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ABSTRACT
The statistical distribution of a product of variables which have a
Gaussian distribution is investigated. These distributions are found to be
given, in general, by special functions. BExpansions for these functions for
small values of the variable and their asymptotic behaviour are derived. The
functions are tabulated for products of up to seven variates.

Some simple
integrals related to the functions are given.
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1. INTRODUCTION

In many physical theories of random motion and in the theory of error
distributions in experimental measurements, one encounters a class of
functions which represents those statistical distribution functions obtained
for the product of a fixed number of variates, each of which has a normal
distribution with zero mean. These functions deo not appear to have been the
subject of general investigation in the literature, though they form a
special case of the Meijer (1936) G-function.

Expansions valid in the vicinity of the origin and asymptotic expansions
for large values of the variable are derived and shown to be adequate for
computing the distribution of products of up to seven variates. BAn integral
relation between the functions is given and permits an alternative means of
computing the functions. The usefulness of these functions is shown by
expressing a number of hithertc unevaluated integrals in terms of these
functions. The way in which these functions arise in the theory or error
distributions is demonstrated. Finally, the functions and the coefficients
of fhe series expansions are tabulated.

2. DERIVATION OF FUNCTION

Consider a set of n characteristic probability distribution functions

for a set of n independent variables, X, of the form

@, o, xia
P, (x.}) =¥ — e - ooy, <o eee (1)
1 L Ll 1

which represents a normal distribution of zero mean and variance 1/2ai. It
is readily shown, for the purpose of simplifying the following arguments,
that results pertaining to Eguation (1) can be derived from the distribution

2

o, —ui xi
P, (x;) =2 — e 0 <x, < |, vee(2)
i i n i
Let u be defined by
n
u = I x : A )

We require the characteristic probability distribution function for u.

Let

(i) w= log u ; (ii) yi = log xi ... (4)
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n
w izlyi . .--{5)
A well known theorem of statistics (Cramer 1945) states that the

characteristic function of a sum of independent variables is eqqal to the
product of the characteristic functions of the terms. Removing all degrees
of freedom except u from the joint distribution obtained by applying this
theorem to Equations (5) and (2), we obtain, after integrating over all

degrees of freedom except w, the joint distribution function

n Y oo o
2 n
P (W) =(ﬁ) Ta,. / / dyy...dy . X
i=1 /

-0

n-1
n-1 2¥.

XeXPi-E o, e ' -a o2 ‘_EIYi) t ' ...(6)
i=1

or in terms of the original variables

n-1 n-1 an u
X] @I a,x, exp 3 -I o, x> - -—————-} . veo(7)
\ il ] ivi
i=1 =] n-1
n x2
- i

One can see, from a change of variables in Equation (7), that no generality
is lost by putting all ai equal to unity. We therefore define the function

Cn(x) by the multiple integral

[+4] [++]
2 n n-1
Cn(u) = /i-) .o dx1"'dxn*1x .eri X
0 1=1

0

n-1 n-1
} » -l-(8)

X exp i - x% - w2/ 1 xi
i=1 i=1



If Equation (8) is multiplied on both sides by the function

2 2,2
fa o VA
and the equation integrated over the range 0 < u < %, then with u = X, one

finds by comparing with Equation (8) that the result is Cn+1(v), i.e.

t

_ 2. ® du —vz/u2
Cn+1(v) = /%'Jé/ﬁ o e Cn(u) . .- {9)

Equation (9) is an integral recurrence relation for the functions.

3. DIFFERENTIAL EQUATION

From Equation (9) we obtain

m o0 2,2 m
a - dy ~x"/y° (4
(x dx) Cnﬂ(x) = '0/ Y e (y dy) Cn(y)

m=0,1, 2 ...... ... (10}
. a.m
go that any linear superposition of the functions (x E;J Cn(x) obeys

RIS

Eguation (9). Puttingm=n + 1, we find

n+l L 2, 9 n
-.q_ = - 2 -X /y -3 _,g_
( dx) cn+1(x) = =2x [ dy e ¥ (y dy) Cn(y),

«++(11)
after integrating by parts. It can now be proved by induction that Cn(x)

satigfies the nth order differential equation
d n n _2
( ax—) Cn(x) - (=2) x Cn(x) =0 . ... (12)
Suppose we put
a\" 2 '
(y a‘;) Cn(y) = an v Cn(y) eas(13)

in the integrand of Equation (11). This immediately yields from Equation (9)

a n+1 »
( E;) Cn+1(x) = —2an X Cn+1(x) . vre (14}

2 -x°
But for n = 1, C1 = Jr e ’

4 = —9y2
X 35 Cl(x) = -2X Cl(x)
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and therefore a,; = -2. Comparing Equation (13) with Equation (14} gives an+1
=-2an,which yields a = (-2)n, thus proving that Equation (12) is satisfied
for all n.

The Meijer G-function (Erdelyi et al. 1953a) satisfies the differential

eguation
— P q
PP, Tl oa v1)- 0 (z2-b) y=0 ...a%
dz 3j dz J
j=1 j=1
a
where y = ™ {z br .
Pd r

Substituting x? = z in Equation (12) we find that the G-function

m (N-m)

= Goy (x*|lo, 0,), 0<m<N, ...{16)

is a soiution where, to avoid confusion with standard notation, we use N to
indicate the order of Eguation {(12). It will be shown from the integral
representation of the G-function that Equation (16) is also the solution
given by CN(x). Since (Erdelyi et al. 1953a) p<q in the above case, the only
singularities are x = 0, =,

The solution to Equation (12), which is analytic at the origin, is found,
from the standard Frobenius method, to be

(=n™ x*m

B (x) =2 z —_— wee (17)
n =g (T (m+1) )"

where zn is a normalisation constant to be determined.

If instead of Equation (12) we consider the equation

d 1 n n _»
=) Y- (2v}" + (=2) " x")y=0 , «..(18)

then the behaviour of the solution near the origin is given by

] v
mn X2 mnt2

B (%) = = Z (-1 —_— . «es(19)
n,v D =0 [T (m+v+1) 12

From the solutions Equation (19), it will be shown that expansions for Cn(x)

applicable near the origin can he generated.



4, MELLIN TRANSFORM

It is customary in statistics (Cramer 1945) to define a moment generating
function as the one-sided Laplace transform of the probability distribution.
In the case of the distributions (Cramer 1945), this is not convenient as some
theorems pertaining to the moment generating functions for the distributions
of sums of random variables do not hold. Instead we use the Mellin transform

{(Erdelyi et al. 1954),

o0
g (s) = f c, (x) x5! ax ... (20)
0

as the definition of a moment generating function. This is essentially the
two-sided Laplace transform of the distribution of w in Equation (6). It

follows from Equations (3), (4) and (5) that in evaluating Equation (20)

2 n oo 2] [.+]
gn(s) (/'r-r_) L dy e _/m‘ =/w‘ dyl..dyn_1 X

n-1
n-1 oy. 2{ly - £ ¥.)
X exp ’- I e T-e i=1 * . c..(21)
i=1
n-1
By changing the variable from y to Y, =Y - X Y;r we find
i=1
2 \" *® Y1 2Y, n n
gn(s) =\/= i dy, e exp {- e = [gl(s)] . aea{22)

Therefore, the moment generating function for the joint distribution of n
variables is the nth power of the moment generating function for each
distribution. The C-function is obtained by inverting the Mellin transform

(Exrdelyi et al. 1954) using Equation (22).

Cc+ico - 1 c+icw
Cn(x) = = gn(s) X ds = a1

5T fg,()1" x™° as .
c=i® c=-io '

ee.{23)

The definition Equation (2) gives the transform

-1
g, (s) = (Vm ) T(s/2) ... (24)



and accordingly
i i

-1 .
‘E‘ 1 ct+lioo s It -s
Cn(x) m Sni ' [P('Z")] X ds . ... (25)
Cc=100

The gamma function in the integrand contains poles along the negative real
axis at zero and negative even integers. The contour is chosen so that the
line from c-i® to ct+i® is to the right of all singularities and is, there-
fore, in the right half-plane where x % is analytic everywhere. The simplest
contour is a semicircle with the straight side given by the above line,

which curves almost to the negative real axis, then loops back around the
origin to exclude all of the poles. In the limit that the semicircle radius
tends to infinity, and the loop sides tend to the negative axis, the only
non-zero contribution to Equation (25) comes from the residues at the poles.

The integral has the form

n-1 f(z)
1=§}—.~ £z 4, - ( 11“ [d ~ aF_ ] , ... (26)
Ti Fn(z) n an 1 az

F=20

where the zeros in F correspond to the poles in the gamma function. Using

the relation (Erdelyi et al. 1953b)

F(z) T(l-z) = m cosec (mz) el (27
and letting the poles be at §-= -m, we evaluate the residues by substituting
S = -mv; h= -T@-%2)sin (5D = Tmrv+l) rsin ((mrv) 7 .
-..(28)
This gives, from Equations (26) and (25), F(S/z) = -n/h,
ﬂ—% © n=1 x2m+2\) .
€l = o * el (=m
" m=p (dh ds h=0
n
2

r

-1 [++] - i
2™t T (n-l) p® [ 3 Jpa-p-1) omtav)
(n-1)! m=0 p=0



(n) .-]-__ . _d-n
D =(_<E dv . -..(29)
dv

Using the expansion (29) we find

o0
; mx2m _ -g. _x2
Cl(x) = Jr L (=1 -1'?11— = Jr e r .. (30)
m=Q
- ot 2m it 2m
Colx) = é-ln x L = + %- L ¥{mtl) = '
m=0 (m!)? m=0 {m1)?
= 4
= = Ko (2x) .. (31D
in which
a mfa
P(m+l) = I (T m))) = & (=} -y
p=1 ¥

and v is Euler's constant.
This is the well-known logarithmic derivative of the gamma function, and
Ko is the associated Bessel function. The higher order functions cannot be

expressed in terms of known functions. For example

*® -13y™ .2m
T 3
m=0 (m!)
- g 3™ WmD o 2m
L m=0 (my)
et 2 _ - 2m
+ L (-1n™ (__M 3, -;L?) X } . « 0. (32}
m=0 w3 (m!) 3
¢ (x) = - —5—-{ x [8(2nx)3 ~48 (4nx)2 Y+
L 2
3w m=0

+ fnx (969% - 249~ + 8 72) + (-649° + 48yyp~ -

2m
- 4p”” - 16 wzw)] X } , ... {33)

()™



where

o [ad; w(z+1)] i

Z=n

The formulae became unwieldy for n )4 and, therefore, we sought a convenient
means of extending the representation of the function in terms of the regular
solution {(17). We let

z = -2(-n" 2 ... (34)

After some tedious manipulation and comparison we find that the functions

can be evaluated from the operations,

2i n-1

C (x) = I a
e

n V>0 =0 P

&

B (x) , ... (35)
dvp

n,v

where the aP are to be determined. One can show by evaluating the expansion

(29) and comparing with the form (35) that in operational notation

c; 0 = 8°B) ()

Cy(x) = &'By(x)

Ca(x) = (8% + 128" By (x)

Cu(x) = (6% + an®8') B, (x)

Cs(x) = (8% + 10m28% + on*8®) B_(x)

Ce(x) = (8° + 20m*8°% + 64n*$l) B (x)

C,(x) = (8% + 35m%6" + 250m*8% + 2257°8°) B, (x)

Cglx) = (87 + 56m?8® + 784m*83 + 23047%6)) B, (x) .+ (36)
where &F = ﬁi? ;%; ¢ B, =B ., -

It was not possible to find the general coefficient a_ for one can see,from
Equation (16), that these are related to the coefficients of the derivatives
obtained in inverting an ordinary Taylor expansion. A general expression
for the latter has not been derived. The convergence of these series from

the point of view of evaluation improves as n increases, owing to the



9

increasing powers of factorials in the denominators.
To obtain the general form for the series expansion we note from

Equation (29} that the formal operations lead to

n/2 o0 n . ,

c = (DM __ g 2N g féj)(ZEnx)n J
{n-1) ! m=0 j=1

where
\ 3 n+g-j-1
(3 q-1 )
= I . -
T 5 ma B ( a1 (37)

wj is the coefficient in the expansion of

n-1 n-1 .
[1/%%] = % w ptd
=1
where

= (@) (r-q)
p'f = I (r) p(@ g(r-a

g=0 \1

- 4 4/8h @ _ 4 ,.a-1!

P = av (l/d\?)' P av {p ) .

Tables of féj) are given in Appendix A.

5. ASYMPTOTIC BEHAVIQUR

The asymptotic series of Cn(x) for large x proved difficult to obtain
from the integral relation (9). We indicate the asymptotic form for large x
by noting from the differential Equation {12) that a permissible solution for

large x is

Cn(x) =a X e .0 (38)

which will become evident from the proof following. ah, v, L and A are

constants to be determined. Taking the integral relation (9) and substituting
w = 1y,

A+ 02) <.+ (39)

o]
fl
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we obtain a form suitable for using the saddle-point method (Copson 1946)

x-zv/(l+2)

2
Cn+1(X) “Vr %n X

X / exp {— 2P (1w + p w")} w'law . ... (40)
0

The turning point in the exponent of the integrand occurs when

W= w = (2/A) 17(+2) ...(41)

ﬁme&ueneﬂmbmm%so<w<wwaMw0<w<W,wemMHmhmw

the integral by 2. Let

t = 1/w® + H w)\ - (l/wﬁ + U wy) .o (42)

WA W (1 + A) R ... (43)

the second equation denoting that A is small near the saddle-point. Expanding

t about the saddle point we find that in its vicinity
tm A% (A + 2) /)
A~y 4V + 2 ee . (44)

and, therefore, by the saddle-point method

0a L1Zv o (A+2v)
““n 2 A2 A+2
Cory ¥ = A=Y 2(Au) x X
" A

- —— )\+2
_ .w2p 2 A42 2
X exp X (—}m ) + u (—lu) ]} . ... (45)

Making use of the known functions Cl(x) and Cz(x) and their asymptotic

behaviour, we find by inspection that

N (n+1)/2  (1-n)/n —nx2/™

Cn(x) = b4 e ;X .o {46)

It
B
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is the appropriate asymptotic limit, where

Aw = 2, for all n,
A = 2/n, u=mn,

v = ({l=-n)/n, and
a = 5 (n+1)/2 7 fan

All of the functions Cn(x) behave in this way.
The asymptotic behaviour in Equation (46) does not allow one to compute
Cn(x) to sufficiently small values of x that the series (37) becomes useful.

To permit this we postulate an asymptotic form

n+1
2 ® b
a =2 {1~n)/n -y r ' ee {4
Cn(x) Sl s x e I ”
r=0 y
where Y =n x2/n.

Changing the variable to y in the differential Equation (12) we get

a.n n._n _
{(y @) - (-1 ¥y }cn(y) = 0 . ...(48)
Let
- vk -¥
C.y) =y e” S (v ... (49)
" b(n)
s = T, w1, k=L, .+« (50)
n r=0 yr

The sum in Equation (50} then has to satisfy the eguation

20 (e8] 6 )68 )] -

T T T R s,y =0 , ...(51)

where k = (n-1)/2 as above.
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This vields the form

n a \*P
r d (y ——) S (v} = 0, eea{52)
p=0 P [ & "
where d0 = 1
p+l
= P [n 1 >
dp (-1) (p) z asg Y (n >p>1)
=1
n
n 2-1
and dn = (-1) 151 ane ¥ .

(n)
r
which we equate coefficients of powers of y after substituting for Sn(y) in

The values of b may be obtained by the usual Frobenius method in
Equation (52). We did not succeed in finding a general form for the a  and
these must first be evaluated by deriving the differential Equation (52) for
each value of n.

This procedure yields the following series

1 .1 T (%+k)
S.(y) = I — T whr o Y = 2% g --.{53a)
2 kmg g% k! T (A-k)
Ss(y) = 1—~3Tl— 2 14 S
Y 9y?  g1y?
(3) _ _ 1 2_ (3) _ (3)
br = 3r[ { {r-2) (r‘-r+l) +l} br-z + {3r(r 1) +l} br—l] ‘
y = 7%, ...(53b)
5 65 1 861 1
S, (¥) =1l -got o o g =
"
8y 128 Yz 3072 ya
") o _ 2[4, S + Y 4 2.8l )
b o= 4r[{(r 3) (=3 (r +o) 2]+16} b, 3+
+ {{r—Z) (4r? - 4r+5) + 5} bt 4 {Gr(r—l) + -5-}1;(‘”] )
r-2 2 r-1
y = ax'/? F .. (53c)
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1 21 28 _ 1 .
Sgly) =1 -2+ —-¢—-+" '
5 5 10
y? v? A
bi5) - - §%’[ i ){(r—4)[(r—4)-%r—4)(r2+2r+16) + ao} +

+ 80] +32} + béi;{S(r-3) [(x~3) (£®+5) +15] + 31} +

+ (5){(r—2)[2r(r—l) +3] +3} +5b( ){Zr(r-l) +1}] ]

y = 5x2/° 7 ... (53d)
35 .1, 2065 , 1 . 57337 . 1 _
Sely) = 1 =og " oY 1zs T 2 tezoar T
y y
_ 7.39095  26.2300
I
y* y°®

pl8 - - L (6){15(r 1)2 + 15(r-D+ 22V 4 b(s) 20(r-2) 3
r 6r r- 4
+ 60(z-2)2 + 75(x-2) +35} +pl%) {15(r-3)“ +90(r-3) % + 22 (r-3)2 4
+ i%é (r-3) + 1121} + b(s) {6(r—4)5 + 60(r-4)" + 245(r-4)3
+ 510(r-4)2 + ﬂ%fé-( -4) + 2%;} + b(sé {(r—S)5 + 15(r-5)5

375 625 53 4 9375 .2, 9375 15625
+ 12 (-5 (£-5)° + 222 (r-5)2 + B o5y 4 138 }] ]
y =ex’? ...(53e)
G m1-Zedo 16 MBS ey

Y 4 Y Y yE
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(1) _ 1 2 _ (7)
br = 71'[{21(r 1)° + 21{xr-1) + 14}-br_1

+ {35(r—2)3 + 105(r-2)% + 140(x-2) + 70}1”,(:5)2

+ {35(r—3)" + 210(r-3)? + 525(r-3)2 + 630(r-3) + 301} b(7)

r-3
+ {21(r—4)5 + 210(x-4) + 875(r-4)°% + 1890(r-4)? +
(7)
+ 2107(r-4) + 966% b
r-4
+ {7(r*5)6 + 105(r-5)° + 665({r-5)" + 2275(r-5)3 +

+ 4431(r-5)2 + 4655(x-5) + 2059} p{7)
+ {(r-6)7 + 21(r-6)°% + 189(r-6)° + 945(r-6)* +

+ 2835(r-6) % + 5103{r-6)2 + 5103 (r-6)

{7)
+ 2187} br_s] . ...(536)

(n)
J
6. INTEGRALS YIELDING C~FUNCTIONS

The values for b for n € 7 are given in Appendix B.

Quite a number of fairly common integrals can be expressed in terms of

C-functions. For example, by the double application of Equation (9) we find

2\ “ & ® a

W u
C(x)=()/ —_ — X

+ v
n+2 m o w A u
X exp {- 5;— - ual}c (w) (54)
" 2 A . -

Making use of the standard form (Gradshteyn & Ryzkik 1965)

f =771 exp {- gxf - Yxhp} ax
0

vV

2p
_ 2y
=3 (B) K(g) (2 #E?) ... (55}
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one obtains a second integral relation

_a [ Ta . (2
Chep ¥ = 3 ‘/0. - Ko(w)cn(w) . ...(56)

From this relation, two integrals of the form

.m 2
8 dw 2x . eV
CS(K) = m.{ o KO (-w—) ees (BT7)

1 ® dw | 2x
Cy, (x) "“—2 { w Ko (—"q—) KO(2W) «+. (58)

are immediately obtained. Various other integrals are readily derived. For

and

example, using the standard form

* t
f /—c—‘ﬁ— at .\ (59)
0 t24x? _

T f d—ucos(--:]l) [Jz (2ux) + N2 (2ux)] ’
2 0 u u (o) o}

where Jo and No are the Bessel functions. By applying the Faltung theorem for

KO(X)

cne can show

Cy, (x)

Fourier, Mellin and Laplace transforms upon Equations (9) and (56), various
other forms can be derived.

Similarly one may prove readily from Equation (9) that the following

convolution theorem holds

_ 7 au (v
Copn V) -‘[ - Cn(u) c (u) X ... (60)

This form is useful for evaluating higher orders in n.

Tables of Cn(x) for 3 £ n<« 7 are given in Appendix C. These tables
were evaluated from the series expansions and checked using (60) to six
decimal places. '

7. APPLICATIONS

Let a physical formula be given by an expression

N
x= 1l X ...{61)
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and after measurements of the x, are made, suppose that these are each
distributed according to a normal distribution with mean ii' and variance

o,. Any such product (61} can be written

N N N
x= I (x, -%)+ 2 =% I (x, - il) + ...
i=1 o= i
N N N
cree *+ X (xi - ii) I x%x.+ I ii . ... {62)
i=1 i 3 i=1
The first term in Equation (62) has distribution CN N:{ %
( I oy )
i=1
Y3
Each of the second set of terms has a distribution cN-l T \w
( I o, )
j=1 7
with weight ij and Yj =1 (xi - Ri). It is therefore given as a whole by
1]

ordinary convolutions of C-functions. The second last group in Equation
{62) is a set of terms with a normal distribution of mean zero and wvariance
Ui. The mean value of all terms except the last is zero, and therefore
N
I %, is the mean value of x.
i=1

In normal physical meaSurements, the standard deviations Ui are much less
than means Ri, so one can neglect all terms except the last two. It follows
immediately from the central limit theorem that inNthis case x is distributed

approximately as a normal distribution with mean 'Hl ii and variance
1=
2

N N
z o5 ( I ij) . However, if the errors become appreciable, this approxima-
=1

i JFiL

tion fails owing to the other terms. 1In the extreme cases
where the means ii are much less than the standard deviations oi, the first
term dominates, and the distribution is approximately distributed as the
function CN' The intermediate region can be examined by expanding the
distribution P(x) of (61l) into ascending powers oflﬁ/ﬁ;; , whence it is
found that the leading term is the distribution of the first term in (62).

We have also encountered these functions in other connections, such as

in the inversion of random matrices, products of random matrices, and in the
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theory of nuclear cross sections, where such product distributions arise

for certain parameters. We feel sure that they will occur sufficiently

fregquently in future theories to warrant the investigations made in this

paper.
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1
3.22519F=-02
-2422515€E~-02
4.03144F-C3
~-1.49313F-04
2.33301E-Ce
—1.86¢41E-CE
8.04078E-11
-Z+51518E-13
4.9202TE- 16
~6.74934E~16
0.74934E-22
~J3.CT7C88E-25

-

1
1.020060E~02
1.02660E~02
6.41624E~C4
T.92128E-06
3.C5425E-C8
4.95080E-11
3.82006E~14
1.59103E-17
3.8B435F-21
5.92036E-25
5.92036E~-29

G

1
3.26116E-C2
=3.267716E-03
1.02118E~04
~4.,20237E-07
4.,10388E-1C
=1.31324E-13
1.68884E-11
~1.00434E-21
3.06654E~26
-5.19320E-231
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APPENDIX A

F(M,J) VALUES FOR SERIES EXPANSION

2
1.11097€E=-01
8.18126F-02

~2423209E-02
1.12533E-03
~2.10827E-05
1.910596=-07
«9.70939E-10
3.04665E~12
~6.31952E~15
S.11871E~18
=9.52366F-21
T+431BEE-24

2

7.11082E~02
~5.20836E-02
~7.10496E-03
~1.19401E-04
=5.59237E~07
~1.01360E-09
~8.58498E-13
-3.84833E-16
-9.97800E-20
~1.59974FE~23
~1.67079E-27

2
3.7T7241LE-02
2.76312E-02

=-1.38465E-03
1.05573E~05
-1.23618€-08
%+48109E-12
=6432566E~16
4.0508CE~20
~1.312B7E~-24
2.33876E-29

3
2.55864E-01
=3.07793E~C1
6.590838~02
~3.46683E-C3
6.91064E-05
=6.63007E-C7
3.54055E~09
~1.15972E-11
2.49744F~14
=3.7248CE~17
4« 0064 6E-20
-3,21029E-23

3
3.66821E-01
%e13915E-01
4,85149E-02
8. 85666E=-04
4+ 50849E-06
B.76404E-09
7.86884E-12
3.70544E-15
1.00224E~-18
1.66715E~22
1l.T9868E-26

3
3.245T0E-01
~3.46906E~01
2219122E~02
=1.37357E~C4
1. 774 L7E-07
=-6.95863E-11
1.04740E~-14%
~7+07533E~19
2«399563E=23
~4.44590F~28

4

6.92951E-01
-5.,84C88E-01
=1.14145E-01
~2.43793E-03
=1le 36238E-05
-2.83323E-08
-2.68253E~-11
-l.31968E-14
~3.70448E~18
~6.38366E-22
=T.06322E-26

4
1.40215E+00
1.19330E+00

-1.21645E-01L
8. 91 BOBE-04

-1.26963E-06
5.34952E~10

-8452163E-14
6.03215E~18

-2.12866E~22
4+ 08173E~27

5
2.719262E+00
-3,086T6F+00
3.04383E-01
~2.45655E-03
3.77564FE~06
-1l.6896LE~09
2.82654E~13
=2.08446E-17
T-61821E=-22
=1.50613E-26
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N=23

L. 003C0E+L0
6.C3567E=D1

N =4
1.L0000E+00
4.CTZ16E+00

N=25
1.0CCCOr+00
1.2C0C0FE+31L

N =6
1.C00CCE+LD
2023C0F+01

N=7
1.CO0C0E+00
4.857314E+01

APPENDIX B

B-VALUES FOR ASYMPTOTIC APPROXIMATION

-3.33333E=-01
=2.27999E4+00

-5425000F~01
-1.16148F+01

-1.00000E+00
-9.12000E+00

~1.45833F+00
5+2TL14E+01

-2+.00000E+00
2.81714E+02

2622222E-01
1.36280E+01

5«07813E-01
1.65938E+00

1.00C00F+00
=2.32320E+02

1.79253E+00
=1.142064F+03

3.00000C+0C
~3.55714E+03

~1.72839:~01
~4.90874E+01

-2.80273Z~01
2.55810E+02

-4.00000E-01
1.90656E+03

~5.89832E-01
5.26TTBE+03

=1.00000E+Q0
6.0925TE+03

3.29218E~02
1.36090E+02

~6.92047E£~01
~2.16149E+03

~2.80000E+00
=5.32454E+03

~T.39095FE+00
2.63600E+04

-1.60000E+01
2.327CTE+05






X

0. 0350
0.Clou
0.2150
0.22¢C0
0.9250
0.C200
0.9250
JeJ400
0.3450
0.0500
U.JE50
0.06C0
Je06E50
0.037C0Q
0.J750C
J.C8CO
0.C850
0.C90U
2.0950
0.1C00
O0.110u
V0.1200
0.1300
Ual4CD
0.1500
0. 16060
0.1700
JelECC
J.l900
0.2000
Je21C0
0.2200
042300
0.2400
0.25C0
0.26G0
J0.27C0
N.2800
0.2900
0.3C00
0.2100
Ja 32060
0.3300
0.3400
J.3500
0.3600
0.2700
J«.38C0O
0.3900
Ue4C0G

N=23

La&9990E+01
1.092865+01
8.86640E+00
T.54551E+30
5.60193F+00
5.88325C8+00
5.31212E+00
4o 844 28BE400
4.45223E+00
4.11781F+00
3.82845E+00
3.57515E+00
3.35122F+00
3.15161E+C0
2.97241E+00
2.81052E+00
2.66348E400
2.529277+G0
2406 24E+00
2+29304E+00
2+0916TE+00Q
1.91790E+00
l. TL642E+00
1.63322FE+00
1.51520E+00
1.40997%+00
l.315582+00
1.23050E+00
L.15345F+00
1.08340%T+00
1.01947+00
9.60935E=-01
9.07169E-01
8.576492-01
8.11920E~-01
T« 695915-01
1.30323F-01
6+59820F=01
6.23097%-01
5.98447FE-01
5.70692E-01
5.446725-01
5.20243F-01
4.97280E~01
4.T75666E=01
4455297E-01
4.36082F-01
4.179345-01
4. 00778F~-01

APPENDIX C

TABLES OF CN(X) FOR 3 € n< 7

N=4

24%42 84F +01
1.53838E+01
l.13762E+01
9.03347TE+00
T.474520+00
6,355808+00
5.51035E+00
4.847STE+Q
4.31458F+00
3.87T576E+00
3.50844E +Q0
3.19656FE+400
2492B859E+400
2.6959BE£+00
2449231F+00
2+31259E+00
2.15295E+00
2.01030E+00
1.38215E+00
1.7664T7TE+00
1.56614E+00
1.39904€ 400
1.25787E+00
1.1373LE+00
1.03338E+00
9.43041E-01
8.53957£-01
T94277E-01
7T.32531E-01
6.,77531E-01
6.28310E-01
5.34074E-01
5.44163E-01
5.080256-01
4.75195E~01
4.45279E~01
4417942E-01L
3.92894E-01
3.69889E~-01
3.48711E-0Q]
3.29173€-01
3.11110E-01
2+94381E-01
2.78858F-01
2.64429E~01
2.50997TE-01
2.38473E-01
2.267TT9E~Q1
2415844E-01
2.056C07E-0Q1

N=25

3401645E+01
1.66B2TE+01
1.13827E+01
8.523225+00
L T2TIGE+QO
5.501755+00
4.61354E+00
3.94235E+00
3.41B8BE+Q0
3.30041E400
2.05913E+00
2+43715620E+00
2. 13839E+00
l.936L5E+00
l.76240E+Q0
1.61181E+00
l.480275+00
1+3645T7F+00
l.26219E+00
L.L7L07E+0O
L.0163TE+00
83490492E5-01
T.8€6541E~01
6.99610E-01
6G.26116E-01
5.,63389E~01
5.09400E-01
4.562586E~-01
4+21721E-01
3435835E-01
3.54149E-01
3.26033E~01
3.00973E~01
2« 18542E-01
2.58388E-01
2+40215E-01
2.237T7T6E=01
2.08859E-01
1.95284E-01
1.82897E-01
l.71568E~01
1.61179E~01
l.51634E~-01
1.42844E-01
1.34734E-01
1.27237E-01
1.2G295E=-01
1.13856E=~01
1.078T74E~01
1.02307€E-01

N =26

3.07539E+01
1.51774E+01
F.66380E+00
6£.8807TE+00
5.22393E+400
4013652E+Q0
3.37T495E+00
2.81615E+00
2439145E+00
2. 0596TE+00
1. 79466E+00
1.57908E+0Q0
1.40100£+00
1.25196E+Q0
1.12581E+00
1.01799E+00
9.25021E-01
8.44248E-01
T.73588E-01
7.11391e-01
6.37358E=01
5.24288E-01
4.56857€E-01
4.01350E~-01
3.55101E~01
3.16158E-01
2.83059E-01
2.534695E~01
2.30208E-01
2.08927E-01
1.903205-01
1.73963E~01
l.59510E~01
1.46682F-01
1.35247E-01
1.25014E-01
1.15823€~-01
1.07541E-01
1.00053E~01
9.32649E-02
8.70928E~02
84+146465E-02
1.63254E-02
T.16166€~02
6.T2946E~Q2
6+33193E-02
5.96558E-02
5.62733E-02
5.31449E=-02
5:024864E-02

N=27

2.73095F+01
1.22014€+0}
7.32103E+00
4. 99606F ¢0
3.66992E+00
2.82872E+00
2425604E+00
1.84590E+00
1.54072F +00
1.30674E+00
1e1229TF+00
9.75747E-01
8.55819F~01
1.56732E=-01
6.73856E-01
6.03796F=01
5. 44013F~01
4.925T3F~01
4.47981E=-0]
4.09067E-01
3.44740E=-01
2.94126E-01
24535%589F-01
2¢20626F-01
1.93469F-01
l.70839E~01
1.31791F-01
1. 35615F=01
1.21767E~01
1.09827F~01
9.94656E-02
9.04205E-02
8.24817E-02
T+54T96E-02
6,92753¢-02
6437548BE~02
5.88235E~02
5.440245-02
5. 04255E-02
4.68366E~02
4.35884E-02
4. 06403€-02
3.79575E-02
3.55102F-02
3.32725E-02
3.12219%-02
2.93388E-02
2.T6062E~02
2.60089E-02
2.45338E-02



X
0.4100
0.4230
0.4200
Ue44C0
G.4500
U.4600
0.47C0
J+48C3T
J.4730
G« 3C00
Je51CC
D.2200
J.3300
0.5400
0.5500
0.56C0
U.57C0
0.5ECO
J.5900
D.€CCO
0.3100
0.42C0
U.0u3C0
Dea4rl
0.45L0
V6600
09.67C0
0.68C0
0.66C0
0.7G00
Q7160
0.7200
0.7300
0.74C0
J.75CC
0.7600
0.7700
0.78C0
C.79CO
0.8CCY
0.31C0O
0.3200
0.43200
Ve 8400
J. 8500
0.5600
0.E7C0
0.8800
0.39C0
0.90G00

N =3

3.84342F=01
3.591656-01
3.54586F-01
3.40753=-01
3.2761L6F=-01
3.15135F=01
3.03263£-01
2.91G64%-01
2.81203E-01
2.709477-01
2.61167E-01
2.518355-21
2.429247-01
2.34411F-01
2.262T4F-Q]
2.18493E=-91
2.11046%-01
2.039176-01
1.970895-01
1.90% 46E-01
1.84273E-01
1.78256T-01
1. 72483201
1.66940E-01
leuvl6lBE-01
1.56505F=01
1.51591F=01
l.468666-01
l.42322E-01
Le37949E-01
1.33741E-01
1.29690E-01
1.25788E~01
1.22029E-01
1.18406E-01
1.14914E-01
1. 11547E-01
1.08298E~01
1.05104E~01
1.02140F=-01

9.922018-02

9.64007E-02
9.367175E-02
9.1046TE-02
8.85043E-02
8.50469E~02
B.367125-02
8. 13737E-02
7.91514E-02
7.70015%-02

N=4

1.96010E-901
1.87TC02E-CL
1.78538E-01
1.70576E-01
1.63078F-01
1.56311E~d1
1a43343E-01
1.43045%-01
1.37093E-01
l.31461E-01
1.261295~01
1.21076E-01
1.16284C~01
1.11736E-01
1.07416FE-01
1.03311E-01
9.%40T4E=-02
9.56922F-02
9.215445-02
£.87834E~02
8.55695F-02
8.25036E-02
T+95773E-02
T.67826E-02
Te411245+02
T«19596E-02
6.91180E-02
6.67815E~02
6.453446E-02
6.24021E-02
6.33490F-02
5.838081-02
5.6493LE-02
5.468L19E-02
5429435E-02
5.12741E-02
4.96T06E-02
4,81296E-02
4.66482E-02
4.52236E-02
4.33532E-02
4.25343E-02
4.12648E-02
4.004 22F-02
3.38645E-02
3.77297£-02
3.66360E-02
3.55814E-02
3.45642E~02
3.35830E-02

Cc2

N=25

9.71200F~02
9.22800E-02
6 TT5T5€6-02
8.35266F-02
T+95636E-02
T.584T1F-02
T «23580E-02
6.SCTETE-02
6.59935E-02
6.30882E-02
6ed3494E-02
5.77653E-02
5a53250E-02
54 30185E~02
5.08367E-02
4.8T7711E-02
4.58141E-02
44 49585F~02
4.31978%-02
44.15261E-02
3.99376%~02
3.84273E~02
3.09904E-02
3.56225E-02
3.43195E-02
3.30775E~-02
3.18930E-02
3.07628E-02
2.96838E~02
2.8£531E~02
2.7T6580E-02
2.67260E~02
2«58249E-02
2.+49625E+-02
2+41366E-02
2e33454E-02
2.293712E-02
2.18601E-0Q2
2.11627E-02
2.04934E-02
1.98510E-02
1.92339FE-02
1.864L1E-02
1.80713E-02
1.75235E~02
1.46996TE~02
1.6489T7E~02
1.60018E-02
1.55320E-02
1.50796E-02

N =6
4.,75569E-02
4.,50573E=-02
4.273095~02
4.35627F-02
3.85391E-02
3.564825-02
3.48791E~-02
3.32219F~02
3.16679E-02
3.02089E-02
2.38379E-02
2.75480FE=02
2.633356~02
2.51388E-02
2.41J88E~02
2.308915=-02
2.21255E-02
2.12141E-02
2.03514E-02
1.95342E-02
1.37595E-02
1l.80246E~02
1.73269E-02
1.6664LE~02
1.6034LE~02
1.54347TE-02
1.48643E-02
1.43210E=-02
1.38033E~02
1.33097E-02
1.28388£~02
1.23892E-~02
1. L9599E=02
1.15497E-G2
1.115756-02
1.07823E=02
1.04233E~02
1. 00796E~02
9.75341E-03
9.43493E-03
9.13249E-03
8.84242E-03
B.56410E~03
B.29695E~03
8.04041E=03
7.79397E-03
7.557T14E=03
7.329456-03
7.L1049E-03
6+ 899983E-03

N=7
2.31692F-02
2.19047€E-02
2.07312E-22
1.96405F=-02
l.86254F-32
1.76792E-02
L. 67962F-02
1.59711F~02
1.51992F-02
la447615-02
l. 37981F-02
1.31617E-02
1.25637E~02
1= 20011F-G2
la14T15F-02
1.09724E-02
1.05015%-02
1.30570E-02
9.63704E~03
9.232986E-03
8.86397E-03
8.50794E-03
8+17050E-03
7.85042F-03
T.54660E-03
7. 25802€E-03
6.98373E-03
6.722875-03
6«4T461E-03
6.23820E-03
6.01295E-03
5.79821€E-03
5«59336E-03
5.39785E-03
5.21114%-03
5.032T6E~03
44 86225E-03
4.69916E-03
4.54312E~03
4.39374E-03
4425067TE-03
4.11358E-03
3.98217F-03
3.85615E-03
3.T3524E=-03
3.61919€E-03
3.507T6E-03
3.40072FE-03
3.29787E~03
3.1989%E-03



X
Je9100
0.9200
0.3200
0.92400
D«3500
D.7600
J«497C0
J.98G0
0.650C0
1.CC0o0
L.35CC
1.1000
1.1500
l.2000
1.2500
1.3C00
1.3%00
1.4CC0
1 -"9500
1.5CC0
1.55G0
1.56CC0
l.6500
1.7000
1.75C0
1.3000
L8500
1.92900
1.5500
£+0000
2.0500
2.1000
£« 1500
2.2C00
2+25C0
2.3000
23500
2.4000
2+4500
245CC0
2.5500
2.6CG0
2.5500
2.7C00
Z+1500
2.3C00
2+8300
2.+9000
2.7EC0
3.0000Q

N=3
Ta49210E-02
7.29073F=-92
T.09579E=-02
6.907038-02
6e724227-02
6.54714-02
6.37557E~02
6. 20931F-452
5,0481L7E-02
5.891958-02
5.17884F-02
4.56520E-02
4.03507C-02
3457541E~-02
3.17550%-02
2.82649E-02
2.52100E-02
2.25288E-02
2.01695F-02
1.80884E-02
l.062485E-02
1.46185E-02
1.31T15E-02
l.18843E-02
1.07374E-02
D.713565-03
8.798160~-03
7.97839E-03
7.24317E-03
6. 58282E~03
5.938905-03
5.45403E-03
4.97172E-03
4.53628E-03
4414269E~03
3.78653£-03
3.46389%-03
3.17131E~03
2+90573E-03
2. 66440E-03
2.44492FE-03
2.24513C-03
2+063C9E-03
1.897C8E~03
l.74558E-03
L.60720E-03
1.480705-03
1.36499E-03
1.259Q05E-03
1.16200E~03

N =4
3.26361F-02
3.17221e-02
3.3d8396F~C2
2.996812E~02
2.91639%=-02
2.83682E~-02
2+75992E-02
2.68558E-02
2.61368E-02
254414E~02
2.22B6TE-02
1.955825~02
1.72953E-02
1.53133%-02
1.36001E-0Q2
1.21132E-02
l1.08178E~Q2
9.68533€-03
B.6G19BE-03
7.81796E5~-03
T.04670E-03
0.36425E-03
5.75881E-03
5.220375-03
4.740415-03
4e31162E~03
3.92774E-03
3.58338E~03
3.27339E-03
2.99522E-Q3
2.7T4386E~-03
2.51677€-03
2.31127E-03
2.12501E-03
1.95596E-03
1.80231E~03
1.66245E-03
1.53499E-03
l1.41868F-03
1.31242E-03
1.21522€-03
1.12620E~03
l.04460E-03
9.697T09E-04
9. 009C9E-Q4
8.37T641E-04
7.79404E-04
T«2574TE~04
6.76266E~-04
6.30595E-04

C3

N =25
l.4643TE-U2
1.42236E-02
1.38186E~02
l.34281E-02
1.305135-02
1.268736-02
1.23370€E-02
1.16983E~-02
l.16712E-02
L.13552E~02
V.92694F-03
8.71659E-03
Te68496E-03
0 .80093E-03
6.93964F-03
5.38105€E~03
4.80887E~-03
4+30978E-03
3.87283€E-03
3.48896E~03
3.15060E-03
2.85145E~03
2.58618E-03
2+35033E-03
2+14007E-03
1.95217E-03
1.78386E-03
1.62276E~03
1.49683E-03
1.37428E~03
1.26359E~03
1.16344E=-03
L.07264E-03
9.30198E-04
9.15215E~04
B.469L1E~04
7+84596E-04
Te27665E~04
0.75579E~04
6.27863E-04
5.84093E-04
3443893E-04
5.06927E~04
4« T2896FE-04
4+41532E-04
4. 12593E-04
3.35865E-04
3.61153E-04
3.,38283E-04
3.17096E-04

N =256
6.697105-03
6.30162E-03
©«31395E-03
Ce13287F-03
5.95837E-03
5.79015€E-03
5.027945-03
5.47148E-02
5.32051E-03
5.17481E-03
4« 317767 -03
3.926303E-03
3.49173E~03
3.08901E~03
2. T43(55-03
2+ 44439E=03
2.1853BE~03
1.95980¢=-03
1.76255E-03
1.58943F~03
1.43696E-03
1l.30223€-03
l.18280E-03
1. 076563E-03
9+ 8LIG4E~04
8.97404E-04
8.21610E-04
T.535376=-04
6.92260E=-04
6436982E~04
5.37014E-04
5.4115T6~04
5.006089E~04
4.63358E-04
44293 63E~04
3.98357E~04
3.70031E-04
3.44114E-04
3.20367E-04
2.98578E-04
2, 18557E=04
2.60138E-04
2+43171E-04
2.27521E-04
2.13071FE=-04
1.99712E-04
1.87349€-04
1. 75896E-G4
l.65273E-04
1.55412E-04

N =7
3.10391E-C3
3.01243F-03
2+924415=-03
2e83%66FE~-03
2.75805F~03
2467943503
2.56036BE-03
2.530655-013
2.46023F-03
2.39230F-03
2+08652F~03
1.82903E-03
l.610765-03
1.42462F-03
1.26500E-03
1.12740€-03
1.00822F-03
9.04538E-04
8413954504
7345085~04
6. 645756-04
6. 02B05F-04
5.48068E=-04
42994 14E-04
4.56044E-04
4. 1T2T6E-04
3.82534E-04
3.51322E~04
3+23216F-04
2.97851FE~04
2.74910€E-04
24541 20F=04
2435242F-04
2.18068F-04
2. 0241 8E-04
l.88131E-04
1.75068F =04
l.63104FE=04
1.521316~04%
1.42052F-04
1.3278LE-D4
la24242E-04
1.16367E-04
1. 09095E=-04
1.02372E-04
9.61484F=05
9.03815F-05
8.50316E-05
B.00633£-05
T+ 54446E-05



X
3.65C0
3.1€00
3.1500
3,2€00
3,250
3.3C00
3.3500
344400
3.4500
3.50CC
3.5500
3.6CC0
3.6500
3.7CCO
3.7500
344000
348500
3.9C00
3.,9500
4,.CCGO
4.05C0
4.1600
4.1500
442000
442560
443000
4.35C0
444000
444500
4.5CC0
4.55C0
4.6CC0
4.€5C0
4.76C0
4.7500
4.8000
4 .E5C0
4.9C00
4495C0
5.CCCO

5.0500 .

5.1C00
5.15C0
5.2C00
5.2500
5.3000
53560
5.4C00
5.4500
5.5CC0

N=3
1.07299E-03
9.91375E-04
9.16451F-04
B.4T6285-04
T«B4369E-04
T.26169E-04
Le T2648E-04
6.23348E~04
5. 77928504
5.36058E—04
4.9T441E-04
4.61804%-04
4.28902E8-04
3.985C9~04
3.704205~04
3.444475-04
3.20420E~04
2.9818B2E-04
2+ T7592E~04
2.58519E-04
2.40843t-04
2¢24454F-04
2409254E~04
1.951495-04
1.82056E-04
1.69898E-04%
1.58602E-04
1.48105F-04
1.38345E-04
1.29269E~04
1.20824E~04
l.12964E~04
1.0564TE~04
9.88320E-05
9.248286-05
Be 65655E~05
8.104915-05
7.59C4TE-05
T.11058E-05
Le60216E~05
0O 244 7TE-05
5.85448C-05
5.48996E-05
5« 14941E-05
4.83115E-05
4.53366E-05
4, 25549E-05
3.99532E~05
3.75192E-05
3.52415E-05

N=4
5+ 384 C5F-04
5493583E~04
5.133045~-04
4.7988BLE~-04
4+48906E~04
4.20179%-04
3.93516L-04
3.68754E~C4
3.45739E-04
3.243356-04
3.064416E-04
2.85866E-04%
2.68581 E-04
2.52465E-04
2.37429E-04
2423394504
2+10284E-04
1.98033E-04
l.86578E-04
1.75861E-04
1.65828E~-04
1.56434E-04
1.47631E-04
1.39380E-04
1.31640E-04
1.243785E~-04
1.17561E-04
1.11159E-04
1.05143E-04
9.948 T6E-05
9.41695E~-05
8.91663F-05
8.44573E~05
8.00234E~05
7.58470F-05
T.19115E~-05
6.82016E-05
6.47031E~05
6.140275-05
5.82B80E-05
5.534TTE-05
5.25709E-05
4.994 T6E-05
4.T4685E-05
4251249E-05
4.2908TE~05
440812305
3.88285FE~05
3.69508E-05
3.51728E-05

c4

N=25
297452804
2.79220E-04
2.622865-04
2e46542E-04
2431893E-04
2.18252E-04
2.05540E-04%
1.93665E~04
1.82619E~04
1.72285E-04%
1.62625E-04
1.53590E-04
1.451341-04
1.37214E-04
1.29792C-04
1.22833E-04
1+16303E-04

"1.10172E-04

1.04412E-04
9.89983E-05
9. 39069E-05
5.91160E-05
8 «46054E-05
8.03565E-05
T.63522E-05
T«257T64E~05
6.901435-05
656523E~-05
6. 24TTEE-OS
5.94184E~05
5.6643TE-05
5.39633E-05
5.1427TTE-05
4.90280E-05
4.67561E-05
4 o 46042E-05
4 . 25652E-05
4.06324E-05
3.87995E~05
3.70607E~05
3.54112E-05
3.38446E-05
3.23568E-0%
3.09433E~05
2.+ 936000E-05
2.83229E-05
2.71084E-05
2+59530E-05
2+4B534E-05
2+.36806TE-0S

N =6

l.46249E-04
1.37726E-04
1.29791E~-04
1.223976-04
1.15502E-04
1.39066E=04
1.03054E~04
9.T4332E-05
G 21 T45E~-05
8.72506E-05
£.26369F-05
T.83L07E-05
Te42514E-05
7.04399€-05
6.,08586E-05
64 34915E-05
6.03238E-05
S5.T3418E-05
5.45330E-05
5.18857E-05
4<93892E-05
4.70337E-05
4.48098E~-05
4.2T092E~05
4.07T240E-05
3.88448E-05
3.70709E-05
3.539C0E~05
3.37983£~-05
3.22902E-05
3.08608E-05
2. 35053E~05
2.82193E-05
2.69987TE-05
2.58397E-05
2+4T7388E-05
2+36925E-05
2.26978E-05
2.1 7518E-05
2.08517E-05
1.99949£-05
1l.91791E~05
1.84020€£~05
1.76616E£-05
1. 69558E~05
1.62827F-05
1.56407E~-05
1.50281F-05
l.44434E-Q5
1.38850E-05

N=7

T.11465E~05
6.T1431E-05
6+34106E-05
5+99274E-05
5.66T41E-05
5.36328F-05
5.078T4F-0%
4.81231E-05
4.56264F-05
4+32850E-05
% L0874F-05%
3.90235E-05
3.70837€-05
3.52592F-05
3.354215-05
3.19249E-05
3.04009E-05
2.89638BE~05
2. T6078E~05
24 632 T6E-05
2,51181F-05
24 39750E-05
2.28938€E-05
2.187T07E-05
2.09021E~05
1.998 46E-05
1.91150E~05
1l.82904E-05
1. T5082F-05
1.67657%-05
l.60606E~05
1.53907€E-05
1.47541F-05
1.41487E-05
1.3572TE~-0D5
1.30246E-05
1.25028E-05
1.20057E-05
1.15321E-05
1. 10806E-05
1.06500E-05
1.02392E-05
9.84T724FE-06
9.47299E-06
9.11557E-06
8. TT410E-06
8.447TT5E~05
8. 13575E-0G6
T.83736E-06
7.55189E-06




X

5.25C0
5.0C0C0
5.£650C
5.7CCO
5.75CC
5«3CC0O
548509
5.9CC0O
5.5500
0.CC00
&«J500
6.1C00
6.15C0
6.2C00
642500
6.3CC0
£.3500
6.4C00
6.4500
6.5000
65500
6.6C00
6.6500
6+7C00
6.15C0
Ge8C00
6.85CQ0
6.9C00
Ge9500
T1.CG00
T.3500
71000
7.15C0
T.2C00
7.2500
T« 3CC0
7.3500
T.4CCO
T+4500
T.5CCQ
T.5500
7.5C00
T«65C0
T.TC00
7.1500
7.8CC0
T.E5C0
7.3000
7.95C0
8.CC00

N =3
3.310G4E~05
3.11132E-05
2.92438F=05
2.74926E-05
2.585176-05
2.431398-05
2.287230-05
2.15206E-05
2.02528E-05
1.906356-05
1. 794 16E=-05
1.69003E-05
1.591726~05
1.49941E~05
1.41272E~-05
1.331295-05
1.25478E-06
1.18288E=~05
1. 11530E~05
1.051776-05
9.92033F-06
9.35850E-06
8.82999E~06
8. 332 74F-06
7.86481E-06
7.42439E-06
7.00977E-06
6+61939E-06
6.251745~06
5.905456-06
5.57922E-06
5.27183E~06
4.98214E-06
4. TO9CYE~06
4.4516TE~06
4.20895€-06
3.980055~06
3.76415F-06
3.56048E-00
3.36831FE-06
3.186966-06
3,01581E-06
2.85424E-06
2.70170E-06
2.55766E~06
2.42162E-06
2.29313E-06
2.171756-06
2.05706E-06
1.948685-06

N=4

3.34889E-05
3.189356~0%
3.03815E-05
2.39482F~05
2.,175892F-05
2.63000E-05
2.507T70E-05
2.39162E-05
2.2B8l44F-05
2.1768LE-05
2207T44E-05
1.98303€E-05
1.89332E-05
1.80B8045-05
1.72657E-05%
l.649875~05
1.57653E~-05
1.50676E-05
1l.44036E5-05
l.37715E-05
1.31697TE-05
1.25966E-05
1.20507E-05
1.15306E-05%
1.10350E-05
1.05626E~05
1.01122€~05
9.682T6E-006
2.27T317E~-06
8.88246L-06
8.50966E~06
8.15389F~06
T+81430E-06
T+49009E~06
7T.18052E-06
6.88485E-006
6.60241E-06
633256E-06
6.07469E-00
5.82823E-06
5.59262E~06
54306736E«06
5.1519%E-0Q6
4.94590F-00
4.74B880E~00
~4+56021E~06
44379 T5E~04
4.207C3E-06
4.04169E-006
3.88339E-06

c5

N=25

2.28099E-05%
2.18004E-05
2.09557TE-05
2.00934E-05
1.92713E-05%
1. 84872E-05
1.77392E-35
1.70254E-05
L+63442E-05
1.56937E-05
1.50724E-05
1+44790E-05
1.39119E-05
1433699E-05
1.28517E~05
1.23562E-05
1.18822E-05
1.1428T7TE-05
1.09947E-05
1.05793E-05
1.01815E~G5
9.80062E-06
9.43576E-06
9.08618E-06
8.75118E~06
8.43006E~06
8.12219E-06
7.82696E-~06
1.543719E-06
T.27213E-06
T.01146E-06
6.76128E-06
6.52112E-06
6.+29054E-06
6.06910E-06
5.85640E-06
5.65207E-06
5.45572E-06
5.26703E-06
5.08564E~06
4.91126F~-06
4. T4A35TE-06
4.58229E-06
4. 42715F~-06
4.2TTB9E-06
4.13426E~-06
3.99602E-06
3.86296E~06
3.73484E-06
3.61148E-06

N =256

1.33517E-05
1.28422E-05
1.23552E-05
1.18896E-05
le L4443E=-05
1.101838-05
1.06107E-05
1.02206FE-05
9.847TJITE-06
9.48933E-06
9.1503DE~06
B.82L73E=06
8.50680F-06
8.20486E-06
7.91530E=06
T« 63T54E-06
7371 04E-06
7.11527€=06
654869 T4E-06
6.433599E-06
6. 40756F~006
6. 19005E-06
5.98105E-06
5.T8018E-06
5.58708E-06
5.40141E~-06
5.22285E-06
5.05108E~006
4.88581E=~0%6
4, 1267TE-06
44 57368E-06
4442 629E-06
4.28436E-06
4.14767E-06
4.01599E=06
3.88910E-06
3.T6683E~06
3.64897E=06
3.53534E-06
3.4257TE-06
3.32010E=06
3.21817E~06
3.11983E-06
3.02494E~06
2.93335E-06
2+ 84495E-06
2.75959E-06
2.6TT17E-06
2.59757E~06
2.52068E-06

N=7

Ta27871LE=06
T.0LT19F~06
G T66T6E-08
6.52687F~006
6.29702R=08
6.0767T1E=06
5. 86548F~-06
5.66291E-06
5. 46858F=06
5.28210E=-06
5.10312F~06
4.93127E=-06
4. T6623F-06
4.60769E-06
4+45535F-06
4. 30894E~06
4. 16818E-06
4.03283F~06
3.90264E~06
3.77T739F-08
3.6568TF-06
3.54085F-06
3+42916F-06
3.32160F-06
3.21800E-06
3.118195-06
3.02201E-Q6
2.92931E~06
2. 8399%E-06
2. T19377E-06
2.67122TE-06
2+ 59204E-006
2.51463E-06
2.43993E-08
2.36783E-06
2.29822FE=06
2.23100F=-06
2. 16609E~06
2.10338E-06
2.04279€E-Q6
1.98425E~06
1.92767E-06
1.8T7T297E-06
1.82009E~06
1.T7T6895E-06
1. T1949E~Db
l.6T164F-06
1.62535€£-056
1.58055F-06
1.53719E-06



X
8.3500
3.1000
B.15C0
842000
8.25C0
8.3C00
§.3520
8.4CCO
8.4500
8.5C00
8.5500
8.6CC0
8.4500
d«.7LCO
847500
8.E6CCO
B.8500
8.9C00
8.9500
F.C000
9.35C0
9.1000
9.1500
9.2C00
9. 25C0
9.3000
9.3500
9.4C00
9.45C0
9.5G000
9.5500
9.6000
9.6500
9.7CC0
9.7500
G.8C00
9.8500
9.9CC0
9.9500
10.CCC0

N =3
1.846255-06
1.74%43E-06
1.65790E~06
1.57T135E-06
1.48951c~06
1.41210E~236
1.33886E-06
1l.26961E-06
1.20407E-06
1.14205E~-06
1.08335E~06
1.02719E-06
9.75190E-07
9.25391E~07
8.78235E~-07
8.33576%-07
T.9127TE=-0Q7
T.512098-07
T+13248E-07
6.TT279E-07
6.431G5E=07
6.10892E-07
5.80273F-07
5.51248E-07
5.23729E-07
4.97636E-07
4aT2893E~07
4449426E-07
4.2T16TE-07
4.06051E=-07
3.86019E-07
3.670118-07
3.48974E-07
3.31856E-07
3.15608E=07
3.00185E~07
2+85543E-07
2.T1641E-07
2.58441E-07
2+45905E-07

N =4

3.7318LF-06
3.586630-06
3.44757E-06
3.314356-00
3.18670E-06
3.06437E-0o
2.94T12E-06
2.83472E-06
2.72696E-06
2.62363E-06
2.52453E-06
2.4294TE-06
2.33828E-06
2.25079€-06
2.16684E-06
2.08627E-06
2.00893E-06
1.93468E~06
1.86340E-06
1.79496E-06
1.72922E-06
1.66608E-06
1.60543E-06
1.54T16E-06
1.49117E~06
1.43736E-06
1.38564FE-06
1.33593E-06
1.28814E-06
1.24220E-06
1.19801E-06
1.15552E-00
1.11465E-06
1.07534E-06
1.03752E-06
1.00L13E-06
9.66116E~07
9.32418E-07
8.99983E~-07
8.68762E-07

C6

N=25
3+4926TE-D6
3.376823E-06
3.26798E-06
3«16175E-06
3.05937E-06
2.96069F~06
2.86557TE-06
2.77386E~06
2+68542E-06
2.60013E-06
2451T85E-CG6
2.43848BE-06
2.+ 36190E-06
2428800E-06
2.2166BE~06
2.147T83F-06
2.0B137E=06
2.0l719E-06
1.95522€~-06
1.89537E-06
1.83755E-06
1.78170E=06
1. 72774E-06
1.067560E-06
1.62520E-06
1. 57649E-06
1.52941E-06
l.48388E~06
1.43986E-06
1.39730E-06
1.35613E-D6
1.31631E-~06
1.277718E-06
1.24051E-06
1.20445E-06
1.16954E-06
1.135776~06
1.10307€E-06
l.07142E-06
1.04077E-06

N=256
2.44640E-06
2.37462E~06
2.30525E~06
2.23820E-06
2.17338E-06
2.11071E-06
2.05011E-06
1.99149E-06
1.93480E-06
1.87994E=006
1.82686E-06
1. T7550E-06
1.725TBE~06
1-6TT65E-00
1.63106E-0Q6
1.58594E-056
1.54225¥-06
1.49993E-06
1.45893E-06
l.41922E-06
1.3807T3E-06
1+ 34344E-06
1.30700E=-06
1.27197E-06
1.23802E-06
1.20509E-06
1.17316E-06
1.14220F~06
1l.11216E~06
1.08303€£-06
1.05476E-06
1.02734E=Ds
1.00072E~06
9.74891E-07
9.49819E-07
9.25480E-07
9.01851E-07
8.78907E-07
8.56627TE-07
8.34988E-07

N =17

l.49523E-Q6
1.45459E -06
1l.41525F~06
1.377155~0¢6
1.34024€£-06
1. 30449E-06
1.26984E-06
1.23627F-06
1.20374F-06
1l.17220F-06
1.14162E-06
L.11197F-06
1.08322F-06
1.05533E-06
1.028285-06
1. 00204E~06
9. 765T70F-07
3.5185TF~07
9.27871E-07
9.04588F-07
8.81983E-07
8.60035£-07
8.38722F-07
8.18023£-07
T«97916F-07
T.T783B4E-07
T.59407E-07
T.40967E-07
T.23047TE-07
T.05630E-07
6.88699E-07
6.T72240E-07
6.56237E-017
6. 406T6E~07
6+255435-07
6.10824E-07
5.96507TF-07
5.8257T9F-07
5.69027E-07
5.55841E~07



