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Summary

The equations of elasticity are used to determine the axially symmetric
thermo—elastic stresses .and displacements for an anisotropic cylinder with elastic
symmetry under conditions of plane strain.
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L INTRODUCTION

1.1 To estimate elastic stresses due to non—uniform tempetrature distribution in nuclear
reactor fuel elements, the condition of plane strain is assumed and the conventional formulae
involving the quantity & E/(1~ o) are applied, Here @ is the coefficient of linear expansion,

L is Young's Modulus and o is Poisson's Ratio. However, these formulae are correct only for
isotropic material, and it is to be expected that many fuel element materials will exhibit different
elastic and thermal expansion propetties in the axial and radial directions, The object of this note
is to derive the correct combination of constants for use with such materials,

2. THEORY

2.1 In the absence of body forces the equation of equilibrium in terms of the radial and
tangential stress components r and 68 g1~
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It follows that this is satisfied if the stresses are derived from a stress function ¢ i.e.,
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tr = ¢fr; 88 =-0g
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2,2 1f the'radial displacement at radius r is u, then the strains are:—

€ =70u ;e = u
of 8¢ T
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which implies that the strains must satisfy the compatibility equation:—

-~ egg + €60 — €rr = o
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If now the strins can be expressed in terms of the stresses, the compatibility equation will lead to a
differential equation for pwhose solution, satisfying the correct boundary conditions, will yield the
stress components it and 6,

2,3 The generalized Hooke's Law involves 21 elastic constants, For anisotropic material
with an axis of symmetry the number reduces to 5. For an axially symmetric stress distribution
independent of z only 4 of these are required as the shear stresses and strains in cylindrical co—
ordinates are zeto. Love (1) has given the form of the Strain Lnergy function W uhder these conditions,
referced to Cartesian co~ordinates, Transforming to cylindrical co—ordinates

W = Aley? t egg2) + Cley,2) + 2We,, (e + egg)

+ AA-2N) err gy

As the stress components are the derivatives of W with respect to the corresponding strain components,
the stress—strain relations are:—
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Solving the system of equations gives:—
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2.4 The radial and .axial Young’s Moduli and Poisson's Ratios can now be interpreted
as follows. Considering only the plane normal to the z axis, it is obvious that

Ey =  4N(AC-NC-F 2) /(AC—F2)
~op By = (AC-INC-F2) / 4N(AC~NC-F2)
O = (AC-INC-F2) / (AC-F2)

It is also abvious that E; = (AC-NC-F?) /(A-N)

: m = .
Since it would be expected that e, would contain a term —o; (kc + ég) /Ey , then o, can be
interpreted asi—

oy, = 2NF /(AC-F2)
From the symmetry of the stress—strain relations e and.egg must both contain terms —o,, 2 /E;
representing lateral contraction due to axial stress. This point.should be noted as it seems natural

to assume that the correct expression would be — o g2/ E,

2.5 The stress—strain telations can now.be summarized asi~
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The total strains due.to heating, with the temperature T as a function only of the radius, can now be
weitten in full, '

e = (i‘? - O’Eé—é — g’)/Er tuT
€gp = (60— ff — 0y ix)/Er ¥ O T
exz = (52— op(R + 88 Ex/E)/B, *+ 5T = const,
there-dr and ¢, are the radial and axial coefficients of expansion. Thus,
€ T(d.; + 0,0, Ex/E;)— Oy ez Ex/Er + fr (- 0y 2E,/Ep)Ey + 6(13(0} + 0y 2E2/Eplts

~
egg= T(Ur + LT O Ez/Er)"'GZ Czz Ez/Er-+ Q(Or + ozzEz/Er)/Er +'98(1"O—22 Ez/Er)/Ex



Substituting into the compatibility equation and using the stress function ¢gives the equation:~
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The quantity in brackets, denoted by K reduces to ¢ E/(1 —~ O) for isotropic materials.

2.6 The stresses, therefore, take the usual form:—
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the effect of anistropy being incorporated inh the quantity K,

2.7 To complete the analysis it is desitable to have explicit formulae for the displacement u
as this function -will be required for satisfying boundaty conditions in the analysis of concentric tubes,
From the equations.already given, strains can be expressed in tetms of stresses and the elastic constants,

(')/- S)Q = Eelverr + Segg)/(l +Oi‘) "l'Ez O, ewr —(Ep OL,_.+ a, iy G'Z) T
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§ % o +0x2 Ez/E;
Exptessing strains in terms of u and using the equation of equilibrium, gives:—
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Thus,

u‘Kl_i;gL_Lfr Tede+D, 1+ Dy
E; "o

2,8 The constants C, C2 D, and D are not independent, the stress—strain relations
showing that:— !

('y— S)C' = Dl Er/z + Ez GZ €y

(1+ 0)Cz = D2 Er

The constant strain e, is determined by the conditions of constraint in the axial direction.
For zero constraint, i.e., zero resultant axial load,

C
r A 1-0,2E,/E, A



3. CONCLUSION

3.1 Formulae for thermal stress in long isotropic cylinders can be applied to anistropic
material by replacing E 0/ (1-6) by (E; ¢ + 0z &, d3)/(1-6,2 Ez/E;). The interpretation of
the radial and axial Poisson’s Ratios is not straig;i:ltforward, but in practice, this can be overcome
by working in terms of the undefined quantities which are equal to 0,/ E; and O, /E;.
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