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ABSTRACT

The “‘heavy gas model’’ using a synthetic kernel leads to the following coupled equauons
for the determination of the neutron fiux ¢ = ¢(E) in a bare reactor:

[~ GatBD) ¢ .5 -

Lo

[(BE-T)¢+ ET 52) - c £ ES + ¢ £ EB'D ¢ ,
where

B = 1+e¢ 22

s

This paper deals with the very special problem of solving analytically the defining equation

for the energy dependent neutron flux in a region for which there are no source terms and wherein

D, Za, and =g are constant. Thus, various forms of the solutions of the equation
xd_z)ﬂ.,ux.d_Y_J,;W:o- 0 <A< 1

dx? dx ’ !

may be derived for the two—point boundary value problem (a < b)
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ABSTRACT (continued)

where we have written X = ME,

= ¢,
= N

A = o
= L £ 2 M

N I:l + s (Z, + B*D) - T, ,
_ 1 €

M ='T'|:1+Z—S(.Za+B’D):|.

Some of these forms are derived, and the problem of accurately evaluating them numerically
is discussed.

The author is well aware of the rather artificial natute of the physical model embodied
in this equation, However, the extreme simplicity of the functional forms of the coefficients
poses the question whether we may use the results here obtained to interpret the nature of the
flux values for a more realistic model —— one in which %, , D, Zg, etc, are variable functions
of the independent variable (energy) and not merely constants. A subsequent paper will include
a discussion of this question, and an assessment of the accuracy attainable by substituting
the ‘constant—_parameter’ model successively and collectively over sufficiently small energy—
intervals,
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1. INTRODUCTION

Calculations of the energy—dependence of the neutron flux in a bare reactor are in progress to
aid in the determination of the performances of some thermal—intermediate power reactors (this work is
being done by the Engineering Research Section of this establishment,) These involve the “‘numetical’’
solution, using a digital computer, of the following equations (for Equation 2 see Rubbra and Pollard

1962):

J — (2.t B*D) ¢+ %SE--+S=0 (1

_ ¢
1 a- 63 [pE-T ¢ ET &

- e£ES+e£fEB*L¢ (2)
This system is equivalent to a linear second order inhomogeneous defining equation for ¢ or for q,
the neutron slowing down density, During an investigation into the propesties of the solutions of these
equations for two—point boundary and initial—value problems, it was discovered that under certain
simplifying conditions it is possible to solve this equation explicitly in a variety of ways. Further, it
can be shown that all these forms can be numerically evaluated to ahigh degree of accuracy.

Reported here, then, are different forms of some analytical solutions of (1) and (2) for the special
case of D, 25,and 24 all independent of energy, no resonances present, and in a region where § = 0,
These solutions (the linearly independent, ‘fundamental’ solutions corresponding to a two--point boundary
value or initial—value problem), together with an analysis of means for their accurate numerical valuation,
are presented to provide a method of checking the so--called *‘numetical solutions’’ for these special
conditions,

Differentiating (2) and substituting into (1),there results, for constant values of D, 24, 25, the
defining equation for ¢(E):

d2g d ¢ i
Fam *ME g * Né= S (3)
where
1 f,, £ .
M o= |l 5 (Za+BD):| ,

-

1 € Za +B2D

N = = |1+ (2, +B*D) - 28°5 7 |
T i Zs( a ) gzs }

B ds
s .1 (e§~1)8+e§Eai.-
o T £2g _

In a region where S = 0 this becomes

6, wg 42

Bapr * MF gqg rN¢-0, | (4)

which is essentially the equation with which the remainder of this report is concerned,
Note here two other formulations of the problem, coupling the heavy gas thermalisation model

with a synthetic kernel slowing down model (Thompson and Lawrence 1960; Thompson 1962). The
respective expressions for q are

q =& (2s+ eza)l:(E—fT)qﬁ+ET%%]— €ES+efEB* D (5)

and
q = 523[(3‘_1") ¢+ET j_:fz] ‘ eg[(E—T)(Ea¢4B2D¢—S) :

ET-&d-E (Ea¢+B2D¢-S):| , o (6)



which give rise tothe same Equation 3 with

= 1 + B’D
Nt S (z rel, ]
. S(€§~1)+E§E—%
Sy = =
°© T E(Ag + €2,)
and
M=o
N = i_l— 24 + B2D
T| E{Zg+e(Cy +B2DY} [’
1_5(e§ 1)+€§E—C-I—S-+E§E d_ESi
So =?_ 5{25+€(2a+B2D)} N
respectively.

Ve are therefore concerned with the fundamental solutions of the linear, second—order,
homogeneous equation

d dy =
de—¥+xdx+?\y o,

X
(7
1 X>0,0< A< 1,

2. DERIVATION OF THE DIFFERENT FORMS OF THE FUNDAMENTAL SOLUTIONS

Three basically different approaches can be made in attempting to obtain explicit solutions
of Equation 7:

(i) power series solutions;
(ii) solutions in terms of definite and indefinite integrals;
(iii) continued fraction solutioné for the logarithmic derivatives.
Perhaps the most convenient to calculate numerically are the series solutions.

2.1 Series Solutions

%X =0 is a regular singular point of (7) and so each of the fundamental solutions can be expressed
as a power series in ¥, It-turnsout that because 0 < A < 1 we may use these series solutions to obtain
accurate (1 part in 10° or better) values of y(X) in the range 0 < X £ 5. If X > 5, asymptotic series
solutions can be formulated which are also exiremely accurate,

In either range, we can estimate the error involved in tmncatmg a particular series at a given
term (see Section 3).

w n+s )
The solution y = Zn=o AyX has associated with it the indicial equation;
s(s-1) = 0,

and a recursion relation:



—_3a
(n +s)(n +s+1)Ay,, +(nts +A)An = 0 , =0, 1,2, ... ,

and it is clear that only for s = 1 does there exist a (fundamental) solution of this form. Thus we have:

yi =30 Agx"" &)
An a (1 +2(2 +N)...(n +\) _ :
vl (-=1) RS , n=1,2, .. . (9)

The other fundamental solution is of the form:

Y2 = c(logX)yy + Sn=o By X' (10)
where 0 = Agc + AB, (11)
and  (n+1)(n+2) Byy, (0 +1+A) Bass +¢ {An+(2n +3) Anss)} = O . (12)

If X is much greater than 5, y, and y, are represented by series which are too slowly convergent
for convenient numerical computation, In this case, we resort to the use of asymptotic series,

Let the adjoint of y be y*. Then if primes denote differentiation with respect to X, we have:

—X s, (13) -

y = Xe
where y* satisfies the confluent hypergeometric equation:

Xy + (2-x)y* - (1-N)y* = 0 . (14)

Now the asymptotic solutions of the confluent hypergeometric equation:

Xy 4 (c —x)y* —ay* = ( (14a)
are ya* Y X% Zns On S (152)
and TR LI G T e (16a)
where:

k=n—1 k=n

Op o Mk=o = (a+k) Ii=, (a—c+k)

o, - D o ; (17a)
and _ _

Ba U™ (c-a+k) 1K (k—a)

— = . (18a}

Bo L
Substituting ¢ = 2, a =1 — A in these equations we get:

yor v (N3 g0t (15)

L D I )
where: k‘.

@, ner ME=NTEST (k= M2

T, T L o , (17)
and k=n -

=n—1
fo MaduERTaon o

Bo o
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Thetefore the asymptotic forms of the solutions of (7) may be written:

Yj_f;_' Xe Yj_* =E_xx}\‘2n=0 an i_'n

¥

Fa2 > X e Xy, X_)\ Snwo By T

2.2 Solutions in Terms of Definite and Indefinite Integrals

A solution of the adjoint Equation 14 is:

o

ya* =j X (Liyhar
o
so that a solution of (7) is:
w
yi = xe X f LN SUIF TR
o

another linearly independent solution is given by

o X
ye =I et () de .
0

Equation 23 may be obtained formally by applying the Laplace transform to (7). Vriting

{is)

L {y(c)} Ej e 5t y(t)dt = £(s)

[s]

we have

L{ty"(®+ey'() + Ay(®} = 0 ;
this gives:

s(1+ s)f(“) +{l1+2s=A)f =0

?

that is,

h
f(s) = —g————77 ,
sl—A (1+s) 1+

where h = constant, Now

L_IIF (1+?\) 1 - e_t t}\_
1(14’8)1{'?\'.{ .

I 1 s> 1

1] Ca=-»

LT ———( =
|

Therefore the convolution theorem gives:

A

t
constant .y = LTI IF(I‘*}\)FU—?\)I - je-u (f:u_ﬁ))\ du .
lsl_h(l-f-s)l*h J o

v, v, and y". We have, assuming all the integrals exist,

(19)

(20)

(2D

(22)

(23

(24)

To make the derivation of {(23) rigotous, we must establish the existence of the transforms of
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L{r®}= [ ywl + ooy,

L{y'm=[%ymly + Lo '@

The asymptgtic solutions (19).and (20) cleazly show that L {y (t)} must exist and that moreover
[e=Sty(e)], = 0 if y(0 +0) = 0; hence the existence of L{y ()} is also demonstrated. The

existence of L {y"(t)}} by establishing that of

[e=5t y'(t)], may be shown by examining the

asymptotic solutions of the second order equation satisfied by Y (t) = y(t). In Equation 7, put

Y(X) =y'(X), X= —X to give, after differentiation,
XY'+(1-X)Y —(1+N Y =0
The asymptotic solutions of this equation are:

Tor Vs e s (N sy g e

and Vo eXx Sam £y X% = X (xP Sneo B (=0

so that [e St ¥'(1) ](2 = —y'(0+0)

Thus y, is a valid solution of (7); but we must prove it to be linearly independent of y, by

employing a reductio ad absurdum method as follows;
If y, and y, are lineatly dependent, put
yi= ky,,

- where k is a constant, This implies:

(o4]

Xe_xf e_Xt (]i)}\ dt
o t

X
f et (yt_—t)}\ dt

[o]

Now choose A> 1, 0< € < 1 such that
: . €+ c .
After equating the two expressions for k ahd multiplying up, we get

o €
fe-—ﬁt [ At (%)?\] dtJ e_:(Et:t_):\ de
0 o

A+te o

" from which it follows that:

€ A A+e
ot A €e _¢ t (A
j;e e de > _“A‘[ € (A——+€_t) dt

But € € .
. -
je“"t (e de <f '(e;dt{)"x .
o o - -
and Ate N '%(A‘i-e)
1
j et (A:-_e.:f) de >I etdt =1-e 7(A+€)

o] 0

>1 andput X = A+€, X = € successively in (26).

Eeeq-.Af e (};fT_:)Kdtf emet (Lie)h a
o] (o]

(25)

(26)

(27)

(28)

(29)
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Equation 27 holds, by virtue of the assumed linear dependence of y; on y3, for all values of A and € > 0.
But for a givea A, we may choose an € << 1 and an A >> 1 such that (28) and (29) taken together con—

tradict (27); thus (25) is false and y, and y; are linearly independent solutions of (7).

2.3 Continued Fraction Solutions

Consider the linear, second—order, homogeneous equation in the form:

"

y' + Asy' 4+ Apy =0

(30)
where A, and Ap are infinitely differentiable functions of X in a particular region x'i £ X £Xz. Then
it is possible to obtain a formal continued fraction solution in the form:

'
y _ 1 by by .
T T T+ o+ mp ten G
as follows:
t .n —A -1
Yy = apy +biy, ap ~ A_;,b:L:A_O:
a second differentiation gives:
I
Y' = ay Y“ + ba Yms a; = a0 *bs by = ba
1-ag 1-ag
Combining these last two equations gives:
DA [bs Do 1
yl ap 1a1 + @g ... J »
where
—-A -1
ap = o, by = —— , (32)
Ao o
+ by :
a, = 3.‘}:;.1'_" , and (33)
I-apn_4
b :
bn = _._._._n_i' (34)
l-ay_, ,
Applying this algorism in turn to (7) and its adjoint, (14), we get:
{
yi . 1 b4 ) -
Vi T ag + A t.. G
ap = 5 = b1, (36)
n+x -
ag = — , (37}
n n+A
X
b = - 2 (38)
" n— 1+A
and ,
L2* _ _1.._ ._‘8_1- . (30
y*  Op + O *.. 7
. 2=X
do - y k ) (40)
X -
B1 = = , 41)
1 " (



0. = n+2-X , 42
n n+k (42)
_ X
Bn P , (43)
k = 1-A . (44)
Obviously, there will be a certain value of n, say N, beyond which &, and 8, are always

positive; for X £ 10 we may take N =8, Assuming yyandy, = X e‘xyé' to be linearly independent
(see Section 3) the logarithmic derivatives of the fundamental solutions of (7} may be written:

yi . 1 by be (35)

¥ ag + aq4 + ag t e ’

vy 1 1 Ba B2

Yo XD E e w o W he (45)

The conditions for the existence of these continued fraction solutions presuppose that y #0
(i=1, 2)in (X1, X5), and that the limits :

lim an ¥ lim bn

n—w n—o
actually exist and are fifiite,
The coefficients in (7) and (14) are such as to ensure the existence of the corresponding continued

fraction expansions (35) and (39). (See, for a list of these existence conditions, Erdélyi, A. (editor) —
“*Higher Ttanscendental Functions’’ — volume 3),

3. NUMERICAL EVALUATION OF THE SOLUTIONS

Having derived the mathematical solutions (i), (ii), and (iii) above we turn to the problem of
their numerical evaluation, The author used an “'I.B.M. 1620" type digital computer to calculate
numerical values in all three cases,

In what follows, the accuracy of these numerical evaluations will be discussed.

3.1 Series Solutions

From (8), y1(X) is obviously represented in the range 0 < X < ® by a strictly alternating series
for which

n+2
Apza X

PWCEE < 1 for some value of n 2 N,
X
n

(In the range 0 < X £ 5, the output from the computer programmes designed to calculate y q(X)
for various values of A with Ap= 1, indicated that we may take N = 12),

With tegard to the second solution y(X), we note first that none of Ao, Bo, ¢ is zero; their
otherwise arbitrary values are limited by the condition imposed by (18), Next, putting B, = 0, we get:

By  1+3A

Aoc 4 o

Ba.'_, 1 a 3

Aoc | ‘5_5{5+15}\+7}\}l<4’

B B

72 |- zE c-gla+122-7N} <o,

so that Bg | < lBg




-

< .
Now .%1.. {Ap +(2n 4+3)Aps1 } > 0 according as n is even or odd respectively. Therefore,
. 0
setting

B B i
(n+1)(r+2) g = —[(n s140 -+ 5= {4n +(20+3)An+1}:l ,

and remembering that B2 >0, it follows by induction that
Ao <

Bok Bok+1
—
Agc 0, Agc

<0, k =1,2, .. ’

and
21?:0 Bn xn

is thus a strictly alternating series,
To complete the analysis of the convergence rate of this series, we prove the following:

((If

BN+1| > T IBN+2| ’ T <N

It
=
i
:

then |BN+k| 2 T IBN+k+1l ’ k

PROOF: We have:

Byso | 1 ! Byar | [(1+N)..(N+N) .. 1
’ Aoc | (N+D(N+2) (N””‘)' Aoc +[|N+1 iz || NN [

, it follows that

then if IBN+1| > T |Bp+e

[T [(N+1)* +(2N+3) A] f(1+?\)(2+)\)---(N+>\)I < |_BN+1
l(N+1)(N+2)—T(N+1+?\)L N+1 [N+*2 J Agc

and, conversely, if this last relation holds, then IBN+1 | >T ]BN+2 l Now from the assumed
relationship between | BN 42 | and | Bpye o I we have

By 12 >f(N'+1)“+(2N-+3))\1f1+ T(N +1+A) faed 2+0 ... (N )
Aoc LD (N+2) [T (N+D(N#2) - TN+L+Mf| IN+I [N+2 J

_ N2 fowesy [t + N+ AT ] feN 24N L (N416N) )
N+I+A 1(N+1)(N+2)—T(N+1+M JL IN+2 [N+3 J

(N+3) [(N+1)* + N+ A (14 M) (240 ... (N+1+N
(N+1) (N+2) — T(N+1+3) IN+2 |N+3

The proof is completed by showing that:

Ne3) [(N+1) + (N +3)N]  TLN+2)? + (2N +5)A]
(N+1) (N+2) — T(N+1+\) T N+2) (N+3) — T(N+2+N)

and with some rearrangement, this can be proved when T £ N,

Thus, using this lemma, we can set an upper bound to the magnitude of the truncation error
obtained by terminating the series at the term in X", n 2 N, provided that x £ N. (This upper bound
is of course the magnitude of the first neglected term of the series).

In the range 0 < %X £ 5, at most fifteen terms were required to obtain numerical values of
vy 1 and yo accurate to better than 1 part in 10°. :



From (17) and (18):

A{1=A) (2= N) ... (n=1-A) > I %a | > % (1-2) (2= A) ... (0=1—N)

do!

o, x " :

S So— x> n-1, (46)
otn_lx—(“‘i)

A+ (1+A) (24A) ... (n=~1+N\) > ’;ﬁ > A(L+N) (2+A) ... (n—14X)
Q
n

S oy xza+l . (47)
ﬁn—1x_(n_i)

Equations 46 and 47 fix the end terms of the asymptotic series (19} and (20) respectively, and
therefore the corresponding error terms may be calculated by taking them to be at most the absolute
value of the following term in the appropriate series, For X moderately larger than 5, the errors
incurred by using the asymptotic forms (19) and (20) are negligible,

3.2 Solutions in Terms of Definite and Indefinite Integrals

The solutions y, and y, of (22) and (23) [ which are not necessarily proportional to the

corresponding vy, and y, of (8) and (10) ] may be numerically computed using well-known quadrature
formulae.

In the range 0 < % £ 5 the series solutions (Section 3.1) and integral solutions (Section 3.2)
of boundary value problems of the type:

y(a) = A, y(b) = B, a<b , (48)

were compared and shown to agree. It is worth noting that the solution of (7) in terms of (22) and
{23) is not limited numerically to the relatively small range, 0 <X £ 5.

3.3 Coatinued Fraction Solutions for Y.

The continued fraction sclutions were computed numerically for X in the range 0 < X < 12
and the convergence rate was very high in both cases,

i
The analysis of the truncation error of the continued fraction form of )3;—2 is very simple for
. 2

% in the above range:

For x = 20, we calculate the first eighteen convergents, and write:

1 Ba Bis -
N
N T Wy & Oy ...+ O1g $DP1g ¢ (49)
" where:
_ Bas Bza £n Bn+a
Pig = Oi1g + Qoo +... W + Opn+r T, ’ (50)

and all the 8’s and ®{'s are positive for i > 19,

Now P ig lies between the values of successive convergents so that we may calculate P g

as accurately as we please. Hence we can also calculate S

i
and therefore ¥2' as accurately as
required,

Yo

The analysis of the truncation error incurred by terminating the continued fraction in (35)
is not quite so simple. We write:
: :
Fres ’ GL
ag + Ry’

F o=
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where: by by
Re ™ @y + 35+,
byl bl
H
lag| — | as| -
that is,
b
R, = =~ ~2 , (52)
1 - ;avg — s

Y

where:
bn = Ibn+1| T |an+1|

In the sequel we will need certain general lemmas and theorems associated with infinite
continueéd fractions, These properties are now listed, together with their proofs, before continuing

with the error analysis of the numerical evaluation of R,.
l.et V be the infinite continued fractibn
= X1 Y2
v v, +t v, * : {53)
. _ pﬂ 7 th
and let Va = 4 be the n'" convergent to V,
Then the following propositions are true.
PROP. I “Pn = Wn Pn—1 * VaPn-2 1 .
: (54)
9p = Wndqn—4 * Vo dn—2 n = 2’3""J
where po 1, p1 ® w1, qo =1, q1 =vq 3"
[this is easily established by induction] .
PROP- II ‘tpn qn__l — pn_lqn = ('—'l)n“l Wiy Wo . Wn i (55)
[ for , Pn9n—~41— Pn—19n" (-1} wn (pn—1 Ine.o— Pn_.gqna_l) ’
therefore Pn 90— 1 ‘—Pn_1qn=(_1)n Wpn Who 140 Wo{P190 — Po Q1)
and the required result follows] .
COROLL ARY
Pn Pn-1 - n—1 WiWo...Wp
90 T dn-a (-1 95 9n—1 (56)
PROP. II
**The continued fraction (53) is equivalent to
_ kawgy kikowo kn_ 1kn wn
v N k1v1 + k2v2 + ...t ann + .. (57)
(K; 70,17 1,2, ...) in the sense that W = Vy for all a'’,
[Put W, = E& W, = T o= v,
9n t
kiko vowy =V, , and

W2 kikovive Tt kikowy

we can establish by induction thart:



—11-—

Pn = (kiks ... kn) pn ,
dn = fkiks .o kp) qp ’
so the proposition is proved] .
(We have already used this result to derive (52) ).

PROP. IV

"'If the wj and v; of the continued fraction (53) are all positive, then the value of the
continued fraction V lies between the values of successive convergents, Also, each convergent
is nearer than the preceding convergent to the value of the continued fraction’’,

[ Convert the continued fraction V into its equivalent continued fraction W (Equation 57),
Choose the k; such that k;v; > 1.

Then §p > Qn-i1 > 0, since n= knVngp_ 4 + kn_  ka%ndn-2 - The proof is completed by
applying (56) and noting that

l(—Pn ~1511—1)/(l_>n+1 Pn
9n ~ Tn—, qn+t 1 _-ﬁ;)

This too was used in the discussion of the truncation error associated with the continued
fraction P 45 of (50).

'flﬁn+1
T (kpkn+ 1w+ 1) Quoa

> 17,

PROP. V

““The continued fraction V is equivalent to

1 1 1
Y g1 * got..t gagt o s (58)
- WoWaWg .. Wok Vok+ 1
where: Bak+ i - Wi1W3 W5 oo Wok o4 Wolk+ 3 ! (59)
_ WiWgWg... Wok—1 Aok . .
g2k WoWaWg ... Wok ' ’ (60

[this is easily shown by induction, or by applying proposition I11] .

PROP. VI
te - E W_Q wN WN+-‘1
Let V = 30 0+ Wyt t ot Ve toee
w
and let R = Nt1 N+ g + be convergent.
YN+1 t YN+ 2 Y
. _ Py _ 1 Wo YN
Thea, if Vo T T WLt Vo ot oty
W Wo wN
v o= Tl. towg bt YN+R ’

provided that n * Ry dy_, 707,

(v = lim Vo by definition,

n—® _
Now let |V,— v | < € where € is an arbitra:ilr small positive number, and |V - V| < €

whenever n 2> M. Then if M is large enough, IR ~ Rp | € €, where we write Rp for

WN+1 Nt o ¥N+n
YN+1 + "N+2 * ..+ YN+n
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and the inequality holds for N +n 2> M.

w4 Wa w PN * Ra PN,
Now Va = 37 + vyt ..+tWytEKg * N * Raodn-a

-

thus lim v = VY = —_—
n—to Iy *R qN—i '

provided that the denominator 701,

This-result is used continually in all our discussions concerning the contirued fractions
F and ¥ .

PROP, VII
T = w1 e !:L
Let V. = ) = Vi == V0 = ' 61)
wheee vi, w; >0 , i = 1,2, .. .
Then if v, > 1+ wq for all values of o, we have:
(i) V is convergent,
(i) if vq = 1 +wp for every n, and the series 1+ by + bybg t.u. #(bybg.uibig) * o
converges te a sum s,
then v = 1 - L, butif the series diverges, V = 1,

(iil) if vq > 1 + wp with the inequality holding for at least one value of 0, then 0 < V < 1",
[We ficst show that p, and qq are positive and increase with n ;
Pn=Pnos “(¥vqp=1) Pa_y — % Pn_2 > %"a(Pn-1— Pn-2 )
therefore Pn = Pn—1 # “a Yo-—1 e W2 (pa —PO) B Wy Wy Wi,
also, 9 — 90—, 2 Wy Wpoo4,,, Vo (q1-9q0) 2 W¥neq,,, W2 (vi=1) ,
2WaWn_ q,,, W2 Wi, 7
50 Py > Paoq 20d 4, 7 Q. .

Again, the convergents themselves form an increasing sequence of positive numbers, because:

Pn Pa—1 wWiWgz,,, ¥
— e - = >0.
9 9n—1 9 941
Now it has been shown that:
Pn "'pn_,i ->’ Wivfg".wn ,
and 9y = 9p_4 > YaWe,, Wy
hence Py > W1t Wiwp f.t (WyWg..Wn) (a)
9, > 1+t wy +. v (wiwy,  wn) (b)

If vp = 1 + wq for all n, then from (a) and (b):
[

- =1, L
9n Pn : n 4n
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Thus lim P . lor 1 - -—lé- according as the series

n—*w qn
1+ wytwawot o+ (Wiwo i wp)

converges to a sum s or diverges, This proves the second part of the proposition,

Now let N be the least value of n for which

Vg > 1+ wp; put vN—(1+wN) = 7 and

let Xp = {1-k)q, — p, , where 0 < k < -—-—n_——* ;
qN qN—1
then from (a) and (b) we have, for n < (N - 1) :
Xpg = 1-kg, . (c)
Now
= - > -
N * WIN-1T WINo,” Oy~ iy T (7P D)y, so
7 1
0 <k < < ‘
IN T IN- IN-,
thus, XN_1> o,
and AN — *N_4 ~ vy~ 1) ANt~ W EN_, © MAN_, T ¥y (xN__1- xN_z) ,

that is, XN — Xy_a1 = 7 —~ k(7 aN_1 P YN IN—1 — YNIN_o) s BY ()

n -k {(VN—I) Pt — NqN—Q}

n -k {‘IN‘ qN—-i}
>0

Also Xp—Xpn_., 2 wa(Xp_, — Xq_,), 50 X > XN_1>O for n > N, Therefore

(1-k) qq > pg for n > N; hence Pn < (1-k). Butsince Pn increases with n and is positive

f 9n
it must tend to a positive limit less than unity ].
PROP. VIII
wiX WaolX wnp X
te —_
Let v = Vi - Vo = oo — Vg — 4es (62)
where v, Wo > 0 forall n and 0 < x < 1. Then ifs
(i) Von—1 >W2n-_1+ Won and Von 2 2 for all n R
.e W WiWa WiWg...Won—1
=1 4+ 118 + +
(ii} o WoWa ' WoWg...Won «es Converges to a sum s ,
then
2Xs
0 <V <« 1+2s °

If the series (ii) diverges, then 0 < V £ x'*,
[qa—q1=(vo—1)q1s~wW2X qo 2 q1— Wy 2wy, so

de ® g1 ® Waoqo > 0
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Suppose that qon—2 > don—53 > Won_o don—a = 0. Then

Qon—1 “Von—1Qen—~2— Won—; XQon—a2> (Wen—1tWon)qon_o2—Won—1 Qon_3 ;

therefore 7 qon—y — %on 92n—2 2 Wan—i(q9an—2 — qon—-3) > 0. (a)
Again, qsn = Von Q2n—1 — ¥onXqon—» 22 Gon—1 — Wan Jon—2 , and so
9on — Q2n—1 Z 92n—1 — W2nqep—2 - 0 . (b)

Therefore qon > qon—1 > Won 9en—2 > 0 and it follows(by induction) that all the above relations hold
for every n.

Now from {(a) and (b),
9on— 9en—1 2 Wan—1(den_s — dan—a) ;
hence qQon— Gon—1 2> Won—1 Won—a, ., Wa(gdo~ q1) . {c)
Put Py, = wiWs,, ,Won-i, Qo = wo Wa... Won
Then because qo — q3 2 wy we have, from (a) and &c) =
qon - 9on—1 > Pn. 1
92n—1— Wonqen—z 2 Pp J ,

whence by addition qzn — Wonqan—2 2> 2Py

92n . Qon_2 2 Pp
and —_— - 2 — .
Qn Qna Qn
9z W
Now @, 2> 1+2%7 , 50
q2n
— 2 1+2sq , (d)
Qn
where:
wWiwW WiWG ees Wolle
sn-—-f—1—+ 13+”.+13 Ofhnee 1
: W WoWy WoWg4.o.. Won
_ - Pn - -
Put yg = qn — ¢ ; then y, = ¥ ¥, — % X¥p_, and yo = 1 ;

also, y1"vi— W1 X 2 Wy, ¥Va2—V1 " (v2—1)¥y1 —wWakyo20, so

Y2 2¥1 >WaVo ,

and by inductive reasoning exactly the same as that which led to (a) and (b} we can show that
Yon = Yon—1 2 ¥on—1—~ Ven¥oen—2 = 0. Therefore yon 2 Wan VYon—s, and s0 Yon 2 GQn .
Pean

Hence 9en = 3 2 Qn

¥

and, using (d} and the fact that Pn isa positive monotonic increasing function of n , we have:
9n

Pohot o PR ek q-®ygx (1o
Jen—1 qen ( _q_zr-l h ( “m)

Therefore, if the series 3| Py converges to a sum s, and

n
2% ; -
h = 1+—2SS s then _P_n. e h’ .80 Lim _P_n. = k -g h.

dn n—® qn
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If on the other hand, ¥ Pn diverges, Pn "< x and li’m Pn = k<x].
Qn 9n 7% qa
Returning to the problem of evaluating the truncafion,erro_r associated with the continued
fraction .
b
R, = Ra a2 , (52)
a4 - 80 — 4.
EaY] (o]

1 1 1 .
Ry 7 %1 - B2 = Bs — e o (s21)
. ~ Rz }14 Re. Rzk-—2 Ask—1
o IR 7T Ty ey v
Ri 23 EIE...' 22k-—1 azk
and = ¥
¢ ByRabe.. Bk
for k = 1, 2, .
e (LaNGNG N . (Zhe14N) [ 2k
Bzk—1 = Bok—a(k, X, A) = CITREING N . (K AN 1+,
d
an (2N N6 N ... (2k +N) 2k+1+x
Bok T Bk X, A = (TERNGING AN .. (2k—1+N) | 2k+1+A
For oi . L Bgok—1 > 0 and 3g 2k . .
or given k, X, since I an I 0, we have
. | 1.3.5. ... (Zk=1) 2k 1.3.5. ... 2k=1) T 2k
bgok—1dmin = 5772 3% L+57|> 2.4.6. .0 2k X ’
2.4.6 ... (2k) 2k 2.4. . (2k) 2k
leok—1)max = 3.5.7 ... k) (1+— | ~ 3. 5 o _(2k+1) X i
3.5.7 oo (2k+1) 2k +1 +X
rand Lg ok Jmin 2.4.6 ... (2k) 2k +2 ’
[ ] - 2.4.6 ... (2k) 2k +1 +X%
B2k Imax " T1.3.5 .. (2k=1)| 2k+1 |
Now
Bok—1 &2k - - . ) .
T and Py rapidly approach unity as k —® , and both gy _ 4 and gox — © with k,
T 5.7 o (2k 4 1) 2k+1
Now gak(k, X, A) > 53 25 Sk +2 |- Pk), say, where qﬁ(k) is a strictly

increasing function of k .

Therefore ¢(k) > 2 for ail k2> 4andso gop > 2 fot all k > 4,



Now

C(2k-1) 2k 3.5 ... (2k-1) [ ]
T 2.4

Eok—1 7 [82k—1]min o (2k-2)

and certainly gok—.1 - 2 if 2 X <

sofor x<€ 1, k>5, gok—1 = 2.

Therefore, by PROPOSITION VII or VIII we can put

1 1 1 R P7—EpPs l
J Ri= gy - 82 —...— B1-8  q7-Fqe ) (63)
1 where 0<e<], 0<x<g1 J

Of course, we can evaluate £ quite accurately. Ve have

1 1 1 1 1 1

© % % - Ee - Bio = L _f - T , (649)
8s — 8o — 810 — «u f, — fo — fg — us

where we have written £, = gu4;- From the proof ofrPROP, VII we showed that

Pn 7 ¥1¥2..%a ¥ Pp_u1. dn > Wi Wo,,. Wn + dn_4; hence applying this to (64) we get:

qn>1+qn—1r Pn - 1 + pg_ 3

but q; = f1 > 2,80 q» > 3, qg > 4, and generally, qo > n + L. Thus the difference between the
value of the N0 convergent to € and € is less than the quantity
- 1 - l LN} — 1
s T (Nm+ T2 * = N+

This concludes the analysis of the convergence note of the continued fraction (52) for X in the
range 0 < X< 1. For x > 1this techniqueis a little awkward because of the far larger number of con~-
vergents needed before we can introduce €. To handle this case we write ag, = 2 fbg and express
R, as the equivalent continued fraction

Rz Rz/#z .E‘Js/.u'z Rﬂk/ﬁ'zk Rzk*‘ 1/ ek _ (65)
Ry = ‘_a\-'i -— 2 - 2‘3 —_——. - 2 - fa\',2k+1 —_ s )

bon—i ban
vl [a¥)

+
Heon—z Hon

Now the relation @on_1

f2n+A 2n+14+A 11
1Zavx=1 T Zai1ex T 2 ’ (66)

W

implies n

and the converse,

Suppose the relation (66) holds for a particular value of n; then, for x > 1,

o+1 J'2n+1 . 2n+1+A 11

o+l 2 n 12n+x—1 2n+1+% *Z_j'x 67

) 2n+2+A 2n +3 +A 1
Now the relation n+1l 12n+1+x M e _Z_Jx (68)
implies asnt+1 > bont1/fon ¥ bonto/fento . (69)
Therefore, if we can show that for a certain value of n , (66) is true, and

A + A
n+1[2n+.1 , 2ntled 11 fanv2s ,2n#3+h 1] ’ 70).
n \2o+x=1 20 +1+X 2] L2n+1+x Zn+3 +X 2/
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we will have shown that for this and all subsequent values of n,

bon_ 4 EQII
> +
Rzn-1 = Y on 2 HMan ’ 71

Now (70) is equivalent to:

T{n+ 120 +A) n(Zn +3 +\) X =(1+2MN)
2X +X—1 > 2n+3 +X ¥ 2(2n+1 +x) !
or, 60% +(9 +6A— x)n + A(3+X) N X—(1+2XA)
(20 +X =1)(2n +X +3) 7 A2n+1+x)

If X £ 1+2A, we may take & 2 2 in (71). Otherwise, we have to show that:

20602 +(9 +6A~X)n + A3 +x)] [2n+1 +x]
N = & >
¢xem A (2a+x=-1)(2n+3+x) [x=(1+2N)] ?

where n is the particular value which makes (7 1) true,
Now oy >0,
RN

50
202+ 1+X) [6n?+(9 = X)n ]

v > X(20n +X —1)(2n+ X +3) = ¢ (x,n,0) .

Also, (66) holds for n =7 and 1< x € 7, while (X, 7,0) >1 for 1 < x < 7. Hence (71) holds for
n2>7,1<x<7, and we may put:

b,y Re/#z ,]3112/#12 P1s — Ep1a

’a\'_‘l - 2 B T 2— el q12 —— S'qil *

and 0 < €< 1, by PROPOSITION VIII.

. . . . . e .
When estimating €it is to be noted that the successive convergents are positive and increase
with n, Also, if we write:

ol - & Bz _ bis/tse bas/t1a ’
0’-1 _— 2 - ver 113 - 2 - sas
¢ b4t 7% 3
where | B, = ~'* 2k/#10+2k S 2kKF 1I+X
baztak, 2k +13 + 2 2%
7 ~ _ ’ ~ -
{ sz = Miot+ok = R T124N Ik +13+X ck o= 1,2, ... ,
_ 2k+12+x - 2k +13 +x
[ k-1 T Dkwrzva 0 %kT O ri3an /
then from the proof of PROPOSITION VIII we have
92n 7 Ban gon—2
1 Bi1B2...B BiB2 ... Bon—1
therefore EE* < ; heace 12 2 < l 22 s
Qan 92n—2 92 9n-1 92n-—~1 9on-. 2
pon Pﬁn—i) (PQn—l _ Pon—2
and so 0 < 1920 ~ Tan— o< \qan— q2n—2 for all n.
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.. . Pent1 Pgn) (Pzn Pon—1 . .
—_—— - < [ —— .
Similarly, the relation (CIQn+1 T Ton CIQn..1) implies
Bon+1 1
: < h .
Tonit < Goa: °F PBon+1 don—1 qen+1 , and the converse
Now qont1 = Oppn+1 Qan — Bon+1 qQen—1 and therefore the inequality qm+1 > an+1 gon—1

is equivalent to Gopn+1 qon > 2 Bon+1 9on—1 -

4% 4%

But 2 Bop+1 Far 137X § Fwx ferm 27, and if we confine X to the region 1 < X £ 7,
14

then 2 Pon+1 € 75 <1< Oan+sy .

Also, because

17

qon 7 q2n_;1, we have finally:

Penta P 2n P2n Pan~1
Gonts qn > 2Bants qanms, and oo 0 < (g - ) < (@ - )
Thus, Pa is closer to Pt \han the latter is to Po.z
9n dn—1 In—g
+ —_ -
Again, Penta Pzn) /(P2n _  Pen- 1) = B+t d2n—1
Qonta Jon q2n qon—1 Jon+1
B 1
N gon Oon+t 1 -1
qon—1Pon+t1
<L forx <157, 0 >3,
Pon+2 Pan+i P2n P2n-1). _ q2n—1 9en
Also, Qzn+tz (I2n+1) (‘Mn - qQon—1! Boen+1 Pen+2  QopFrqants

and for n 2 15,

Thus if we put

and

Therefore

Obviously, if P oo/ o0 << 1 then

< Bon+ta gon_1
don+2

Bont1 Y4on—1.

Gon+z Oon+1 Qon ~(CGon+z Pon+s Gon—at Pantz Qon)

Bm-i—l

[don+1 Con+s —Bon+al qﬂ@__i — Opp+oPonts

this last ratio is < —%— , provided 1 < Xx<€ 7.

Ay = Po _ Pn-1 4o have:

9n In—1
Aag <'§‘A30, A34 < (%)2 Aao » ) ASG < (‘%‘)3 AGO H . H
Aag_ < 2A

. 2 A o 2 A 0

Agg < A‘-;O : Bas < ?( 33 ), Agq < (‘g‘) 33 ) ;
! P 20
£ —~ Ngo + Nge + Dgo + ,

d29

< 77 Bao

Asgo P 2o pPoo

will be an accurate estimate of €'. In practice, is
P 2o/ 900 qzo q0

©
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PN , where N < 10, and this value differs very little from €.
N

extremely close to

For 7 <X € 12 asymptotic methods are probably better and certainly more convenient.

It

(/¥

However, by writing gg En in (521 , page 15) we have:

1/6, 1/6, 6,

R; =

3/2 - 3/2 -
and we can show that % > 1 + 1/6,6h+1 if n 2 27, 7 <x< 12,
Thus: R _ 1/91 1/9192 1/92_5826 _ pPog — 8“P25
1 3/2 - 3/2 — .. - ,} e 926 — 8'qog  ’

where 0 < £'< 1,

Before concluding we note that the continued fractions

(35)

y: 1 by

Y1 a0 + @1 + .., !
and (39) ,

. 1 B

y Co + Oy + ’

(XY}

b
must be linearly independent because B, # by and o, # ap forall o, and Z—g 7 ‘B% .

Hence ¥a Y2 1 1 Bi
[Ra— — = - + —_— —
Ya and)’z (x-1) Ao + Oy + e
3,

are linearly independent solutions for the logarithmic derivative

4. CONCLUSION

For 0 < %X € 7 we may calculate the fundamental solutions of Equation 7,
X y'+xy + Ay =0,

using either infinite series or a combination of definite and indefinite integrals. If X > 7 we can
obtain accurate asymptotic series or we may still use the “‘mixed integral’’ form of the solutien,

For 0 < x € 12 there exist rapidly convergent continued fraction expansionsof the logarithmic
derivatives of the fundamental solutions, and their accuracy can be checked fairly easily by converting
them into equivalent forms.

In terms of the original physical model, this means that we can accurately evaluate the

solution of the system represented by Equations 1 and 2 for the special case of constant 2,4, Zg, D
and zero source term S,

Thus we have established a criterion for checking the accuracy of *‘numerical’’ solutions of

the system (1) and (2) for this model; solutions which are generally much easier to ptogramme on a
computer than “‘analytical’’ solutions.
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