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1. INTRODUCTION

A common problem in nuclear reactor analysis is the variation of the neutron scalar flux due
to strong absorbers and boundaries. One approach to a solution is to isolate such problems, and then
hope to apply the results of a detailed transport theory analysis to the usual few or multigroup diffu—
sion equations which are necessarily inadequate for describing significant vasiations in angular flux,
The transport theory results lead to parameters such as the linear extrapolation distance, extrapolated
end point, self-shielding factor, etc., which are applied in normal diffusion theory by the assumption
that the asymptotic transport theory and diffusion theory are the same.

For this reason at least, a reasonably powerful transport theory programme must be available.
As a great deal can be learnt from one—dimensional slab problems with isotropic scattering, these
problems constitute the first requirement for a transport theory programme.

In principle the usual spherical hammonics (Py) method is capable of producing, in the limit,
the exact result. In practice a large number of terms may be required when the angular flux varies
rapidly or is discontinuous with angle. For such problems, which are characteristic of slab reactor
calculations on fuel plates, control plates, etc., the double spherical harmonics (double Py} method
is preferred, Ziering and Schiff (1958) have described Yvon’s method for slabs, but their formulation
is not the most convenient for engineering reactor calculations, For multi—region problems their
formulation leads to an unwieldy set of simultaneous equations.

This report presents a different approach, and illustrates the method by application to some
classical problems, for example, Milne's problem. By the use of reflection and transmission matrices,
application of the double Py method to any problem in slab geometry requires (N + 1) 'th order matrices
only. Although the theory will be presented for any N, it appears that N = 2 or 3 will be adequate for
most problems,

2. THEORY

It is assumed that the most general problem involves an array of slabs, each of different but
uniform nuclear properties. In any one region an x co—ordinate can be measured in units of the local
mean free path, and the monoenergetic neutron transport equation for isotropic scattering can be written:

3 +1 ,
Boog Pz ) + dx, ) = %J S p)dp'+E s, (1)
-1

where ¢ = number of secondaries per collision e.8., 25/2¢ , and S(x) = isotropic source strength per
mean free path,

The double Py spherical harmonics method is based on the expansion
1 2, + +
Pz, @) = nz__o(ZR* 1) By (x) Py (). (2)

As & is the cosine of the angle between the direction vector and the + ve x direction, it is con-

venient to define the half-range Legendre polynomials in a way slightly different from that of Ziering
and Schiff, as .

Py (W) = Py 2p-1  (0Sup<1) 1
(3)
Pa (k) = Py (=2u-1) (—15#<03J

. . . + - - —
The advantage is a clearer interpretation of B' and B that facilitates application of symmetry
tequirements and avoids excessive attention to co—ordinates,

With these definitions, the scalar flux is

+1
& (x) = j d(x, p)ydp = Bg(x) + Bg(x) . (4)
-1



—2-

Similarly the components of the current in the + ve and — ve x directions are

7@ =4 (BS® +BI@)
- - . (5)
@ =5 (Bo@* Bim),
giving a net neutron current
@ = T ®w-T®=3B'®-Fw, . ©)

Substitution of (2) inte (1), and applicationof the orthogonal properties of the Legendre poly—
nomials leads to two sets of coupled equations for the flux components, which are conveniently written
in matrix form. ' '

Let C be a diagonal matrix with C44 = ¢, Cj; = 0, i # 1, let P be a diagonal matrix (2—(:, G,
10, 14, ...... 2¢2i-1), ...... ) and let & be the vector (1,0,0,0, ...... 0, ...... ).

Also let B*be the vector (B, B;, Ba ... Bi4s, -...) with a simjlar definition for B~ and
let M be the following square matrix,

Moo= | 1 1 i
1 3 2
2 5 3
3 7 4
(7
i-1 2i-1 i

d
Then, with D = 7~ , the equations are
(DM + P)BY = CB™+ §§ l
. . (8
CB + 858 J :

The first two equations give the neutron balance equations

(-DM+ P)B™

2 4 1Y) + (2-0)BF - ¢BS = S, (9a)
dx 2
2 4 1x) + (2 B —cBd = s b
_'&;I(x) {2-c¢c) Bo - cBo ) (9b)
that is,
?d; JG) + (1—c) @ (x) = S(x) . (9¢)

The solution for a uniform source in an infinite medium is therefore

Bo+:Bo—:2(1_c),Bn=0,n'7‘0, (10)

B =B=m3 . (11)



If solutions to (8) are sought in the form

BY = At *E |, p— = A 0%

then there results the characteristic equation
lerM-P+OOM@®-C | = 0. (12)

The matrix M~ (P + CYM™)(P = C) is symmetric giving real roots. For ¢ < 1 these are positive;
for ¢ = 1, there is a root @* = 03 for ¢ > 1, the lowest 0* is negative. The double Py approximation
truncates the matrix, corresponding to

and the characteristic equation becomes an (N+1)'th order polynomial in ¢* . For ¢ # 0, the general
source free solution may be written :

+

B = X¢'A +Y ¢ a (13a)

B

YF ¢ A+ XF % a, (13b)
where ¢ and ¢ ~are the diagonal matrices,

14 b:4 — 04X — - 041 X
(eF1xX ¥2 X N1 ) (e @3 e dex o )

2 7

while A and a are the unknown vectors, The square matrices X and Y and the diagonal matrix F will
be given later for particular values of N.
- + .
For ¢ =0, the B~ and B" vectors are uncoupled asis necessary for a pure absorber, so for a
source free medium the solutions are

+

BY = v ¢ a , _ | (14a)
B” = Yo¢¥a. (14b)
Some important results follow from these general solutions. Let BY = X ¢* A , B7=YF ¢~ 4,

and let @ be the diagonal matrix of the roots, arranged in.order of increasing magnitude. Then since

DM(B~ - B') = (P-C)(B” +B')
therefore

M(YF-X) ¢ A =(P—C)(YF +X) ¢" A ,
that is

M(YF-X) ¢= (P—C)(YF+X) . (15a)
Similarly :

M(YF +X) & = (P +C) (YF - X) . (15b)

From (15a) and (15b)
(YF+X) a2 = MY(P+C)M™ (P - C) (YF +X) , | (16)

so the columns of (YF +X) are latent vectors of the matrix M (P ~=-C)M_l (P = C) with latent roots
0;* . Thus the columns of (YF +X) are orthogonal. _

3. REFLECTIO_N AND TRANSMISSION MATRICES

3.1 Infinite Half Plane (0£x< ® )

If there are no sources

B () = Y ¢ (x)a, B™(x) = ¥F ' ¢~ (x)a,



—di—

Y ), (172)
XFTiy ™t L (17b)

Thus B~ (0)

where Bo

1

Note also that for any x, B (x) = g B (x) ,
and B (x) = % ®B(© , . (18a)
where Yolx) = Y~ (x)Y ' . Co _ : (18b)

The matrices B, and ¥, will be referred to as the infinite medium reflection and transmission
matrices.

3,2 Finite Slab of Thickness t (0 < x<t)

Let: neutrons be incident on the surface x = 0 only, with the angular distribution defined by the
vector B (0). A reflection matrix 8 and a transmission matrix ¥ may be defined by

B (0)

11

8 BV () (19a)

B'(® = ¥B@©. (19b)
However these entities are simply related to the infinite medium matrices 85, and Yp(t) as
follows:

The neutron distribution on the surfaces x =0 and x =t, regarded as portion of an infinite
medium, due to an incident distribution B*

B*(0) B, B~ (0) BwB

n
L]

it

B (1) Yo(t)BY, BT() = fz% (v B"

To remove the distribution B~ (t), superimpose a finite slab solution with the characteristics
B' () = o , BT(0) = -7 Ba¥%(®B

B'(t) =-BB,Y(WB , B (t) = — B, Y (0B

It follows that

B = By =7 BeYel® | (20a)
Y Yald = BBuYal® (20b)
and therefore .
B = [Ba=Vel®) Bo¥ul®) [I- Bu¥u (®) Bu¥y ()™ (21a)
Y = () = B B Yal®) (I= B Yal®) Ba¥uld )™ (21b)

The matrices 8 and ¥ may therefore be computed from the more basic entities B, and ¥ (t) which are
given by (17b) and (18b). Note that

B, 7u(® = XF 'Yy | (22)
For problems in which the flux distribution is symmetncal about the ‘centre line (2 =0) of the
slab, such that B" (x) = B (—x), the matrix required is the .overall reflection + transmission matrix

BY(t/2) = (y+B)BT(¢/2)



and

1

YrBE = Bt r®) (I+ 4 %®)

(XF sy s om)le vxF ¢ @)™ . (23)
4. ARBITRARY SOURCE DISTRIBUTION IN AN INFINITE HALF PLANE

An infinite half-plane with an arbitrary distribution of sources is a common component in many
neutron distribution problems. The general solution for the region 0 £ x < ® may be obtained by
addition of the solution

B = -Y¢& A B~ = —-XF'¢ 4,

to the solution which gives the neutron distribution in the right half of an infinite plane, due to an
arbitrary source distribution in the right half plane.

Let a unit plane source be located at x' in an infinite medium. Integrating the equation
(DM+P)B ' (x) = ¢ B (x) + S(x) &
across the singularity in S gives
M ("4 - B'G)) = 5,
that is,
B' (x4)~ B (x4) = B (xL)-B" (=) =MT'5 . _ (24)

From these boundary conditions, the solution is found to be as follows:

(a) x < &'
B'(x) = X&' (x) ¢ (YF - Xy M5
B (x) = YFH () () (YF-XJ*M"'S
(b) x> x'
B'(® = Y¢ ¢ (& (Y-XFH N8
B (x) = XF'¢ (¢ )(Y-XFH"'M™$

From the definitionr of 3 and (15a),

— -1 1 -1 .
(YF - X' M7'§ = =g *(YF+X) . (25)

If now YF +X = P, and the notation
o ,
I q5_|x—x’| 5 (x") dx' ,
()

is used to denote the diagonal matrix with elements

e}

[ f
f S(x" e~ % | x~x | ax , etc.,

o

then the complete solution for an arbitrary source can be written



=

B'(x)+ B(x) = 7("%:?) Pf Flx—x'|S(x)dx' aP™'S - PF '¢ (x) A (262)
[0}
B*(0) = 7(—%—_-55 X j S EY A aPTNS — Y ¢ () A (26b)
o . -
B(0) = 2(-—1!—-—-—__(:)YFf ¢ (xhs(x)ydz' « P7'S _; XF7'¢ (xyA . (26¢)
o

For comparison, diffusion theory, with

¥ =3,/DZf

predicts
[e4]
K - —x' -
& (x) =-2(T-r3' f S(x')e K'X x‘dxl"-AE KX N
0
N Of particular interest are black body or vacuum boundary conditions at x = 0, that is,
B (0).= 0. Thus from{26b)
@
1 - — _ ‘
A =5 Y X j ¢ (xS (x) dx' aPT'S . (28)
_ o
If Y™ "X be denoted by Q, then the flux distribution, as given by the double Py transport
theory solution to this problem is
N ® !
1 +1 _ -0 |x—-x
(I)(x) = 2—(—1—‘;—(?) .E Pli &j (P ‘)ii J S(x') € ] | [dx'
]:1 o
N+1 N1 -1 —Ox - ® poo—aix
j§1 Z PiFi e Qij %j (P )y J S(xye MTdx' | . (29)

o]

From this solution the asymptotic component may be extracted for evaluation of a linear extra—
polation distance defined by

A= By 0 ) Ty (0
Two cases are worth noting

(a) Plane source at x'> > 1 (strength S)

Double Py gives

(!.111

@11 Pra (P~ 1)1 I 1 x LR
3 e

Pusy(®) = 31— -F Qui & s : (302)
while diffusion theory, using the relevant linear extrapolatioh distance for this problem, Aga, gives
' K I KX (]_--K }\a) _le' —Kx' o ' : '
R ¢ =N L S T2 o A - (300)



—-7=

(b) Uniform source (strength S per ugit length)

Double Py gives

N+

—y A — —
v & E £, Pu Fi' Qi (P ');1} ' (3la)

1

S -
Dagy (x) = Hiz©) {2—- PBis(P7' )11 e

d.lx

while diffusion theory gives

—rx |

®(x) = ZTISTE) {2-(1—;%}\1) I (31b)

Thus if 04 = « and Pyy (P™" )44 = 1, which occurs if (1—c) << 1, both problems predict the
same linear extrapolation distance

1- Fi ' Qi

KA. = A. = a A'—' '-_q'r_'"'_-
A K Ab ! 1+F; Qs

(32)

Note that (30b) and (31b) are particular cases of the diffusion theory result for black body boundary
conditions,

@ o
| x=n —xx [I-kA PR _
o - 2715.__){] s ey e ImHlagr L o (R [ sy ¢ e (. (33)
> o

5. FORMULAE FOR THE DOUBLE P, AND P, APPROXIMATIONS

The general form of the X and Y matrices is as follows:

es '

X = 1 1 1 . . .
Gi(®y) Gi(da) Gi{dg) . . .
Ga(y) Go(®y) Ga(la) . . . (34)
y={ 1 1 1 . . . N
Gi(—0s) Gai(-2) Gi(-03) - . . :
Ga(—03) Go(—0z) Gof—0p) . . - i . (3%)
Thus G {0y) = A7 / A} for the e%1% solutions,
and Gi(—~0a,y) = AI / Aj for the e~ %1% solutions, etc.

The first of the double Py equations relates ‘Ag and A; so the elements of the F matrix are

E - %-{(2-—{:) v aj ‘l“‘Gi(ai))} | (36)
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5.1 Double Py, (0 < c < 1)
The characteristic equation is

@t~ 12 a4 (7-2¢) + 20 a? (21 _‘%-c) ~ 400 (1-c) « O , | )

and the G functions are

. -50(2+0d)
Gl(a) 15(2 +a)]_ 4“2 ’ (383)
2 (38b)
G2(®) 15(2 +0)* — 40
Note that for (1-c} < <1
@y = 3(l-c) {1~ 0.8 (1-0)} ,
which is the correct diffusion theotry approximation to «*,
5.2 Double P,, (c =0)
(a*—4) (a* - 80a* +100) = O, (39)
thus oy =5—E,C¢2=2,a'.=5+f1?
In this particular case, there is a simpler form for Y, thae is,
Yy =[ 1 1 1|
2-0,y 2-dy
d.1 0 ag - (40)
0.4 -0.5 0.4
5.3 Double P53 (0 <c < 1)
The characteristic equation is
193
a® + 200° (=11 +2c) + 20 a‘,{132— . c’ +
2 23
700 a* (-10 + 2 c} + 4900 (1-¢) =0 , (41)
and the G functions are
a{g a? ~35 (2+a)'}
G a = - ’ (423)
2(®) (Z+m {1052+ 0y - 55 a? }
14 0?
= 42b
G2(2) 105 (2 + ay - 55 a? ' (42b)
. _& b _
Ga(e) 5.2 (420)

(2+a) {105 (2+a)* - 55 a? }



5.4 Double Pg (c =0)

No special case arises as in the double P, for which &, = 2.0 but the characteristic equation
can be written '

0* — 20 0* + 90¢* — 1400 + 70 = 0 , (43)

while the j"th column of Y is

- — . .2 - - '2 — -3.
J z-aJ 6 6a’+a} 20 300&]+12a] all

1 1 “j aiz aia J’

The roots in the N = 2 approximation are given by Ziering and Schiff, but are reproduced here,
for completeness, in Table 1, which also includes the roots for N = 3

(44)

6. ILLUSTRATIVE APPLICATIONS

The applications given here are intended to illustrate the method of utilizing reflection and
transmission matrices and the various functions developed in the general theory. The problems chosen
are those for which exact solutions are known or accurate numerical solutions have been tabulated.
The double Py numerical results quoted have been obtained with digital computer programmes utilizing
basic sub—routines for performing the matrix operations. For N = 2 and 3, only 3rd and 4th order
matrices ate involved.

6.1 Slab Escape Probability

A slab of half thickness t, in mean free paths, bas a uniformly distributed source. The origin
of x is at the slab centre,

6.1.1 ¢ =0

B'(x) = %s 5 + Y ¢ A

B (x) = %SS +Y ¢ A

From the boundary conditions B~ (t) = B+(—t) =0 ,
A =—% ¢ () Y™ & S
The average escape probability P g is therefore
1
Pesc = 55 (BS® + BY (o)
= Z;E {(I_Y ¢ (2v) Y"‘) S haeo . (43)
6.1.2 0 < ¢c <1
From symmetry,
+ -

B+(X) =2(%;)5+(X¢ +YF¢’)A

— S + —_

B (x) =m3+(YF¢+X¢)'A

In the same way as for the derivation of (45),

Pece ='4‘€(2TI) {I- (36" +YF ¢ () (X0 +YF NG R B A (46)
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Results for a pure abserber, ¢ = 0, are given in Table 2 for comparison with the exact values
from Case, de Hoffman, and Placzek (1953). o )

For a slab that scatters neutrons, the usual appmﬁimatiod for average escape probability is
Pesc = Pesc (c#0) / {1-c {1-Pesc (c=0))} R (47)
Numerical results from the double P; approximation are compared with results using (47) in Table 3.

6.2 The Miine Problem

An infinite half-plane occupies the space 0 < x < ® ,with a source at +o. The quantities of
interest are the angular distribution of the emergent neutrons, that is B (0), the linear extrapolation
distance A, the extrapolated end point | x0| , and the ratio of asymptotic flux to transport theory flux
at x = 0. This problem has been solved essentially, in the double Py approximation, in Section 4,
but the derivation here is to illustrate the general technique of solving slab problems. Only 0 < ¢ <1
need be considered.

The form of the solutien is

¢}

B' (x) X¢'5 + Y A

YF¢ & + XF ¢ A

t

B (x)
The boundary condition, B+(0) = ( gives
A = -Y'X8§ = -Q5&,
and the emergent neutron flux has the angular dis.tsibution
B (@ = (YF - XF'Y'x)$. (48)

The flux distribution comes from

— + ' — —
B (x) + B (0 = (P ¢’ (@ -PF ¥ (mQ)s, (49)
and the transport theory flux at the surface is
_ N1 _
@0 = B = (YF)i1 - jéi X4 Fj Qj1 . _ (50)
From (49), the asymptotic flux is
Dasy(x) = Paa ¥ P Qs e %1% ? (51)
which gives an extrapolated end point at x = —xo with
x 2 S P (F_:-.-1 Qi) . (52)

@ 20,

The linear extrapolation distance Ais given by

}\- (Das][ (0) _ 1 - FII Q.‘Ll
ey O T EGF Q) (33)

which agrees with (32).

Table 4 compares the exact results of Case, de Hoffman, and Placzek (1953), with the results of
the double P, and double P, approximations. '

6.3 Single Slab Self-Shielding

In this problem a slab of thickness 2t, parameter cg, is surrounded by an infinite medium,
parameter cp, in which is located a uniformly distributed source S . It is required to calculate the
mean flux in the slab, the asymptotic flux depression at the surface, and the linear extrapolation dis—
tance at the surface. Suffixes s and m refer to slab.and surrounding medium respectively.
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In the stab, with origin at the centre, the sol{ition is, from symmetry,
+ + -
B () = (Xsa(m) + Yo Fy 63(0) Ag

Bs (x) = (YS Fy da(x) + Xsbe(®) ) A _ (54)

and therefore
Bs (x)+ B3 (%) = 2 (X +YF)s cosh (dsxs) As . . | (55)

In the right half-medium, with origin at the interface, the solution can be written as

+ _ S +
Bn() = Fiem ¥ ¢ ba ‘x)l
: S _ ; (56)
Bn(® = 3=y & ¢ bm(® J
with
b (x) = Yy bm (x) Ap 1
(57)
bm(x) = Xp Fp &m(x) Ap I
The flux at infinity is ®_ = S/(l-cp), and at the surface
bm(®) = (Bgm bm(0) ' (58)
with 8 as given by (17b).
The overall slab reflection + transmission matrix is
‘65 = (,6 +’y)s ]
as given in (23) with (t) replaced by (2t).
For continuity of the Legendre components of the angular flux at the interface,
— s +
Bg(t) = EZT—C_I:) & +(1800}m bm(O)
. S
Bs Bo(t) = ey § + b ()] . (59)
Therefore
__ - S
Bow = (I- (ﬁm)mﬁs) I~ (ﬁm)m) Moy © (60)
and the slab flux distribution is determined by
. 4 _ P—
As = {¥s Fs ¢ ® + Xs ) B () (61)

The average slab flux may be determined by integration or by neutron conservauon For the
latter, the net current into the slab at Xg = trequires

z (B - Bw) = L (1< s B,
_so the average flux @ is

o, = Zt(l - ){(I-—ﬁS)B O] }m . (63)
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Integration gives a different expression, but equality may be demonstrated by the use of (15a).

For the external medium, S

bm (0) = BsBa(t) - Q-(—l“:;;m—) 5,
and therefore from (57) _
_ -1 S - e o ]
Ay = —Y, (m 8 - PBgBg (t)) . (63)

The flux distribution in the external medium is now cbtained from (56) and (57) as

‘ el = - S - 1
(I)m(x) = {c—is_-Tm) S — (Yl'[l +Xm Fl'l'l )(f)m(x) le ( 2(1_cm) 8 — /38 BS (t)) Ii B (64)

From (G4) the 0, component and the @, term give the asymptotic flux distribution in the extesnal
medium, and this can be written as

(‘I’asy(x))m - 1;Sc e*(aﬂ)m)

The linear extrapolation distance at the surfaceis therefore

. 1=
Mot @me 63)

When cg = 0, that is, a pure absorber, the only modification to the above is in 8g which is now

Bs = (700 (21:))3

This example clearly shows how any array of slabs, as in a slab lattice, may be analyzed in
the double Py approximation, by the use of computer programmes based on sub-routines for the
manipulation of comparatively low order macrices.

For cg = 0, Jeffrey (1960) has published the results of ordinary P, 5 calculations on grey slabs,
In Table5 the results of double Py calculations are compared with Jeffrey’s results, Although these
latter results may be taken to be qu1te accurate, they are presented graphically and are difficule to
tead, so random errots are present in the quoted values.

7. DISCUSSION OF RESULTS

The lowest eigenvalue (1), computed from the double P, and P; approximations, may be
compared with the exact value x given by the equation

¢ = K tanh™
c K a(1) (P2) (1) (Pg)
0 1.0000 1.1270 1.0746
0.4 0.9856 1.0255 1.0037
0.5 0.9575 0.9793 0.9654
0.6 0.9073 0,9173 0.9100
0.7 0.8286 0.8321 0.8292
0.8 0.7104 0.7112 0.7105
0.9 _ 0.5254 0.5255 0.5254
0.99 0.1725 . 0.1725 0.1725

For P, the error in K is less than 1 per cent. for ¢ > 0.6, and for P, the rangeis ¢ > 0.5.
In reactor analysis using diffusion theory, ¢ > 0,99, so application to strong absorbers in a weakly
absorbing medium can be expected to give the correct asymptotic, that is, diffusion theoretic, flux
distributions,

Milne’s problem is the classical test for transport theory solutions, and the results of Table 4
show that for ¢ 2 0.7, the double P; solutions for the significant parameters are remarkably accurate.
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This is to be expected as the double P, method is specifically designed to.cope with problems that
involve discontinuities in the angular flux. For ¢ 2 0.9 the double P, approximation is probably quite
adequate. . _ oL

~ The slab escape probability results show that for ¢ = 0, the double P; approximation is very
good. The errors in the approximation of Equation 47 for ¢ # 0 increase with increasing thickness,
owing to the breakdown of the assumption that the collision density after multiple scattering is still
flat,

The comparison presented in Table 5 is difficult to analyse, owing to uncertainty in the values
read from Jeffrey’s curves. For ¢y = 0.8, there appear to be no significant differences. For ey = 0.99,
Jeffrey’s results, for the linear extrapolation distance only, tend to differ from the double P, approx—
imations as the thickness of the purely absorbing slab increases. Increasing slab thickness, however,
tends to vacuum boundary conditions, which for ¢y = 0,99 gives the same extrapolation distance as in
Milne’s problem, and the double P, and P; approximations have been shown to be practically exact. The
excellent agreement between the P, and Pj resules that disagree with Jeffrey supports the conclusion
that his method does not adequately cope with these problems. . Jeffrey used the ordinary P, 5 approx-—
imation, and Weinberg and Wigner (1958) show graphically that for Milne's problem with ¢ = 1, while
the total flux near the boundary is exact, the angular distribution of the emergent flux is still signif—
icantly in esror.

The general conclusion from the numerical studies must be that for all practical purposes, the
double P3 is to be recommended as an accurate approximation for the problems of slab reactor theory
involving strong absorbers adjacent to weak absorbers.

It should be noted that no great attention has been given to the problem of round—off errors in
the computer programmes. Thus matrix inversion is done by partitioning .into second-order matrices
and the results are probably only correct to 5 places. However the agreement to four significant
figures actually obtained, as in Milne’s problem and slab escape probability, suggests that this is no
cause for alarm in most practical problems.
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9. NOTATION

B Vector of Legendre coefficients in half-range expansion of angular flux

c Number of secondaries per collision

C,P;M, Square matrices in statement of formulation of simultaneous equations

F Diagonal matrix coupling B~ and B* components

G () Functions appearing in the definition of X and Y

N Order of the double Py approximation )
P Used as above, also to denote the square matrix (X +YF)

Q Used to denote the square matrix Y™ ' X
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Py n'th order Legendre polynomial

5 Source strength, or source strength per total mean free path

t Slab dimension in total mean free paths

x Distancein total mean free paths

XY, Matrices appearing in basic exponential type solution

oj Characteristic roots |

B Reflection matrix for infinite half-plane

B Reflection matrix for finite slab

Yoo (t) Transmission matrix referring to depth t in an infinite half—plane
Y Transmission matrix for finite slab

3 An (N+1)"th order vector with only the leading term non—zero and equal to 1
K Inverse diffusion length

A Linear extrapolation distance

i Cosine of angle between direction vector and x—axis

¢ (x,pt) Neutron angular fiux

P (x) Neutron scalar flux

(I)asy(x) Asymptotic portion of scalar flux

Suffix s Denotes slab
m ** - surrounding medium

142 ” sum of first and second components of a vector



TABLE 1 -

VALUES OF LLATENT ROOTS 0

N - 2 N 3
¢ 1 2 3 1 2 3 4

0.00 1,12701 2.00000 8087299 1.07461 1.49256 3.03021 14,4026
0.01 | 1.12543 | 1.99554 | 8.86065 1.07367 | 1.49011 3.02527 14.3901
*0.10 | 1.10963 | 1.95434 | 8.74924 | 106393 | 1.46699 | 2.98017 14.2771
0.20 | 108804 | 1.90631 | 8.62451 1.04979 | 1.43895 2.92891 14.15092
0.30 1.06073 1.85616 8.49879 1.03058 1.40864 2.87664 14,0242
0.40 | 1.02555 | 1.80431 | 8.37214 1.00375 | 1.37668 2.82356 | 13.8969
0.50 | 0.979328 | 1.75153 | 8.24457 0.965430 | 1.34425 2.76998 13.7691
0.60 | 0.917322 | 1.69898 | 8.11615 0.909964 | 1.313081 | 2.71628 13,6407
0.70 0.832192 1.64811 7.98694 0.829236 1.28503 2.66288 13,5119
0.80 | 0.711249 | 1.60054 | 7.85699 | 0.710488 | 1.26134 2.61029 13.3824
0.90 | 0.525509 | 1.55766 | 7.72642 | 0.525432 | 1.24224 2.55902 13,2526
0.95 | 0.379494 | 153825 | 7.66092 0.379485 | 1,23427 2.53405 13.1875
0.99 | 0.172511 | 1.52376 | 7.60844 0.172511 | 1.22856 2.51445 13.1354




TABLE 2

SLAB ESCAPE PROBABILITY (c = 0)

2t Exact Double Py Double Py
0.20 0.8371 0.8497 0.8413
0.40 0.7403 0.7450 0.7399
0.60 0.6665 0.6670 0.6654
0.80 0.6068 0.6055 0.6060
1.00 0.5568 0.5552 0.5564
1.20 0.5141 0.5126 0.5140
1.60 0.4446 0.4438 0.4447
2.0 0.3903 0.3901 0.3904
3.0 0.2954 0.2957 0.2955
4.0 0.2349 0.2350 0.2349
6.0 0.1637 0.1637 0.1637
8.0 0.1243 0.1243 0.1243
10.0 0.0998 0.0998 0.0998
12.0 0.0833. 0.0833 0.0833
TABLE 3
SL-AB ESCAPE PROBABILITY (c % 0)
2t c Double Pj Approx. (47)
0.20 0 0.8413 0.8413
0.4 0.8983 0.8983
0.8 0.9636 0.9636
0.95 0.9907 0.9907
1.00 0 0.5564 0.5564
0.4 0.6758 0.6764
0.8 0.8617 0.8625
0.95 0.9614 0.9617
4.0 0 0.2349 0.2349
0.4 0.3337 0.3385
0.8 0.5935 0.6055
0.95 0.8521 0.8600




TABLE 4

MILNE'S PROBL EM

Dagy(0) / ©(0) X, A

€ Exact Py Py Exact P, P, Exact P, Pg
0.1 | 1.0375 1.0273 1.0306 8.539 2.1700 24592 1.0000 | 0.8867 | 0.9299
0.2 | 1.0801 1.0560 | 10630 3.926 1.8176 2,0337 0.9993 | 0.8845 | 0.9274
0.3 1.1218 1.0857 1.0965 2,497 1.5876 1.7734 0.9889 | 0.8799 | 0.9214
0.4 | 1.1535 L1157 1,1296 1.826 . | 1,4058 1.5419 0.9606 | 0.8717 | 0.9100
0.5 | 1.1763 1.1449 11599 1.441 1,2502 1.3393 0.9201 0.8587 0.8907
0.6 { 1.1932 1.1716 1. 1849 1192 | 11124 1.1618 0.8750 | 0.8394 | 0.8622
0.7 | 1.2061 1.1943 1,2032 1.018 | 0.9896 1.0112 0.8300 | 0.8135 | 0.8261
0.8 | 1.2161 | 1.2115 L2155 0.889 | 0.8815 0.8881 0.7871 | 0.7817 | 0.7864
0.9 | 1.2242 1.2233 1.2240 0.789 | 0.7886 0.7895 0.7472 | 0.7464 | 0.7471
0.99 1.2301 1.2300 0.7177 0.7176 0.7141 | o0.7140
L0: | 1.2305 0.7104 ' 0.7104
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APPENDIX 1

DOUBLE P3 FORTRAN PROGRAMMES AND SUBROUTINES

The following programmes have been used to make the calculations quoted. All the basic

mattix operations are performed by a set of subprogrammes which are therefore available for further
applications of the method.

Subroutine Name Operation Dimensions Remarks
SUPA(C,A,L,B) C = A+B(L=D A(4,4),B(4,4)
C = A-B(L=2) C{4,4)
SUPU(C,L,A) c = I. A@w=1 A(4,4),C(4,4) I = unit matrix
C = 1+A(@L=2)
SUPV(C,A,B) C = AB A(4,4),B(4),C(4) C,B, vectoss
SUPM(C, A,B) C = AB A(4,4),B(4,4), e ae
C(4,4) Multiplication
SUPT(C,A) C = A Af4,4),C(4,4) Inversion by
partitioning
SUPDP (C,A,B) C = AB A(4),B(4,4)C(4,4) A diagonal
SUPPINC,A,B) C = AB A(4,4),B(4),C(4,4) B diagonal
SUPR(C,AX,Y,F, A =« A(4), F(4),FM(4) Computes basic
EM) I ) L eigenvalues and
FM = F etc, X(4,4),Y(4,4) matrices, c % 0
SUPRC(A,Y) Y and g Y(4,4), A(4) ¢ =0




APPENDIX 1

DOUBLE P, FORTRAN PROGRAMMES AND SUBROUTINES

c DOUBLE P3 ESCAPE PROBAB

ILITY
DIMENSION ALP(A F(h) FM(li) hl Y(ll 4)
1PP (), PM{L) WA (L &) wB (4, &) we(h, b3, wolh, b
8 READ 1 c,T
1 FORMAT (2F6 2)
1F(C)3,2,3

2 CALL SUPRC (ALP
CALL SUPT (WA,Y)
DO Li=1,4

4 PM(1 )=EXPF (-2, *ALP(I)*T)
CALL SUPDP(WB PM,WA)
CALL SUPM(wWD,Y ws)
GO TO 5

3 CALL SUPR{C,ALP,X,Y,F,FM)
DO 61=1,4
PP(I)=EXPF(ALP(I)*T)

6 PM(1)=t1./PP(1)
CALL SUPPD(WA,X,PM)
CALL SUPPD(WB,Y,F)
CALL SUPPD(WC,WB,PP)
CALL SUPA(WB,WA,1,WC)
CALL SUPT(wC.we)
CALL SUPPD(W8,X,PP)
CALL SUPPD({WA,Y,F)
CALL SUPPD(WD, WA PM)
CALL SUPA(WA, wB i ,WD)
CALL SUPM{WD WA WC)

5 CALL SUPU(WA,1 wo)
PESC={WA(1, 15+WA(2 1))/ (b *T*(1.-C))
PUNCH 7,C,T,PESC

7 FORMAT (2F6 2,E13.4)
GO TO 8
END

C MILNES PROBLEM BY DOUBLE P3
DIMENSION A(L),X{(&,4),Y{L, 4) F(4),FM(4), WA(h L) WB (&, 4) ,wC(k, u)
4 READ 1,C
1 FORMAT(Fb4.2)
CALL SUPR{C,A,X,Y,F,FM)
CALL SUPT(WA,Y)
CALL SUPM(WB,WA,X)
Z=FM(1)*WB(1,1)
PASY=X(1, 1)4+Y(1,1)%F (1)
PASY= PASY*(1 -z)
PT=Y(1, 1)*F (1)
CALL SUPDP(WA FM,WB)
CALL SUPM{WC,X WA)
PT=PT—wc(|,15
PT=PASY/PT
XQ=-1.*LOGF(
D=(1.-2)/(

Y)

Famn Tain

OO0
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APPENDIX 1 (continned)
SINGLE SLAB SELF SHIELDING BY DOUBLE P3
BM

i
2

20

WwesJgwvr o~

10

11

12

DIMENSION AM(kY,XM(L, b)Y, YM(L,b) ,FM(%),FMM(L
1AS (&) )
28S(h, b)Y, com(By,cuslu) lwalu, by, we(

XS4, 4),YS(4,4),FS(4),FSM
READ 2,CM,CS,T
FORMAT (3F6,2)
CALL SUPR(CM,AM
CALL SUPT(WA,YM)
DO 201=1.,4
Z(t)=wa(1,1)
CALL SUPDP(WB,FMM,WA)

CALL SUPM(BM,XM,wB)

IF(CS) 5,6,5

CALL SUPRC(AS,YS)

GO TO 7

CALL SUPR(CS,AS,XS,YS,FS,FSM)
DO 3t=1,4
PH(})=EXPF{-AS(1)*T)

CALL SUPT(WA,YS)

CALL SUPPD(WB,YS,PH)
IF(cs)8,9,8

CALL SUPM(BS,WB,WA)

GO TO 10

CALL SUPPD (wC, XS, FSM)

CALL SUPA (WD, WB, 1, WC)
CALL SUPPD (WA, WC, PH)

CALL SUPA §WB, Y, 1, WA)

CALL SUPT (WA, WB)

CALL SUPM (BS, WD, WA)

CALL SUPM(WA,BM,8S)

CALL SUPU(WB,1,WA)

CALL SUPT(WA,wWB)

CALL SUPU{WB,1,BM)

CALL SUPM{WC,WA,wB)

DO 111=1,4

CJS{1)=.5*WC{1,1)

CALL SUPV(CJM,BS,CJS)
CIM(1)=CIM(1)-.5

P=.,90

DO 121=1,4

P=P+Z (I )*CJIM(1)

P = P*(YM(1,1)+XM(1,1)Y*FMM(1))
PASY=1,+P

EXT=-PASY/(AM(1)*P)

CALL SUPU(WB,2,BS)

CALL SUPV(Z,wB,CJS)

PT=2(1)

CALL SUPU(WA,1,BS)

CALL SUPV(Z,WA,CJS)

PM=Z (1)+Z (2}

PM=PM/ (T*(1.-CS))

PUNCH 4, CM,CS,T,PM,PASY,PT,EXT
FORMAT (3F6.2,04E13.4)
GO TO 1 -

END

XM,YM,FM,FMM)

b4y wolh, by ,z (k)
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16

18

12

DIMENSION A(L,4)

~3—
APPENDIX 1 {(continned)

SUBROUTINE SUPR(C,A,X,Y,F,FM)

DIMENS ION A(L), X (b, A) v {t, i) F(4) ,FM(L)
CA = 20.%(2.%C~11,)
20.%(132.-(193.%C/3.))
700.%((23.*%C/3.)=-10.)

.*(1.“0)

~C)y*(2.5-1.4%(1.-C))

o
W
f

SN -
[ PP TE I

0

it

Q+CAL*Q+CB)*Q+CC)*Q+CD

J (((ly . %Q+3 ,*CA)*Q+2 ,*CB)*Q+CC)

./ {105 ,*R*R-55 , *P*P )

= 7%P¥(9,*P*P~35 *R*R)/R
= T*{h,*P*p

AK = -6.%Z*PEP*P/R
70 (16,18),L

- AK
(2.-C+P*(1.+AG))/C

SUBROUTINE SUPT(C
’ ,2),8(2,2),0(“,“)
X=1./(A{2,1)*A(1,
P(1,1)=A(2,2)*X

P{1,2)=-A(1,2)*X
P(2|‘)=—A(231)*X
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APPENDIX 1 (continned)

P o P s e,
O] v O] O e 0N

e
¥ X kRXKKXX

A T T, I, S, ST S

— TN P s, PN, T, S, S SN S S, S, o I o s, -
— AT NS e N e—NT NN NN~ — M-I N - N -
e e AR R RR AR R R R R R e e T S S
- NN NNT TSt - - s ey I R
-+ e e e L i A N o | o Nt Seastt St Nast? Nt s Sl ot
Aot ALl L Ll LT <L <L L L <L L g LDOLOOLOOO
<< ¥ X EXEXEEX++++4+++ +a o L EEEEEER
-+ Lt Ll T T P Vo Y T ¥ T -4 * P P P S N N P g,
-~ OO NN NN N O v N v BN v O v O ™ Lo SN ONNNONONN
Yy =000 m oA a m & AR R A s A ORRA R B - [t ] [+ . T T T T S N S 9
- v—e 0N O T o N (] mEe e g oy o - - 0N e NN
(22} N st S e N Nt e S e S Sl gl vt st i N e — e e T
~— [+ W 2 NN M o fw o J T R RO R e s e a g — Ererounntny
< +t++F I T FFxxrx R R R =4 F+++++4++
1 BN I P, P o, N, B, N, P P £, s s o | i S P S Py P g,
~ OAE O e N N 0N O IV v v v — oA OOE e N -
I o T T T T S N A, o [ . T T U S
- - — MMM e NN O NS - - O} O 0 O o e g
™M -4 Nkt Sttt Nt Nl Nt N Nt “ra? Nl Vst Nmamtt? gt Sl g St "o T _— L] o~ Nt S Nt Ve Nttt Nt Vg
KX EEX A4 CCALALALL L L L N N O D000 OO
FAER K E R R EEERTFFFAF AR EAN o e PN s A3 X X X K XK K
e~ e~ 3)\.’))))))\’)))\’)}})* pee 0N &R Mo N B e, e, T T, e e,
—rnE e A e e T e e o e . — ON v O 0N d 0 o N e e s O] e e T e e gy ey -
’3!3“‘!l’l’!’!!,l!”””I(PP(](QQ( !!!!!!!!

— e e = NN NN e NN NT . fA R X O 2K K O =IO e N
N LW - L S LU TS P T N S e T KO B K v D D N N N e N el S
g | Ao 0IIIddggddd—x | | XX | I Xrpraeaennnnw
(o O O T T T U T N TN T O T AN~ WO N O e - T O S TR Y T

NS =N Ne—=N— N NN NN N NSNS Tt ot et ot e O - N
=

”””””””””””””””””””””””””””””

N NN NN NN NN NN e NN =N T ey et b
Nt ] St St et et et et Mt e Ml Ml Mo ol Mt Sl St St et N v 1t (| ot S " i} St Nt St ettt Nt gt Nt St Nt St ot St | 1]

LxXOOoOOOaErraUNLLALALOUOCOXOLDLLXXOLDOLOOLUOLOWL L w

”~

-

-

B g

N
-~
o

gy,
<3

o
< ~
- ]
0. -
o -
O = St
- =t fas)
U +*

[ ~—
E i
ZZ T
—_— 3 n ’A
b e g ]
Suwnll § ~=2
OZ—""
ZultNN »D
o = -0
D=0l Z
Vooowaw

2.

SUBROUTINE SUPM(C,A,B)
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APPENDIX 1 (continued)

DIMENSION C(&,4) ,A(L,L),B8(4,4)
DO 21=1,4

DO 2J=1,4

c(1, J)-o

DO 2K=1

c(1, J)=C(| J)+A(I K)*B(K,J)

RE TURN

END

SUBROUTINE SUPRC(ALP,Y)
 DIMENS1ON ALP(4),Y(L,nW)
-ALP(1; = 1.07461
ALP(2) = 1.49255
ALP(3) = 3,03021
ALP(4) = 14,4026
DO 2J=1,h4
x=|./? (J)
*X-1,

vY(t,J

Y(2,J) _
Y(3)3)=(6.%X=6. )*X+1.

Y(4,J) ((20.%X=30. )¥X+12, }*X~1,
RE TURN

END

SUBROUTINE SUPPD(C,B,A)
DIMENSION C(h,4),B(L,4),A(L)

D0 21=1,4

DO 2J=1,h4
c(1,J3)=B(1,3)*A(J)
RETURN

END

p
1.
2,
(

1
L

SUBROUTINE SUPA(C
DIMENSION C{&,4),A L L) B(4,L)
DO 31=1,4

DO 3J=1.4

GO TO (2 1),L

c(y, J)=Ai| N+8(1,4)
GO TO

c(1, J)=A(I J)-B(1,J)
CONT I NUE

RETURN

END

SUBROUTINE SUPU(C,L,A
DIMENS1ON C(4,L), Afu i)
B=1.

Go T0 (1,2),L

DO 4 | = 1,4
DOLJ=1,4
c(1,J)=B*Aa(1,J)
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APPENDIX 1 (continued)

c(t,1) = 1.+C(1,1}
c(z,z; = 1.+C(2,2)
c(3,3) = 1.+C(3,3)
c(h,b) = t. +C(4, k)
RETURN

END

SUBROUTINE SUPvV(C,A,B)
DIMENSION C(4),A(L,h) B (4)
DO 21=1,h

Cc(1)=9.

DO 2K=1,4
c()=Cc(1)+A(1,K)*B(K)

RE TURN

£ND






