.

4. A table summarising the WDSN calculation is printed. For each uniform region and in
each group the code prints the volume integrated flux, the surface integrated current,
and the buckling :

Bz = 33 surface integrated current in group g
g 'g " Yolume integrated flux in group g

The buckling could be used in a group dependent buckling iteration between WDSN and
a spectrum code, such as GYMEA, (Pollard and Robinson 1966), which calculates a
leakage from Bg2 qf)g/3 Ztg .

5. DIFF prints the net currents in each group crossing each mesh surface.
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11.
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From a condensed group structure specified by the user, the code condenses the
fission spectrum according to Equation 4.3, the transport flux and net current
according to Equations 4.1 and 4.2, and the multigroup cross sections according
to Equations 4.4 to 4.6,

The diffusion coefficient, in each condensed group and in each uniform region, is
determined by fitting a diffusion flux to the condensed transport flux using the
method of Section 2. The fit is made separately for each uniform region; that is,

‘N =1 in the method of Section 2.

The user may specify certain zones of the WDSN problem in which the uniform
regions within each zone are to be smeared for the following CRAM calculation.
The smeared diffusion coefficients and cross sections (including the total cross
section) are calculated by weighting with the volume integrated transpore flux in
each uniform region of the zone to be smeared; that is, the condensed group
versions of Equations 5. 1 5.2, 5.3, and’ 5 5 are used.

The above ‘selected zones will be called smeared zones even if the zone contains

a single uniform region.

As an option to the calculation of the diffusion coefficient by steps 7 and 8, the
diffusion coefficient can be set to 1/3 % where 2; is the total cross section
calculated in step 8. The option'is zone dependent.

A discrete form of the condensed multigroup diffusion equation is solved separately
in each smeared zone with the exact transport currents as fixed quantities at the
inner and outer boundaries of the zone and with the exact transport multiplication
constant as a fixed multiplying factor. The boundary conditions, obtained from the
solution, will force the finite difference diffusion theory to reproduce exactly the
transport values of boundary currents, muItiphcatmn constant and zone integrated,
condensed group dependent reaction rates.

The discrete form of the diffusion:equation is obtained by integrating over the mesh
volume as in CRAM The mesh itself can be specified or taken equai to' the WDSN
mesh.

Convergence of the source iteration technique is achieved not quite by the method
of Appendix . In the case of a uniform region the error mode comesponding to the

" largest eigenvalue of the iterating matrix is the only mode which can diverge (See

Appendix 1). Furthermore, for a uniform region, this error mode is spatially flat.
Divergence is prevented by adding a constant to the group flux, after solution in the
group, so asto equate the volume integrated diffusion flux to the volume integrated
transport flux,

The inhomogeneous problem is solvedin a subroutine which is also called DIFF.
The user can spec1fy a prmt after each group solunon of the diffusion flux, but
this is optional, :

After solution of the inhomogeéneousproblem in a particular zZone the code prints out?

a. The error in the diffusion flux. For each condensed group this is:

Vo J(ty- 17 d
3 ¢ av

the 1ntegrat1ons bemg over the volume of the zone.

b. All transport and diffusion fluxes for the zone.
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¢. The CRAM boundary conditions, by condensed group, at the inside and
outside boundaries of the zone. The boundary condition is the net current

crossing the boundary and directed our of the zone divided by the flux at
the particular boundatry,

d. The condensed multigroup data for the particular zone.

12. The condensed multigroup data, for each zone, and the dummy interface region data
are punched in format suited to CRAM. The code also prints the dummy diffusion
cocfficients for each interface region.

13. Finally DIFF prints and punches the condensed fission spectrum.

The user can choose the position of a CRAM internal boundary surface after running DIFF,
CRAM permits internal boundary conditions to be specified in some groups while calculating the
region as a diffusing region in other groups. This feature is used by patching the multigroup data
from DIFF, for the particular region, to accord with the boundary condition printed by DIFF.

Appendix 2 is a listing of the source deck of DIFF and its subroutine. The input require—
ments are detailed in this appendix.

Projected changes for DIFF are:
a. The provision of slab and spherical as well as cylindrical geometry,

b. N not necessarily unity in applying the methods of Sections2 and 3.
With this feature included, the application of the flux discontinuity
condition, by the user, will be optional.

c¢. The calculation of the position dependent boundary conditions at a new
surface, see Section 6, a surface which does not correspond in shape to
the mesh surfaces of the problem but which does correspond to the mesh
of the following CRAM problem. It is envisaged that the new surface
will be specified by reading the complete CRAM geometry into DIFF.
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APPENDIX 1

SOLUTION OF THE INHOMOGENEOUS DIFFUSION THEORY PROBLEM

 The conventional souice iteration technique for solving the discrete represéntation of the
multigroup diffusion equations can diverge for our inhomogeneous problem. The technique can be
modified to yield the solution.
Consider the matrix equation;
ng 1 Egm 1
Mg ¢y - ol Tgg % & g1 Fglog®g "Sg + 87 ltogm, Al

for the vector of fluxes ¢g in group g. The equation results from a discrete tepresentation, such
as is used by Hassitt (1962), of the diffusion equation. The matrices are of order p, the number
of discrete space points. The matrix My contains the diffusion coefficient, removal cross section
and mesh geometry. In our 1D geometry Mg is tridiagonal. The matfices Tg'.g and Fpl..p are
due to scattering and fission respectwely Sg , the external source vector, has non—zero entnes
at boundary mesh points only. k'is fixed at the transport theoty value,

The gy equations can be cast into . = g - p order matrix form:
qu:Tqb-:-i_,qu)--irS, A2

where M is block diagonal, the blocks being the individual Mg;s
The solution is, formally:
)
¢ - (M_—-T--%-F) s . A3

but the matrix is generally far too large to beinverted directly. The inversion of M—T is not so
difficult but if T contains upscatter components an iterative process is needed. It can be shown
(Spmks 1967 b), that this inner 1terat10n will converge,

The conventional source ite:ation technique s

The process converges if the eigenvalues of (MHT)"{F are less than k in absolute valﬁe. In other
words, for convergence:

o - to o Lros ’s
must solve to give | A;{ < k for all eigenvalues A;.

Recognising that Equation A.5 describes the reactor with zero net current at the boundary
and that the largest A is the effective multiplication constant of the reactor with zero net current
at the boundary we see that the iteration diverges if the multiplicarion constant of the reactor with 7
zero net current at the boundary is greater than the multiplication constant of the actual reactor.

If the actual net current at the boundary is directed outwards, as at a vacuum boundary, the
multiplication constant of the actual reacror will be less than the multiplication constant of the
reactor with zero net current at the boundary and the process will diverge.

If the inhomogeneous problem involves a single non—-fissile region, which could be the case
if the inhomogeneous solution is evaluated sepatately for each uniform region, then F = 0 and the
solution is obtained directly.

If the inhomogeneous problem involves a single uniform fissile region then the multiplication
constant of the fissile region with zero net current equals ky for that region. Thére must ' be at least
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one such uniform fissile region where ko, > k. Hence if the solution to the inhomogeneous problem
is sought separately in each uniform region of the reactor then, in at least one such region, the
iterative technique will diverge.

For the supercritical reactor we expand the error of the initial guess in the eigenvectors
xj of X = (M=T)~!F, Thus:

y .
¢(0) = o +_21 a; x; A6
I:
After t iterations:
L/
qﬁ(t) =g + X (—I-) L S A7
i=1 k

If the eigenvalues are ordered such that |Aq| > |Ag| > | Ag| , etc., then for sufficiently large t:
t

(t-1) )
M ¢(t) . A-.S

[¢(®), lt) ]

0!.1 X 1=

%1 x1 could now be deducted from qb(o_). The initial guess for a further iteration cycle would be:
- L
P+ 2 A;xp . 4.9
1=2

The process could be repeated until all error components corresponding to eigenvalues I?\i| >k are
eliminated.

The above method has the disadvantage that round—off errors can accumulate. Though, at
the stage of Equation A.8 ¢(t) is paralle] to x1, round—off would cause the two sides of the equation
to differ. The round—off error defect is removed by using the shape of x; to modify the matrix X for
the next iteration cycle.

Let x,,i be the first element of eigenvector x;. Let r1 be the row vector identical to the
first row of X. Forming the matrix:

XD x- 2L A.10

X1,1

we find that all the first row elements are zero and that:

A N N - I | A.11
i®i
where:
D= XL X A.12
X1, X1,i
(1)
Note also that x5 = 0.
The original equation:
¢ = LxprM-T)'s, A3

k

can be written, using Equation A.10,
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(1} Xll'qu}

= L Tyt

o m X ¢+ K=, + (M-T) S, A.l4
or

b = - T2P1) o xa A.15

)\1—1{ X1,1 ’ .
where:
-1
(1 -1
by, = [1-.&. X )] (M=T) § . A.16

To determine ¢y we use the process:

(c+1 (v (B -1
€ kl X ¢, + (M=T) S, A.17

We seek ¢4 in the same manner as we sought ¢ except that we iterate with the matrix X(l)'instead of
with X. Since X ' has all zeros in the first row we are effectively iterating with the reduced matrix
obtained by deleting the first row and first column from X'°'. This reduced matrix has eigenvalues Aj,
i =2toL. The process will converge if |Az| < k. Otherwise the process will diverge to the vector:

X1 Xo

ot
NON e A.18

In the case of divergence we use xtgl) to modify XM X in the same fashion as X was

modified to- X(l) . Thus:
(1 (D
Xo Io

£2) (1)
(1) !

X = X A.19

(y, . . . . (1)
ts being the row vector identical to the second row, that is, the first non—zero row, of X .

. 1 . . .. 2y , .
Note that, since X(Q:’ has zero in the first position, X ° will have all zeros in the first two rows.
In addition:

X2 - o, i3, A.20
where:
" RUNNE
2
X wm A2t

xz2.2 Xg

. . . . 2 ..
_ @1 can be expressed in terms of a vector ¢, obtained by iterating with the matrix X( ) In similat
fashion to the derivation of Equations A.15 and A.17, we find:

(1) (1}

451 = b, _(1'2 2)_ Xg , A.22
ho—k X(;),z
with ¢, determined from:
Fx 2 ) -1
0L L4 s warts A.23
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Since X(z)has all zeros in the first two rows we are cffectively ite,iating with the redueced matrix
formed by Jdeleting the first two rows and first two columns from X', This reduced matrix has
eigenvalues Aj , i =3 to L. The process will converge if jAa] < k.

. Lo . . (1: J(2) ' .

In practice it is awkward to form explicitly the matrices X ', X, etc. We prefer to continue
iterating with X. This can be done if (M—T) " S Is found separatcly in an initjal iteration. (Set T
to zero for this initial iteration). If, at the stage of Equation A.23 we form X ¢4’ instead of N 2 qf‘.(g)
then the following steps will recover the latter vector.

. A . ity .

(a) Obtain Y "¢ ' by deducting, from X ¢¢5 , a vector proportional to x1, so as o make

the first element zero. For proof, postmultiply Equation A.10 through by @5 7.

RIS : (1) ' : D

(b) Obrain X ¢35 by deducting, from X “p: | a vector proportional to x so as to

make the second element zero. For proof, postmultiply Equation A.19 through by

Tz .

- . () . . . L1) .

The guantity (ru 5} in Equarion A.22 is the second element of X ¢p obtained from step (a) above

after convergence,

Of importance is the number of eigenvalues of the matrix ¥ of modulus greater than k .
As mentioned above the eigenvalues are those of the homogeneous equation with the boundary
condition of zero net current.

A corresponds to the cigenvector x1 , which has the same sign through all space and
enetgy. A, corresponds to the eigenvector which changes sign in space or to the eigenvector

which changes sign in energy. Generally the magnitude of the eigenvalue corresponding to the
eigenvector with a change of sign in encrgy is a good deal less than A, . It is possible, for

regions of large dimension, for the magnitude of the eigenvalue corresponding to the eigenvector
with a change of sign in space, to be quite close to Ay . We therefore consider A5 as being the
eigenvalue corresponding to the eigenvector with a change of sign in space.

If the region under consideration is a uniform slab, the zero point of the eigenvector xa2
occurs at the centre planeof the slab. Remembering that xo has zero slope at the boundaties
we sec, by reflecting the eigenvector at the boundary, that Az = kjape , the multiplication constant
of the slab with zero flux as the boundary condition. It follows that A < k, since the multiplication
constant of the reactor must exceed that of any portion with zero flux as the boundary condition.

If the region under consideration is a slab reactor symmetrical about the centre plane with
a fissile region thickness T, reflected at both sides by a thickness T, we see, by reflecting the

eigenvector x» at the outer boundaries, that Ay = k. , the multiplication constant of the “‘inside~
out’” reactor with an inner reflector of thickness 2T, outer fissile regions of thickness T1/2 at both
sides. and zero flux as the condition at the outer boundary of the fissile regions. Since the fissile
regions have been shifted to positions of lower importance we see again that A, < k. Conversely

il the problem has an inner reflector region we could obtain the result A, > k , but this would not

be a likely situation. .

If the region under consideration is a uniform cylindrical or spherical annulus it can be
shown that A, < kpare » the multiplication constant of the annulus with zero flux ac the boundaries.
Of course Ay —kpare a5 the curvature of the region decrecases. Again we see that Ao, < k.

To summarise, in most practical situations only A can be greater than k . In the important
case where only uniform regions are considered in the inhomogeneous problem the second eigenvalue
is never greater than k . In some rather odd situations involving both fissile and non—fissile regions
the second eigenvalue can be greater than k
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