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ABSTRACT

The theory used to deduce a neutron energy spectrum from counting rate data
recorded by the Timeof Flight Analyser installed on the reactor MOATA is described
in detail. Included are the methods used to calculate energy resolution and slit trans—
mission probabilities assuming either opaque or translucent slit walls. The corrections
- for energy resolution, dead time, background and air attenuation are also discussed.
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1. INTRODUCTION

This paper describes in detail the theory used to deduce a neutron energy spectrum from
counting rate data recorded in experiments with the Time of Flight Anhalyser installedan
MOATA, the A.A.E.C. Research Establishment’s Argonaut type reactor. The aim has been to present
the theory in a. single repott and to attempt to clarify some of the features of transmission by a
rotating slit through an alternativé approach to the calculations. Bas;cally, however, the theory is
similar to that used by Mostovoi et 4dl. (1955), Stoneand Slovacek {1956), Larsson et al. (1959),
Verbinski and Jarrard (1961), Rocke (Unpublished), and Beckurts and Wirtz (1964).

Computer programmes in Fortran IV (Tattersall Unpublished) have been written to handle the-
calculations.

2. OUTLINE DESCRIPTION OF THE EXPERIMEN TAL ARRANGEMENT

The arrangement of the MOATA Time of Flight Analyser (MOATA chopper) is shown in outline
in Figure 1, The rotating slit system releases pulses of neutrons towards the detector twice per
revolution of the rotor, and measurements of the flight times over.the distance L from the slits to
the detector are used to determine the neutron velocities,

The flight times are found by triggering a timing device, Ellis (1964), when the slit opens and
stopping it when a neutron is recorded at the detector. The flight times can be divided into a maximum
of 512 consecutive channels each of the same width, so that a typical experiment will give up to 512
numbers C; where:

Ci = number of neutrons per sec arriving at the detector with flight
times between t; and Ei41 s

(ti+1—t;) = tc = time channel width.

This report gives the relation between Cj and the neutron spectrum @(E) in the reactor at the
base of the probe hole shown in Figure I.

3. TRANSMISSION OF A SLIT SYSTEM

Consider.first the case of a chopper with a stationaty rotor with a single slit which is fully
‘open, and assume initially that the material defining the slit is completely opaque to neutrons. Since
the length of the slit is short compared with the slit source and slit detector distances(15cm compared
with 150 cm and 800 cm for the MOATA chopper) its length can be ignored; except in the detailed
calculation of its transmission probability (see Appendices II, IIl and IV). The system being considered
is shown in Figure 2.

The source plane is the base of the probe hole (Figure 1) and the area from which the detector

receives neutrons is determined by the heights and widths of the detector and slit as shown by the
lines CAC' and DA'D' in Figure 2.

Put L' = distance source to slit,
L = distance slit to detector,
h = height of the slit (AA"),
"hyq = height of the detector (CD),
hg = height of the source‘(C 'D'y;

then from the similar triangles ABC, AB'C' of Figure 2:

(8]
ol
[2%]
i R

: H
hence bt h v f(hgth) . ' 3.1
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A similar relation will hold for the widths of the source. slit, and detector
Provided size of the base of the probe hole exceeds the source size, hy defined by the lines

CAC' and DA'D' of Figute 2, the area of the source from whicha point X on the detector receives
neutrons will be constanr (Figure 3). This area will be (Figure 3):

. -
A o As (L 'i'L ) ,
. L
whe te As ~ atea of slic,

It is therefore possible to account forthe effect of the slit by assuming thae the detector is
receiving neutrons from a point source of strength: ‘

s - D
S 4A

= % AS(L ‘L )3

_ L
S where

¢ = neutzon flux at the source plane (assumed isotropic and constant throughout
a region round the base of the probe hoie).

The number of neutrons crossing the derectos per second is therefore:
Ad
2m{L+L")?
= Ag Ag ¢
’ , 87L*#

n =

3.2

where Ag = area of the detector.

‘n Appendix I an alternative derivation of Equation 3.2 is given which enables the effecc of
a non--un. “>rm source to be calculared. _

As the -otor rotates, the height of the neuwon beam transmitted varies between zero and some
maximum which ¢zpends on the enesgy of the neutrons concerned. Choose time zero as the time when
the slit is hosizonen!, (chae is, fully open). and pue:

b(Et) =  height of a beam of neutrons of energy E which crossed the vertical
plane through the axis of wtation of the rotor at time ¢
n(E;t} = nuntber of neutrons per sec travelling towards the detectos per unit E and ¢
& = angular velocity of the rotor.

From Equation 3.2:

Ag AgH(E) myE 1)
C 87 h

it

a(E,t)

Since a(E.r) is periodic, consisting of identical neutron bugsts occurring twice per revolution
of the rotor, the total rate at which neutrons arrive at the detector is the product of the integral over
one burst and:the burst frequency. We accordingly replace the above expression by:

A

n(E,z) = 5’7; AsBAqub(E) hb(:z,g)

- T Lt

= WAsgAd $(E) hy(Er)
" BiLH h

3.3
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where only the non—zero values of hy(E,t) near t =0 are considered in any time integration. The
factor hyp(E,t)/h is the differential neutron transmission probability per unit slit height.

The simplest form of hy(E,t) is for neutrons of infinite velocity since there is no rotation
of the rotor whilst they are traversing it. In this case the beam height rises linearly to the slit
height h and then falls linearly.

Put
r = rotot radins
2t = length of slit.
The slit starts to open (see Figure 4) at t = —h/2wr and closes at t = h/2wr so that:
hy(@,0) = "h(1 = 225 e ) for o] < h/2er 3.4

= () otherwise,

Thus the number of infinite velocity neutrons per second travelling towards the detector is, from
Equations 3.3 and 3.4,

L

w AgAd P(®) h/2ar 2et
Np(®) = === (

272 1 -3~ ltl ) dt
8m L —h/2eor

wAs AqP(®) h
g2 2ror

" The factor h/2wr is the total transmission probability per'burst for neutrons of infinite velocity, and
it is convenient to define other transmission probabilities relative to this. Denoting the relative
differential transmission probability by T.(E,t) we have:

hy(E, h :

and substituting in (3.3):

a(Ey - AeAdhOE) Ta(Er) : | 3.6

16 T Ly

We also define the total relative transmission probability per burst:

T(E) ~ f’fa(E,t)dt . : 3.7

where the integral is over the whole of one burst.
" In the case where the material forming the slit is not opaque to neutrons, gimilar expressions
to the above can be obtained. Using primed quantities to denote functions applicable whea the slit
walls are transluceqgt, we put:

c¢.  * height of neutron above rotor axis

f = npeutron path length in rotor material

.2 = total macroscopic cross section of rotor material

p'(E,t,c) = probability of transmission of neutron

= exp (-20) .



e
The effective height of the slit analogous to hp(E t) of the above relations is
hy(E.0) © fp'(E.,t,c)dc . 3.8

where the integral is over all values of ¢. In practice p'(E,t.c) is non—zero over a range a little more
than the height of the slit. :

The analogous relations to (3.5), (3.6), and (3.7) are:

T, (E,t) = %1(%5 J- "(E.t.c)de ' 3.9
THE) = fT‘,L(E,t) dt 3.10
Ag A Y(E.
ﬂl(E,t) - s id h¢(E) T.\(E;t) - 3.11
16 7%

The detailed derivations of T, T, T, T are given in Appendices II, III and IV.
g PP

4. CHANNEL COUNTS

Since a neutron which hits the detector at a time t' passed the slit axisat a time:

t = t-L
v
" where L = rotor to detector flight path
v = neutron velocity,

the counting rate of the detector at a time t' will be:
C(E.t') ® a(E.t' - ;,I:) € (E)
where €(E) = counting efficiency of detector for neutrons of energy E .

As noted in Section 2 the detector count rate is measured in a set of time channels of equal
width. For channel i extending from time t'j to ti+1 after the slits crossed the horizontal, the total
count rate from neutrons of all energies will be

r-

o tiag
c; - j j n(E,t' =Ly e(E)dEAr
E-0

Vo,
t o=t

A Agh :
- = d Jj¢(E) €(E) T, (E,t' - -I;‘,-) dEdt' . 4.1
167 L - :

This double integral can be evaluated analytically subject to certain approximations. The
function T:(E,t) of Equation 3.5 does not vary strongly with E, but is non-zero only for a small
range of t (approximately for —h/2wr < t < h/2wr). Accordingly the energy dependence of T:(E.t'-L/v)
arises almost entirely from its second argument and it is apparent that only a small energy range of
" neutrons is detected in the ith counting channel. This range is given approximately by the velocity
tange defined by:

~h/2wr <t - L/v < h/2we

where the range of t' is given by tife counting channel time boundaries. Hence this velocity range is
given by: .
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If we put in Equation 4.1:

t = ¢t' = L/v
v = L/(t'=-¢t)
E = k/(t'-t)* (k is a constant)
2k '
= ———d
dE 0" t
. 2Ev
T de ,

the integral with respect to E becomes:

-t
#

e4]
J H(E) €(E) 11{E.t'~L/v) dE
(1]

4

¢’
-%j vE@(E) € (E) T4 (E.t) d

As already noted Ty (E,t) is non—zero only over a small range of t . This range does not exceed.
~h/2wr <t < h/2wr (see Appendix III), so if for the whole of the counting channel concerned we
have: : :

t' > h/2wr , .

5 h/ 2wy ‘
I = -L-j VE®E) € (E) 15 (E.t) de . 4,2
—h/2cwr '

Since Ti(E t) is symmetrical about ¢ #0, then provided the quantity vE @P{E) ¢(E) is constant ot
varies lineatly with t over the integration range (note that E is a function of t foragiven t') it

is possible to replace E and v with their values E; and v, at the centre, t = 0, of the integration
range and obtain;

| 2V0E0¢io)(( o) JTi (E.¢) de

2vy Eq HE,) € (E ) T{Eq)
L

E, and v, are functions of t' so, again assuming that I is consranr or varies linearly with t', we

o o &l ! 0 8 AS Bt ) ¥y with
perform the integration with respect to t' in Equation 4.1 by replacing the variable I with its value
at the centre T; of the t' integration range. Thus we haves

Ti = 0.5(t},, *t))
vi = L/Tj
E;j = energy comesponding to v;
and 5
. Ag Agh 2viEi¢>(Ei)£f’Ei)T{Ei)f i
! 16732 L e a

AsAdhEj P(Ej) € (E;) T (E;) te
- 8mML Ty

where to = t', —t; is the time channel width.
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The approximations made in deriving Equation 4.3 ave quite good. The fitst one (z' > h/2wr
Equation 4.2) implies that the lower rime boundary of the first channel must be greater than h/2wr.
This means that the slit must be closed for infinite velocity neuirons before time measurements are
started. The second main assumption concerning the linearity of certain expressions also holds
quite well. There are two cases: .

(1} High Energy (that is, eatly time channels): In this case we often have:
(a} EP(E) = constant |
(b) €(E}) ~ 1/v
(¢} T(E} = constant.
This means that vE ¢(E) € (E) is constanr. which is the required approximation,

(2} Low Energy (that is, late time channels): In this case the energy or velocity widths of
the time channels are small because:-

E « 1/¢° v = 1/t
dE -« - di dv = - 4t
t.'i t’_’.

so the energy and velocity intervals fall rapidly with rising t. Consequently vE @(E) €(E) is again
constant across a channel because of the small enesgy range involved.

5. MULTIPLE SLITS

In the preceding discussion we have consideced a rotor w.ith a single slit passing symmetrically
through the rotor axis. In practice several slits parallel to each other are normally used. and the
effect of this is now considered. i

Consider first a single off-axis slit. Since neutrons pass through the slit for only a very
small rotation about the rotor axis (from approximately @ =-h/2¢to 6 = +h/2r (see Figure 4)}, the
translational motion of the centre of the slit will be very small. To a very good approximation. the
slit motion will be a pure rotation like the axially aligned slit, so the transmitted burst will have
exactly the shape discussed.already (see also Appendix II).

Figure 5 illustrates the effect of mulciple slits on source size. _The detector views a
different area of the source (UV, YZ) through each slit, and the total area viewed is determined
by the overall height of the slit system.

The flight axes ABC AB''C’ for the different slits ase slightly inclined to each other so
that the slits will be fully open for neutcon transmission at slightly different rotor angles. Thus
although the shape of the transmitted burst is the same for both slits, the bursts occur at a slighely
different time. However. this time difference is usually small compared to the burst width, so that
its only effect is a slight worsening of the chopper resolution. ~This is discussed further in Section
6 and in Appendix VL

It is concluded that the transmission from a multiple slit system is just that from a single slit
multiplied by the number of slits. so that for a system containing N slits Equations 4.1 and 4.3
become: :

N AgAgh

C; = ———————-—-ff E) €(E) T; (E, t'-L/v)dE de' 1
1 16772.]-_.21' ¢( )6() ﬁ( ,t /V) ‘t | 5

N As Agh E;H(E;) € (E;) T(Ej) t¢

o . 5.2
1 87 Ly Ti
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The height of the source viewed by the detéctor is determined by Equation 3.1 with h replaced

by the overall height of the slit system. There is also a small effect on the chopper resolution as dis—
cussed below.

6. RESOL UTION

6.1 Introduction

The accuracy to which neutron energy can be determined by a chopper measurement depends on
the flight path nsed and the uncertainty in the measuzement of flight time. Denoting flight path and
flight time by L and T respectively, we can express neutron velocity and energy as:

v = L/IT ' 6.1
E = kv (k isa constant)

= k L¥/T? 6.2
AE = -2kL*AT/T? 6.3
AE 29; 6.4

E T

For a criterion of performance an expression for AE at a given energy is required and since T for
a given E depends on the flight path, Equations 6.1 and 6.4 ate combined to give:

AE = —ZEv%I . 6.5

The rescolution. of a chopper is thereforedetermined by the ratio of flight time uncertainty to flight
path andis usually expressed in units of microseconds per metre,

Since the couating rate in a measurement is inversely propottional to L’ (Equations 4.1, 4.3,
5.1, 5.2) thete is a limit to which L can usefully be increased to improve resolution.

6.2 Contributions to Flight Time Uncertainty

The uncertainty in the neutron flight time in a chopper measurement arises from the following
spurces: : )

(i) Time ﬁidth of the neutron burs¢ transmiteed by the slits,
(ii) Time taken for the neutron beam to be swept across the detector.
(iii) Time difference between the peaks of the bursts from differene slits.
. (iv) Uncestainty in che time of detection (the time channel width).
(v) -Uncertainey én th:e depth of neutron peneeration into the detector before absorption.

The uncertaiaty of the neutron flight time will be expeessed in terms of its variance Vi. In
general for a variable x with a probability distribution f(x). the variance of x about its mean value
% is given by:

I (x=i’)"‘. f(x) dx

v

s 6.6
[+4]
j- f(x) dx
-
© 5
f x f(x) dx
where ¥ = —2 . 6.7
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Thus to find V1 it is necessary to know something about cthe probability diseriburions of the above
contributions to the timing uncertainties.

‘Far the neutron burst transmitzed by sliz. the probability distribution is juse T4(E.t} o¢
T4(E,t) which are given in Appendices III or IV according to whether or not the slit walls are opaque
to neutrons. . If the walls are opaque, it can be seen from Figure 17 thata close approximation to
Ti(E.t) is a triangle of base width 2T}, where:

T, =0 B 1
= 4B (1 lepe< ‘
o (473" ) kA
= S/ o‘fﬁ‘fia 6.8

This approximation is adequate for variance calculations.

For translucent slit walls the function 1T'(E.t) is more complicated, but following the approxima-~-
tion given in Appendix V. the above triangular distribution can still be used provided r is replaced by
t' = (r~1/Z)and B by B' (see Appendix V Equations?2 and 3). :

The analysis which gave T4(E.t) and T4 (E t) assumed a point detectot. For a detector of finite
height the analysis holds for each point on the detector except that each point has its own zero time,
that is, the time when the slit is pointing directly at it. The burst width is therefore increased by a
time 2T 5 which the slit takes to sweep across the detector. Figure 6 shows that:

T, - Pd
2l
The presence of multiple slits with a distance H between the centre lines of the outermost
slits further increases the burst width because (see Figure 7) the burs: from the top slir sweeps the
detector'at a time H/wL before that from the bottom slit. The total burst width is therefore incredsed
by the time 2T, where:
= _H
Tm 2wl
-The final burst shapes obtained when finite detector height and slit multiplicity are con--
sidered are discussed in Appendix VI whereit is concluded that the distributions shown in Figure 8

are reasonable approximations for the purpose of variance calculatiens. There are two cases to be
considered:

Ty, + Ty (small detector): Burst shape is triangular with a base width of
A mathematical represenration is:

(i) Ty
=T ).

2(Tg + Ty m’ .
fry = 1. L 0 el (T 5 T ¢ Ty
T+ Tpy + Ty - 57 m
=0 el » (Tg+ Ty« T,

(iiy T, » (T + Toyd (large detector): Burst rises lineasly over a period ATy + Ty s
constant for a time 2(Tg—~ T}, ~ Tpy), and falls linearly to zero over a time 2(Tp +Tp). A mathematical
representation is:

i}
—

£(t) 0 <[g| < (Tg—~Tp~Ty)

[t Ty Ty~ Ty) o _

= 1 - = b__ R (Tg=Tp~Tm) <ltl < (Tg +Ty + Ty
Z(Tb @ Tm)

= 0 |t} > (Tg +Tp +Tp)
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In both cases the total width of the burst is 2(Tg + Ty + Ty ) and itis symmetrical about ¢ = 0,
so the mean value of t is zero. The variancesof t are therefore given by:

fm £? #(t)dt

Vp eZo
j £(r) dt
-

t]

—61."(Tsd'Tb'a"]'“m)3 Ts < (Tp * Tpy)

.g...{'r; + (T + Ty} Ty > (T + Tg) - 6.9

The uncertainey in the time of detection arises mainly from the width t; of the timing channels,
but there are also possibilities of errors in the location of time zero and in the time scale. Time zero
occurs when the slit system is horizontal and this can be located quite readily by the method described
in Section 11 to about 10 per cent. of the channel width. This represents an appreciable error only for
the first few channels. Errofs in the time scalease negligible since this is set by a crystal controlled
2Mc/'s oscillator. However, the timing is achieved by counting pulses at a frequency of 2Mc/s from this
oscillator and since this is free running there will be an uncestainty of up to 0.5 us in the time intetval
between a start pulse and the occurrence of the fisse timing pulse. The minimum channel width used is
448 so this error is again negligible, except in the first few channels. The probability disteibution
of detection times is therefore of width t. and is square in shape, being zero outside the timing
channel and unity inside. Hence for timing channel i which extends between £light times ({T; —0.5 ¢t¢)
and (T; + 0.5 tc) the mean flighe vime is T; and the variance about this is, from Equation 6.6:

J(Ti +0.5¢.)
-~ T;) de 2
Ve = T3=05tg) -t = 6.10
(T; +0.5¢,) 1
f de
(T; - 0.5¢c)

The uncestainty in the depth of penetration of a neutron into the detector leads to a flight path
uncertainty OL which is equivalent to a flight time uncertainty AL/v. The probability of a neutron
penetrating a depth x into the detector is: ‘

fx) = e X

H

where 2jis the macroscopic absorption cross section of the detector. If it is assumed that the
detector is of auniform thickness £ chen the mean depth of penetration into the detector is:

2]
jo X e_zd * dx

¥ = L’d
J- enzd * dx
o .
' ~Zqld
“2aly e
e l} 2l
d 1~ emzd"e"Jl

and the variance abour ¥ is

b4
j; (x—%)? T
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1 T o g T |
T 5 l:zdfdx P 2E - 2R - fd] : 6.11

and the cotresponding flight time variance is:

Ve = VX/V‘VEE = Vy T7/L4 . , 6.12

There ate two limiting cases of Equation 6.11 which are of interest. The first is for & “thin’
detector. that is one with small 24 Ffq. In this case. expanding exp (-243f4 ) gives:

¥ < fq s SE] £y for small ¥

x 2 T 4T small 2ald
I AP

Vo = "2,

(note that the term in z?dz in X is essential to calculate Vy correctly). These are the expected
tesults. because neutron attenuation by athin counter is negligible, so there is constant probability
of absorption across the counter. The mean depth of penetration is therefore just half the total
counter depth and the variance is chat for a square probability distribution (compare with Equation
6.10).

For a thick counter that is, one with very large Sd , we find:

¥ o= 1/24

' for large 3y
Vy = LE]

This means thar all neutrons are absorbed close to the surface of the dektector.

Since 24 is energy dependent. so also is the mean depth of penetration into the detector. If
a counter with a high efficiency at low energy is used, the thick counter approximation will hold and
low energy neutrons will be absorbed near the counter susface. . At high energies the thin approxima-~
tion-will hold so thar there will be a change of flight path of half the counter thickness.

Having obtained the above independent contributions to the variance of the flight time. the
total variance Vy is just the sum of these, that is (see Equations 6.9, 6.10, 6.12):

Vi v Vg # Vo s Vg oo

The flight time of neutrons recorded in channel j is therefore (Ti + ATi)" whe re;

AT = V.

1 T

where V¢ is the variance for channel i .

It isusual ro express chopper resolution asa roral energy spread in a channel, that is, as the
energy spread cotrespondingto 24 T; . hence from Equation 6.5 the tesolution is:

R = -_m-ZALTi (us/m)

Forthe MOATA chopper. the principal contributions to the flight time variance are Vg and V..
the burst width T}, from che 'slit being the major contribution to Vg. The contribution of the change of

flight path with energy can normally beignored. Typical figures for resolution area's follows:
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MOATA Chopper Resolution (I. = 800cm)

Rotor Speed Resolution
(£.p.m.) (pes/m)
1800 8
3600 4
7200 2

14400 1

7. RESOLUTION CORRECTION

The relation between channel counts and flux (Equations 4.3, 5.2) obtained in Sections 4
and 5 depended on the assumption that the quantity v E ¢(E) € (E) varied linearly across a counting
channel. This assumption can break down, for example, if E ¢(E) varies strongly with energy, as
it may do if a strong resonance absorber is present, or if a counting channel covers a wide energy
range, as in the case of the first few channels. To handle such cases a more accurate integration
of Equations 4.] or 5.1 must be made.

One way of treating the problem is to assume that at least an approximation to the spectrum
H(E) is available so that Equation 5.1 can be integrated numerically. It is convenient to define a
correction factor F; for channel i by:

¢ (Ej) = F;HE) , 7.1
. whete
E; = energy at the time centre of channel i
P (Ep) = corrected flux at energy E;
P(E;) = flux at energy Ej given by Equation 5.2.

The initial flux guess is denoted by the function k ®(E) where k is a constant which defines
the level of the flux. We then have:

de(E)) = k ®E] - 7.2

Also, from Equation 5.1:

c; - L2 8dh oy [[aeE) e®) t(E e LAy aBar | 7.3
167*L%:

and from Equation 5.2:

8mw? L'r C.l
N AgAgh € (Ej) T(E;) Ejt,

P(E;) =

= k - t_L 1
SE(ED T(ED E;te ff@(}z) €(E) T4 (Et'-"A) dEd'

on substituting for C; from Equation 7.3. Hence using Equations 7.1 and 7.2:
b (B 2€(Ey) T (B Ej e BBy
$(E)  [[O(E)c(B)yt4(E,c' - LANE dt'

Fj 7.4
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An alternative way to handle Equation 5.1 is to expand the integrand as a Taylot series.
Following the procedure used in Section 4 to integrate Equation 4.1 we puts

v = ¢ LA
v = L/(t'—t)

.. Z2Evw
dE T dt

The integral with respect to E in Equations 4.1 or 5.1 becomes (see Equation 4.2):

h/2eor -

I = % vE@E) ¢ (E) T4(E,t)dt
W/ 2eor

= 2/1_f v E@GE) €(E) T4(E,¢)de

®

¥

since Ta(E.t) is zero for || greater than h/2wr.

The variables E and v ate functions of t and t' so we put:

E = E(th)
v o= ov(t') = L/t —-t)
Xit.t") = vE(E) ¢(E) .

Sipce T4(E.t) varies sléwly with E andra
we put:

THE.r) =75 (Eg.t)
where Ey = E(0.th)
VO = V(Ort") = L/cl

Expanding X(t:') as a Taylor series gives:

ot 2 L\ 92

t=o

' . . D 3t
X(et') = X(0.t") + (-—X—) P (—l{) t?
t:

Since T:(Egy t) is symmetrical about ¢t=0 substitution in Equation 7.6 gives:

5 © 1 [ ax o
T X(0t|)j Ty (Eg.t) dt = 5 (g—t?)t,.o j t? Ti(Eo;t) dt:l
= (0 =

= @

T =
. ZT(EO) | N 1 BZX .
Sl [X(O,t ) 5 ?) _ Vb]
=g
where (compare with Section 6.2): .
1] w -
' j t* T4(Eq ) dt f t* T4(Eg, t) de
. [

Vb = =

(a1

j T1(E, e} dt t(Eo)

7.5

7.6

7.7

pidly with t, and since it is symmetrical about t = 0,
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s the variance of the flight time arising from the width of the neutton burst. If we now put:
P 1 1 9*X .
Y(r') = T(Eg) [X(_OJ: ) o< R ris Vb ]
t=o
substitution in Equation 5.1 gives:

1+1
Ci Ca NAsAdh —-.j‘ Y(t')dtl . 7.8
16 7312 ¢

The time centre T; of channel i is given by:
Ti = 05 (they «t))

and Y(t') is expanded about T; to give:

D¢

Y(t'_} = Y(Tj) + (i}’,) (;‘-'—Ti) +L(ﬂ) (t'_n)ﬂ
t'=T, t' =T:

P

Substituting in Equation 7.6 and integrating:

N Ag Agh 2 1 [3°Y
G = Tewne Toe[va ezlTE) v "

where V. isthe flight time variance arising from the timing channel width {(Equation 6.10).

Now

1 [9°X
Y(T;) = T(Ei)|{X(0,T)) +?(‘a:2) Vb:| . 7.10

t=o
where E;j is the valueof E at t =0 and t'a T;. The corresponding value of v is:

i o= v(OTD = L/T; [
so v;and E;jare the velocﬂ:y and energy at the time centre of a counting channel. We further assume

that the second term in the expressmn for Y(T;) is small and that T(E) varies slowly with E so we
shall have:

2 ¥'X
0 ‘: = T(Ej) (——,-) . 7.12
92/, e v
t ='ri t 'Tl
Also (see Equations 7.5 and 7.7) since X(t,t') isa function only of (t'—t):
LD 9°X
K 7.13

Substituting Equations 7.10, 7.11, 7.12, and 7.13 inte 7.9 gives:
. a
. N AgAdh 2 1 (a X\ -
oF = = T(E; . CTiy + = =7 +V
! 167 L vT; (Bi) % _.§(0) D7\ t'hTi(vb 2

Comparmg this with Equation 5, 2 and notmg that C; is proportional to X as far as variation
with t' is concerned, the cosrection factor F; is given by:

1C
_Zl'c_(vb+vc) ,

b-—l

Fx = 1 =+

n . . . . . . .
where C; is the second derrvauve at chanoel i of the channel counts with respect to flight time.
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If the effect on flight time variance of the finite detector height, multiple slits, and flight
path uncertainty (see Section 6.2) were included, the above expression would genecalize to:
1t

Fi o= 1+1 2Ly 7.14

O

2 P

when . V.

r = total flight time wariance.
This formof F; depends on the second derivarive of the counting rate distribution which could

be difficult to determine with any accuracy uiless very precise values of the channel counting rates
wete available.

8. DEAD TIME. BACKGROUND, AND AIR ATTENUATION CORRECTIONS

8.1 Introduction

The selation berween channel counes and flux was considered in the preceding sections. " To
obtain the channel counts from the experimentally measured counts it is necessary to make corrections
for dead rime losses. -background, and attenuation by air and aluminium foils in the beam. _These
cosrections are now considered,

.

8.2 Dead Time Cosrection

The timing system used with the MOATA chopper can record only one count per timing cycle..
If. therefore a count is recorded in channel i. no further counts can be recorded during that cycle in
channels with greater time delays. Put:

no total number of timing cycles

N; = observed rotal number of counts in channel i.

The number of timing cycles unavailable to channel i because of counts in earlier channels is therefore:

f=i '

j =1 ]

In addition. a count in channel i prevents the recording of a second count in this channel. Provided
the total count in channel i is small compared to ny. the counts will be randomly distributed in time
across the channel so the average time the channel is closed to a second count is half the channel
width. Thus a count in one channel on average renders it only half available to further counts;
consequently the toral number of timing cycles unavailable to channel i js:

N.

1

i
7 RN

1=
¢ . , . .
If Nj is the total gumber of countsin channel i corrected for dead time losses we have:
ot

N, o
(G E)
j=-

. i '
1-N LS _ 8.1

8.3 Background Correction

There will be a residual counting rate at the detector when the rotor is stationary with the
slits closed. This can arise from sources such asa general background of radiation, or leakage of
neutrons and gamma says (if the counter is gamma sensitive) through the rotor. Provided this counting
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rate is independent of the angle of rotation of the rotor. it leads to the same background counting
rate in each channel. This rateis just the product of the counting rate with slits crossed and the
total time per second that a given channel is open to counts. Thus:

wte C
Cp = —£ 75 8.2
pon .
where:
Cp = background counting rate in one channel
Cg = counting rate with slits crossed .
@ = angular velocity of the rotor
te ¥ time width of counting channel.

In practice Cg could vary slowly during a long run so that it is better to determine Cg simultaneously
with the actual experimental run. This can be done because thereisa cut—off velocity {(Appendix III)
below which neutrons are not transmitted by the rotor, This means that there is a maximum flight time
for neutrons, so that counts in channels implying greater flight times ate a measure of the background.
Neutron leakage through the slit walls (Appendix IV) implies that this cut—off velocity is not sharp, but
provided measurements are made at sufficiently large time delays the background can be obtained.
The most convenient way of measuring at latge time delays is to trigger the timing system before the
slit opens, andto use the first channels to measure the background. This method was satisfactory
when low efficiency BF y'detectors wete used on the MOATA chopper.

If a component of the backgtound is a function of rotor angle, some refinement of the above
method is required. This is most likely to happen if a considerable portion of the background arises
from leakage through the rotor. Two methods of correcting for this type of component have been used
with the MOATA ‘chopper. The first is used in experiments using a Monel metal rotor and high
efficiency lithium~—glass scintillation detector. This counter is sensitive to gamma—rays and the
length of rotor material these have to traverse falls as the slit system nears the open position. In
fact

[ = 2¢ .. Nb
f sin®g ’
where
£, = length of rotor material traversed

rotor radius

2]
H

N = no. of slits
h = slit height
& = angle between the slits and the fully open position.

If ¢, is the detector counting rate with the rotor stationary at an angle & , then ¢y will be of
the form:

cg % ¢o *tcexp (= 28 )

where

4]

c constant component of thebackground

el

z

[

absomption cross section for the radiations traversing the rotor.

Combining this with the expression for £, gives:

€ = Cg *+ c,exp (:_s?n_f?) 8.3

where ¢y, ¢, , and A are constants.

43
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In practice the relarion (8.3} will only be an approximation since there is a neutton component
of the rransmitted beam which undergoes multiple scattering in crossing the totor, so the exponential
absorption relation will not be correct. Accordingly the following procedure is used to find ¢co, ¢4,
and A The form of the relation (8.3) can be found either from the counting rates in the channels
before time zeto as indicated above (Equarion 8.2) for a flat background. or from direct measurements of the
counting rate with the rotor stationary and the slit ar various angles. In practice the number of
channels available before time zero limits the first type of measurement to the range 0 “t0 307,
whilst the second type would be inaccurate ar very small angles because of the difficulty of precise angle
measureménts in the region where the counting rate is strongly dependent on angle. Because of
this. the values of A for a series of assumed values of ¢; are found from the ratio of the counting
tates at two angles 90" and about 25°. These valuesof A and c, are used in turn in Equation
8.3 and a least squares. fit to the counts in the early channelsis made to determine ¢4. The values
of A and ¢, which leadto a fit over rhe widest range of channels is then selected. This methed
gives a satisfactory representation of the background down to angles of about 10°. Below this a
hand~drawn curve. through the measured distribution in thechannels immediately before time zero
is used Thebackground in the channels after time zero is found assuming symmetry about time
zero.

In some experimentsa stainless steel rotor with a Monel metal slit insert was used. In
addition to the above peaking of the background when the slits were nearing the open position, there
was also a small peak with the slits at right angles to the open position. This arose because the
rotor steel had a very low neutron cross section at about 20 keV., There was therefore a high leakage
of neutrons of this energy through the toror, so the slit insert behaved as aplane absorber rotating in
the beam. The slit insert therefore led to a modulated background of the form:

€r = ¢y [1 +kexp(~Zt/sin0)] | 8.4
whete
¢y, ke are constants

> = total macroscopic cross section of Monel

[
it

thickness of Monel slit insert.

In this case the background rise near time zero was confined to rotor angles of up to about 10 so a
hand fitted curve was used to correct for it. The value of the constant k which defines the depth of
modulation of the background was chosen to give the measured ratio of counting rates with the rotor
at angles of 90" and 25 .

8.4 Air and Aluminium Attenuation Correction

Attenuation of the neutron beam by air between the source and the detector will distort the
spectrum because the cross section of air is dependent on neutron energy. Consequently as much
of the-flight path as possible should be evacuated, which entails the use of flight tubes closed by

thin aluminium windows at each end. A small correction is also needed for the presence of these
windows.

The attenuation of a neutron beam is exp(—-ze 3. so this correction is:

c Zal, 205 8.5

lq1 = N Cl 1L z2bz)
i
where:

¢ . ,
Ni = corrected total counts in channel i
‘N; = observed total counts in channel i
21 = total macroscopic cross section of air (em™")

2, = total macroscopic cross section of aluminium (cm™*)
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P

H

total length of air in the beam

total length of aluminium in the beam.

it should be noted that
(i) Corrections have already been made for dead—time and background in Nj.
(ii) The cross section valuesat an energy cortesponding to the time centre of

channel i are used. These cross sections vary slowly with energy so do
not change appreciably across a channel.

(iii) The cross sections used are the sum of the scattering and absorption cross
section.since any scattering reaction will remove a neutron from the very
natrow beam,

9. GROUPING CHANNELS

In regionsof a spectrum where the flux islow, it is often desirable to group channels
together to gain an improvement in the statistical accuracy of the channel counting rate measure—
ments. Although the energy resolution is affecred this does not matter in many cases, especially
at low energies where the resolution is very good.

It can be seen from Equations 4.3 and 5.2 that the quantity given most directly by a chopper
measurement is E.¢ (E), the flux per unit lethargy which we denote by:

Yi(u) = EQE)

It is further noted that in general ) (u) varies. much mote slowly than ¢(E), so it is more
satisfactory to average Y(u) over several channels than to try to average P(E).

For a single channel Y (u;) is really an average over a certain lethargy range, Equation 5.1
defining this average. For the purpose of groupingchannels itis assumed that this lethargy range is
given by the time width of the counting channel, that is, (uj) is the average over lethargies between
Ujand Uy, . where:

U; = lethargy corresponding to a neutron of velocity L/l:'i

1

t; = lowertime boundary of channel i.

The average flux per unit lethargy over M adjacent channels starting at channel j is now defined as:

jM—1 _
_ 3 Yy - Uy, - U}
Hb(ﬁm) = L7 ,
Ui+M-=' Ui

where:

mean lethargy of channel group

]

0.5 (Uj+M ¥ U,)
The above average is accurate if Y(u) is constant or varies linearly with lethargy across a channel. It is

also noted that W, isthe lethargy ar the lethargy centre of the channel group asopposed to u;
which is the lethargy at the time centre of a single channel.

Forthe above chamel group the flux per unir energy is defined as

¥ (Gm)

m

HEL) =

where E = energy cotresponding to Ty,
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10. STATISTICAL ERRORS

In this section the error in Y(uj) arising from counting statistics is derived. If the channel
counting rate C; in Equation 5.2 is replaced by the total counts Nj in channel i we have:

N; = total channel counts obtained in experiment lasting for a total time T |
and from Equation 5.2:
8L Ty
N AgAghe(E{) T(E)tcT,

l,b(ui) =

1
2

n

k;N; say.

Define the following quantities (see Section 8):

N; = total taw counts in channel i
d . . . r .
N; = rotal counts in channel i after correcting N; for dead time losses
b
N" = total background counts per channel
NP . . \ d .
; = total counts in channel { after correcting Nj for background,
b d
then Ny = N; - Nb
N; = total counts in channel i after correcting N; for air and aluminium attenuation.

The erroes in these quantities are:

r r
d
SNf' = N osn
r
N;
BNlb_- ‘/( SNid)” : (SNP)?

where it is assumed that errors in the dead time and air attenuation factors are negligible.

Hence
NGNSy 2
Ni Ni_
d
L NN
Ny
and 831){11” = k; ON;

If several channels ate grouped together (Section 9) the error in the mean flux will bes
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JHM 1 .

5 (U U Sdap)
5P (Gg) = .
- Ujsu =T

where the notation is as defined in Section 9.

11. DETERMINATION OF THE POSITION OF TIME ZERO

The position of time zero for neutron flight time measurements occurs when the slit is fully
open,and it isnecessary to determine the corresponding timing channel. The flight time of y—rays
from the source to the detector is essentially zero, so the position of the zero timing channel can
be found by treplacing the neutron counter with a Y~ray counter and observing the resulting count
distribution.

It is assumed that this distribution is symmetrical about time zero and that it varies linearly
with time on either side of zero. Let the count distribution in the three channels nearest to time
zero be N3, N,, N, and assume that these counts are appropriate to the time centresof the channels.
Figure 9 shows this count distribution for the two cases which can occur, namely N, greater than Ng
and N, less than Na.

Assuming unit channel width, and putting x equal to the delay of time zero after the centre
of channel 1 we have from Figure 9

(i) N1>N93
N N N
tan 0= —Yi = 2 = S
(z+y)=-(1-x) (x+y)—(2-x)
_ 2ZN,—N;—-Ng4
* 2(N; - Ng)
(i1) _151 < Ngj:
N N, N
tan O = | Ty = 2xiy—2
< = 2Ny, +Ng-3N,

2(N.,—N)

The value of x isa function only of the difference of various pairs of counts, so no background
corrections are required to N, Ny, and N .
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APPENDIX 1

RELATION BETWEEN SOURCE STRENGTH AND THE NUMBER OF
NEUTRONS CROSSING THE DETECTOR FOR A SINGLE SLIT

In this Appendiz, an alternative derivation to that in Section 3 is given for the relation
between source strength and number of neutrons crossing the detector for a single fixed slit.
It is assumed that the source plane is situated in an isotropic flux @ so that each point of the
source plane can be regarded asapoint source strength S = @/4 (per unit area), emitting neutrons
isotropically in the hemisphere towards the slit and detector.

Set up co—ordinate axes.x' y' z' with the z' axis along the axis 0'0 of the system shown in
P y : g Y
Figure 10(a) (compare also with Figure 2), the x' lane coincident with the source plane,and the
18 P 4 ! Yy p p 3
y' axis vertical. Consider a point S' at (x',y',0) on the source plane where the source strength per
unit area is:

S(x',y') = -31- d(x'y" . ALl

Consider firse a section in the x' =0 plane. The height h, = §4 8, of the detector which
receives neutrons from the point S' on the source is determined by either the slit bounds, as
indicated in Figure 10(a), or a combination of this and the detector’s bounds asin Figures 10(b)
and 10(c). Because of symmetry about the 0'0 axis, only positions of $' above 0' (that is, positive
values of y') need be considered, so the following expressions are found for the positions yi, yo
of S4 and Sj:

yi = ll:r (y' _%) —hfy | (Figure 10(a))
o yi = - D4 if line S'A' falls outside the detector CD (Figures 10(b)

2 and 10(¢c)).

Changing the sign of h/2 gives:

reow i (yet)ete

or ¥a = E , if line S'A falls outside the detector CD (Figutes 10(b)
2 and 10{c) }.

The height hy is then given by:
hy = yo-yu
When 8' coincides with D', that is, y' =hg/2 (hg = source height), hy vanishes.
As y' increases from zero we have two cases:
(i) At y' = 0 hy is determined by detector height (see F-igure 10(e}).

If the line S'C passes through the upper slit edge A" when y' = Yo we have (see Figures
10{c} and 10({b}):

hy = hg for y' <ye

. hd _ l__i'L h 1 < T < _h_S
hy = - N (y 2) + 5 for yo <y >
h, = 0 for y' > hs/,
b4

< h_L (M _n
Ye 2 "L \7 72

{continued)



APPENDIX I (continued)

()} Aty' = 0: hy is determined by slit height (see Flgure ‘OLa))

If the lme 8'D passes through the lower slit edge A when y' =y we have (see Figure
10(a) and 10(!:>))

hy ¥ Yo— ¥

4 b)

By = % - (Y' - %)ﬁ "2 Cfor yl <y'< Psp
- 1~ hs'

hy = 0 for y' > T8/2

= L' {bd h\
Ve T(T‘z‘) 2

Similar expressions hold for the width iy of the detector which receives neutrons from the source.

. N . .
The number of neutrons. travelling towards thé detéctor from an area 5x'Sy' near (x',v"} is:

hy by
2m(L + L")

n(x' y'y = S (x".y") 6x'dy'

and the rotal number travelling rowards the detector is:

.
L]

= —-—-————71 1 1 t L .
S P WS jjhx hy S(x',y") dx' dy’ . AL2

In the case of a uniform source S(x' y "y is constant In case (i} abeve the integral over
v' becomes:

T
jhy dy
and in case (ii) . ¢ hs/2

' h I hg 1 h . h
[ : S - . T
jhydy‘ 2I ‘ 2 (1 & ._') dy' - jl {_2"‘ i (y'm -—2) 5 5—} dy \

In both cases the above expressions reduce to.

1
fh- dy' = hhd(L"—("'L) .

A similar expression is obrained for the integral over x' wu:h the slit and detector widths replacing h
and hq . Multiplying the two.integrals gives:

ot o (L)
ffhxhde,dY T AsAd

where Ag. Aq are the areas of the slit and detector. We finally obtain-using Equazions ALl and AL?2

AgAg @
8mL*

|
~
0
-
fa ™)
(o 99
e
-
ot
NI
[
e
_—
1
N
o S
'\J[b“
et
j= 9
\4—
P

which is the same as Equation 3.2.

{continued)
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In the case of a non~uniform source the chopper measures a source strength averaged oves
the sousce. Thisaverageis defined by Equation AL 2 in which hy and hy are position dependent
weighting factors.

When the rotor is spinning, the slit height h in the equations for hy becomes time dependent
so a further time average must be made. Since the slit transmission p:obagility' [T4(E,t) or T'(E,1)]
is proportional to the height of the transmitted neutron beam, this can be substituted for h to give
the time variation of hy , and the average value of h given by:

hy mfhydt

where the integral is over one neutron burst. Substitution of the triangular distributions for T;(E,t)
or T'4(E,t) given in Section 6.2 leads to the typical form of hy, shown in Figure 11. If several slits
are present the resultant is the sum of the contributions from the individual slits each of which is
slightly displaced from its neighbour. This is illustrated for two slits in Figure 12 which shows that
quite complex distributions ase possible. ' '

The above discussion is for neutrons of 2 single energy. The height of the transmitted
neutron beam [« T,(E,r) ] is energy dependent so the spatial width of the weighting faCtOITlY
depends on neutron energy. This means that both the size and position of the area of the source
scanned by the chopper are energy dependent. If the neutron spectrum is not constant across the
whole source area then the beam spectrum measured by the chopper is an average spectrum. the
average being different for different enezgies since _hy is energy dependent.
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SLIT TRANSMISSION PROBABILITY: GENERAL THEORY

In calculating the slit transmission probabilities defined in Section 3, it is assumed that a
parallel beam of neutrons.is incident on the rotor which has asingle slit symmetrically placed about
its axis. With (x,y) axes centred on the rotor axis asshown in Figure 13 we consider a neutron
with a velocity v movingparallel to the x axisat a height ¢ above it. The equations of motion
are ;

x = v (t'-1) AILI
y = ¢,
where ¢ = time
t = time at whic‘h neutron crossed the y axis.
If the slit system is parallel to the x axis at time t' = o, the slit will be at an angle:
€ = cr

H

at other times as indicated in Figure 13.

Equations 3.9 and 3.10 define the relative slit ttansmission probabilities as follows:

TyED = 3 [p(Eo) de
T(E) = IT'g(E,t) de
p'(E,t,c) = exp(-ZF)

To find p'(E,t,c) it is necessary to calculate the path length £ of the neutron in the material of the
slit walls. This involves the interaction of two moving objects, the neutron and the slit so it is
easiest to consider relative motions only. We therefore. set up a co—~ordinate system (x',y') with
the same origin as the above (x, y) co~ordinates, but fixed to the rotor so that the x' axis is parallel
to the slit walls (see Figure 14).

The slit walls are at:
y! = tg
where the slit height h equals 2s, and they extend between:
! = 4+
x = tr
This co-ordinate system isat an angle:
7] e wt!

to the (x y) axes so that, applying the usual transformation relations and substituting for x and y the
neutron equations of motion AIL.1, we obtain the equations of motion of the neutron relative to the
{x', y‘) axes, namely:

x' = y(t'—t) coswt' +c.sinwt'
_ - AllL.2
y = _v(t'—-t) sineawt' T €.Co8 wt'

(continued)
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The element of path length Of of the neutron in the system is given by:
(38 = (3x)* + (&y")?
= [(v+twe) +wv? (¢ ~)?) (5t')° ,

from equations AIl.2, Purting:

= _0)...‘.'.'...._ (tl-—t)

v tac
g
(v + we) 4
£ = wv (1 +u?)24du
uj
' N 2 AN
= (32;;"7‘:) [sinh“ u +u(l +u? )ﬂh . AIL3
Equations AIl.2 and AIIL.3 can be simplified because:

(i) wt' is small so that sinwt' = wt' , coswt’' = 1

(ii) u is small so that sinh™u= u , u(l +u®)? = u
(ii1) v 2> we

The eduations of motion become:

x' 7 vw(t'=n) AIL4
vy F —wvt'?rww tre . " AILS
Also:
u o= w(t—=t)
£ = % (ug — uy)
= vitd=—td) . AILG

Equations All.4 and AlIL5 show that the neutron path is a parabola with vertex pointing upwards
for w and v positive. The vertex is situated at the point (see Figure 14):

x, = 3 AlL7
w vt
A R AILSB
Change of the sign of t yields a parabola identical to the above except that the apex is at x' = —xy'.

This implies symmetry in t, so Equation 3.10 can be written:

w

T'(E)”J T (E.t) de

{continued)
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o
—ZJ TAE t) de . AlL9
o

so only positive values of ¢ need be considered.

A typical neutron path through the slit system is shown in Figure 15. In calculating f
from Equation AIL6 it can be seen that there are six particular times of interest, namely:

t
Y2, Tz . = firse and second times of crossing the lower slic plane
thy thy = first and second times of crossing the upper slit plane
tIIN : tIOUT = times of entering and leaving the slit system.
The first four times are obtained by putting y' = ts in Equation AIL5 to give:
- /2 cts
t = 1 ' t v 4 wy
y T =s t b = 5 AH.10
t Fytt + 4 £-8
y' 7 ois thy thy ® X AlL11
2
Putting x' = #r in Equation AlL 4 gives:
Lo =
tiy  tour 7L AIL12

As c varies there willbe a variety of paths in the slit material and these are discusséd in
the following Appendices.

The effect of off-axis slits can be deduced from the above equations. The boundaries of a
slit wirh its centre line at a distance ‘a’ above the rotor axis will be at:

y' = ats

A neutron at a distance (¢ + a) above the axis will ctoss the slit boundaries at exactly the same
times as one at height ¢ crosses a central slit. Consequently the integral over all ¢ in Equation 3.9
‘will be the same regatrdless of the position of the slic. Hence in a multiple slit system the total
transmission will be just that of the central slit, times the number of slits, provided the neurrons
cross only one slit in passing through the rotor. Neutron paths of interest are only inclined slightly
to the slitplane and so will have a considerable length of totosr material to cross if they pass from
one slit to another, Accordingly the facror exp(—2.[) in p'(E.t,c) is very small and z neutron has a
negligible chance of crossing two slits.



APPENDIX IH

SLIT TRANSMISSION PROBABILITY: OPAQUE SLIT WALLS

If the slit walls are completely opaque to neucrons the transmission probability is of the
form;

p'(E,t,c} = 1 if a neutron does not hit the slit wall

1

0 if a neutron hits the slit wall.

For t 20 there are two types of path through the slit as shown in Figure 16. If t <2¢t/v the apex of
the path (Equation AIL7) is within the slit, otherwise it is outside.

(a) t < 2r/v: Forthe neutron to pass through the slit we must have:

(i) apex of path below upper slit plane so that:

y; = SQ e £ 5 (Equation AIL8)
a .
c<s = -‘-"-}E ) AIIL1

(ii) right hand end of path must clear the lower slit plane so that:

] 1
ty? tour

Hence from Equations AIl 10 and AIL.11:

c Fart t — -~ s, AIIL.2

The above two relations define the upper and lower bounds of the neutton beam which we denote by
B, and B .

Hence: By
jp'(E,t,c)dc =J. dc
By
= By~ B,
= 28 = WI L g - @ AIIL3
v 4

This expression (in the range t>0) isamaximum at ¢t = 0. Also for aneutron to pass through
‘the slie:

B, > B .

To satisfy this inequality at ¢ = 0 we must have:
wr*
v P e
2s

Since t = 0 isthe most likely condition for a neutron to be transmitted, this inequality implies that
thereis a cut~off velocity:

v, = of
< 2s

below which neutrons cannot cross the slit.

a .
_whr_ i AINL 4

(continued)
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Some simplification of expressions obtained later in this Appendix occurs if velocities are

defined by the parametes:

2

ko] wr
s 2 g , AlIL
A v 2sv 2
which is always less than unity for transmitted neutrons. Using this relation, Equation AIIL.3
becomes:
2.,2.2
=Lt AIILG

B,-Bp = 25(1-8) ~ wrt - 833

and the condirion ¢t < 2r/v becomes:

t < 4SI6

wr

The expression for (B, - By ) vanishes when:

4;;8 (\7_;—- 1) : AIIL7

(the other root of Equation AIILG is excluded because it is greater than 4:;"8 J. Hence if this value
r

of ¢ is less than 4sf8/wr the above expression represents the transmitted burst completely.

The condition for this is:

453

wr

:|
(2]

—_—

w Y-
|

.s;.lu --._u_/

(b) £ 2 21/v: In this case the criteria for a neutron to pass through the slit are (Figure 16):
(i) path to clear left hand end of upper slit plane:

1 1
touSty

2
c € —wrt + L 45 {(Equations AIl.11 and 12}
v

(ii) path to clear right hand end of lower slit plane:

T >t'

t21 # tour

(5]

c Zwrt + %5 - s . (Equations AIL.10 and 12)

These relations again define the upper and lower bounds of the neutron beam so that:

B, - B = 2(s — wrt) AIIL.8

This expression vanishes at:

t o= S

r

The condition ¢ > 2¢/v is equivalent to:-

£ > 48‘8

wr

(continued)
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The transmission probability of the rotor can now be found from Equations 3.9 and AIL9.
These equations ares -

TIL(E:t) = 2—0';*{ J-pr(E,t,c) de

o0
Z‘J’\ T4 (E,t) dt
o

Substituting the above relations (AIIL.3, AIIL.G, AIIL.7) for fp'(E.,t,c) dc, we obtain the transmission
probability for a slit with opaque vanes. This gives on usiig 8 as a variable rather than E :

(i) B >~4l

T(E)

it

(4

. 7 .2 .3
B = 5‘—1‘1%-5 [25(1—,8)—50:1:_- “é;ﬁ“] de
Q

= 1—3,6“ VB -8B _% A AlILO
(i) B < ¢
4_'~‘"'E $/wr
@t 2.0 .2
wB) = % {J- EZS(J.—-/B)— et — %iﬁt-] dt + J:isﬁ 2(s—cort) de }
s
° T

= 1 - %ﬁz . AIIL. 10

The form of the burst shape given by Equations-AIIl.6 and AIIL.8 is indicated in Figure 17.
These are drawn out more accurately in Figure 22 for the cases 8=0.1 and 0.7. Equations AIILG
and AIIL.8 are valid forpositive t only. For negative t replace t by |t| in the equations. The
transmission probability T(S8) given by Equations AIIL.9 and AIIL.10 is shown in Figure 23.



APPENDIX IV

SLIT TR ANSMISSION PROBABILITY: TRANSLUCENT SLIT WALLS

The calculation of the slit transmission probabilicy when the slit walls aze translucenr is
essentially the determination of the i:mes t' at which the neutron crossestheslit walls. If this is
done for all possible paths through the slit system then the required probabilities can be found
using Equations AILG, 3.9, 3.10. and AIL9.

As noted in Appendix II, because of symmetry, only values of ¢ (the time the neutron passes
the rotor axis) greater than zet need be considered. For these values the apex of the neutron path
is to the left of the centre of the slit. There are several possible types of path through the slit
system depending on the valuesof t and ¢ (the height of the neutron above the rotor axis). Cleatly
for ¢ outside a certain range the entire path will be within the material of the slit walls. and the
probability of transmission will be in the region exp(-20} in a typical case. Thisis negligible, so
only paths traversing less material than this will be considered in the integration over ¢.

With these restrictions on ¢ and t there are eight possible types of path through the slit
system. These are illustrated in Figure 18 and are considered in detail below. . The integral of the
transmission probability over a range of ¢ from ¢, to cp, for path type i is denoted by:

cb
P (c,.cp) =J. exp(~21£) dc , AIV.1
Ca
so that (see Equation 3.9):

2
TYE, D) = %ziP;(cai,cbi) :

where the sum is over all possible path types for a given E and t . Referringto Figure 18 the
following values of path length £ and Pi(c,, ¢p) ate obzained:

(i} Path Type 1

o b i
tour™t 2r)

Lo+ oren -% Jei v 4 Eﬁ-j—: {Equations AIL.10 and 12).
wv

P =

NI‘i

Pue

L

p

<

ft.i i 4 C=—35

Let B, and By, denote the values of B when ¢ equals c, and cy respectively. then:
“ cb

j exp [-(A +B)] de
¢,

a

B =

N

il

Py(cy.cp)

2w - -
ST any) - S By

A

(ii} Path Type 2

X 1
¢ v (tlL - tIN) v (t'OUT tlzL) .
= 2 - v yft2+ 4 Sm—s (Equations AIl 10 and 12).

v .

{continued)



-7
APPENBIX IV  (continued)
Put
A = 23

B =~y 1/t2+ 4 Cts |
Wy

Let By and Bp denote the values:of B when ¢ equals g, and c}, respectively, then:
ch .
Pacy.cp) = I exp [~(A +B)] de
¢

a
- 5% e 1% (1 +B) — 701+ By))

(iii) Path Type 3

P = v(t'ﬂ. - trIN) ¥ V(trzu“ T:riu) * v(cIOUT_ cT2L)
= 2r—vted S 4y Joo +4 8 (Equations AIL.10, 11, and 12)
b wy wy
Po(c,, cp) = f exp(—20)de
€a

This integral has to be evaluated numerically.

(iv) Path Type 4
1

1 ' !
=y - + ¥ -
¢ (¢ 2u t i ) (t'DU‘I‘ t 2L )

= Frr-y Va4 S2 v+ 4 =5 (Equations AIL10, 11, and 12)
_ e

P,(ca,ch) = J exp(—2LYdc

[

a

This integral has to be evaluated numerically.

(v) Path Type 5

| - f ¥ )
+ —
t) PV oy ty)

? = v(tQu—

2 4 “2!‘{‘/“2 v4 2 ey €2 } (Equations AIL10, 11, and 12)

_cp
Pslcy.cp) = I exp(-2£) dc .

Ca
This integral has to be evaluated numerically.
(vi) Path Type 6

- f 1
f = vty tiy)

= v |t e 4 ‘C:;" \ (Equation AIL.11) .

(continued)
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Put B = 2y yt? +4 E=8

v

Let B, and By, denote the valuesof B when ¢ equals.c, and ¢}, respectively, then:

. <h
PS(Ca.Cb)z j exp (—B) dc
c

a

- =B .
= 2“2’:2" [eBa(1 *By) — €77b(1 ‘-'Bb)_'

(vii) Path Type 7

4 = vty - oty)
= =Yt o+ ¥ feryg4 E58 {Equations AIl 11 and 12)
2 2 wv
= > —- ¥t
Put A ( 5
B = ..-.Z..:y_.. ‘, tz + 4 c—s
2 @y

Lee By and By denote the values of B when ¢ equals ¢, and ¢} respectively, then:

b

P-,z(Ca,Cb)-'j exp [—(A +B)] dc
Ca
2w

= A M i) - e By

(viii) Path Type 8

£ = 0

b
Pg(cy. cp)= j dc # ¢ - ca.

Ca

To find the total integral over ¢ of the transmission probability p'(E,t.c) it is now necessary
to determine which Pj (¢; cp) are the relevant contributions and the values of the limits ¢, and cp
in each case, As c is varied from a large negative to a positive value the type of path changes at
certain stages and the limits ¢, and ¢}y are the values of ¢ at which the path type changes. This is
{llustrated further in Figure 19 for the case where the vertex of the neutron path is outside the slit
boundaries (¢t > 2¢/v). It is apparent from Figure 19 that there.are two possible path sequences
through the slits. Initially for a large negative value of ¢ thepath is entirely within the material of
the slit walls and is therefore of no interest. Increasing ¢ eventually leads to a change to path type 1

when t',; >t (see Figure 15 for definition of t'y etc ). Further increase of ¢ leads to two

. T 1 T 1 H
alternatives. If t,, became larger than t ), before t,, becomes larger than ty » Ppath type 8 is

obtained (left hand route in Figure 19). otherwise path type 5 is obtained - Path type 7 isobtained
when t"zu > t‘IN or r.rzL > t'OUT respectively in the two cases,. and finally the path is entirely within
the material of the slit walls when ¢ > ¢ .

2u ouT

There are thus four values of ¢. namely ¢ to ¢4 at which the path types change. These ate
defined by:



by

APPENDIX IV (continued)

t2L = th <4 ’:‘b‘—,— — Wrk — 8§
t,, = ¢t ¢z =L -
2L ouT -
2
1 1 wr .
= = X0 ewrt v s
t2u tIN C3 v rt
2
1 f . e
= = X +
tou tout Ca v WLt T s

The left hand route in Figure 19 is applicable if ¢, is less than c 3 and the right hand if ¢
is greater than cy. Thus the integral over ¢ in this case is eithers

(a) ¢z < cg
fpl(E-tzc) de = Pi{cs. c) 7 Pglcs, ca) = Prlca c4) ,

or
(b) c2 ?c3

jp' (E,t.cyde = Py(ca. c3) 7 Psles. cp) * Po(ca, ca) o

A similar sequence of paths is obtained when the vertex of the neutron path is within the
slit system (t < 2r/v) but the situation is rather more comp licated because of additional alternatives.
These are illustrated in Figure 20. In this case there are six positions at which path types change;
the above four positions plus two more defined by:

(i) Vertex of neutron path coincides with lower slit plane €L = — s — wzt
z
(ii) Vertex of neutron path coincides with upper slit plane €y = 8 ~ w[:”: .

The possible groupings of paths and the integration limits are shown in Figure 21 in the
form of the flos(v diagram for preparing the computes programme used to calculate the integral. -

The above procedure is used o find T' (E.t) (Equation. 3.9, Figure 19) at several valuesof ¢,
and a numerical integration with tespect to ¢ is then made to obtain the value of the transmission
probability 1'(E).

A comparison of T{E t) and T4(E ) is given in Figure 22, and of t(E) and T(E) in Figure
23. The inverse velocity vatiable B (Appendix III) is used to represent energy in these figures and
the cross section of the material of the slit walls was taken as 1.5 cm™*. ' The sensitivity of T'(E)
to this cross section is indicated in the following table for 2 in the region of 1.5¢cm™*

DEPENDENCE OF t'(3)ON =

REIE
0.1 -0.12
0.2 —0.14
0.5 . ~0.36
0.7 -0.68
0.9 ~1.3
1.0 -1.6
1.2 =3.5

(continued)
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It is possible to test the accuracy of the calculated values of slit transmission
probabilities by comparing measurements on the same spectrum ar a variety of rotor speeds.
This check has been carried out on T(E) by Rocke (1966) who found good agreement with
experimeat for values of B up to abour 0.9.



APPENDIX V

SLIT TRANSMISSION PROBABILITY: AN APPROXIMATION

In Appendix III the transmission probability T(8) of a slit with opaque walls was derived.
It is possible to correct this calculation for neutron leakage through the walls in a very simple manner
for values of [ less than 0.5.

Consider the calculation of T(f3) given in Appendix IV where neutron leakage through slit
walls is allowed. In the case of B3 less than about 0.5 the principal contributions to T'(B) arise
from the path groups (see Figures 19-21) which include free passage of neutrons through the slit,
that is, which include Pg. Further, since small 8 implies large v, values of t (the time at which
the neutron passes the rotor axis) greater than 2t/v will be more important in the integration over t
than those between zero and 2r/v. Thus as a first approximation to allow for neutton leakage we
put (see Figure 21): '

(i) t > 2e/v

Ip'(E.,t,c) de = Picy ¢2) * Palca, €5) ¥ Poles, ca) .
(ii) ¢ < 2¢/v
Ip'(E,t,c) de 7 Pg{cs.cy)
Note also that (i) above is the major contribution to T'(8), so only this expression is considered below:

Using the expressions for Py, P; and c1 to ¢4 given in Appendix IV we find for Pi(ci, c2):

Ba="%\/t3+4c—-—-1+s = “-ZEZ—V-(t—zr_)

wy v

(note that ¢ > 2r/v and that the positive square root is implied in the expression for Bg) .
Hence:

P:{c:,cs) = —;%v I:e-—2zs (1 ¢ Zp - 2_2v5) - (1 w Zp - %E)]
Similarly:

P;(cg, ca) ™ %‘f-v I:l -2+ ézv"t“ - e-—ZEr (1 + 2+ z—;'-.'-):l .

In practice 2r = 10, so exp(—22r) is negligible.
Hence:
2wt

Pi(ci, c2) + Py(es, ca) &

Consequently:

fpi(Egt-,C) dc = Pi + P-, £ P8

{(continued)
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The corresponding relation for opaque slit walls (Equation AIIL.8) is

fp (E,t.c)dc = Pglca, cg)

i

2(s — crt) .

Thus to obtain a first approximation for neutron leakage, the rotor radius in the equation for opaque
slit wallsis reduced by one mean free path, that is, r is replaced by

e = r-1/% AV.2

To use this resulc in Equations AIIL.9 and AIIL.10 for T(f5), it is noted that the modified
t value defines a new 3 value (see Equation AIIL.5), namely:

T2 ) 4
v L we'? | w(~1/2)
B = 2sv 2svy - AV.3

Use of B' in place of § in Equations AIIL9 and AIIl.10 leads to a transmission probability T(8').
These equations are based on Equation 3.9 which is:

TYE,t) o= 2;:? jp'(E,t,c)dc
and it is only in the integral of p'(E,t,c) that the modification to r must be made The useof T(B")
would correspond to a modification in the factor 2wr/h? as well. However if we replace Equation 3.9
by:
2wr’

TL(E,t) -ff e p'(E t,c) de ,

itis.apparent that a first approximation to T'(83) is:

I

W8y = & ous) . ' AV.4

The table below compares the transmission probabilities calculated on these various
assumptions, and it can be seen that Ta(,B') is a close approximation to T'(8) for 8 values up to 0.5.

Note that T'(8) and T(S") depend on > as well as B and that > varies somewhat with
energy. Accordingly the values of > and energy used are also included in Table AV.l. These
values are a selection from a typical run with the MOATA choppes. :

COMPARISON OF TRANSMISSION PROBABILITIES

B 0.01 0.4 0.5 0.6 0.7 0.8 0.9 0.94
E (eV) 191.0 0.168 0.108 0.075 0.055 | 0.042 0.033 | 0.031
2 (em %) 1.22 1.41 1.44 1.46 1.49 1.51 1.53 1.46
T(S): Appendix III 1.000 0.598 0.438 0.290° | 0.170 ] 0.077 0.019 | 0.007
T (B): Appendix IV 1.140 0.811 0.664 0.516 0.382 | 0.263 0.166 | 0.147
Ta(B'): Appendix V 1.129 0.801 0.651 0.499 0.362 ] 0.238 0.138 | 0.113
T (B TABY) 1.01 1.01 1.02 1.03 1.06 1.10 1.21 1.30




APPENDIX VI

EFFECTSOQFDETECTOR SIZE AND MULTIPLE SLITS ON
TR ANSMISSION PROBABILITY

To determine the variance of the neutron flight time arising from the width of the burst
transmitted by the slit system {see Section 6.2) we must consider further the effects of finite
-detector size and multiple slits on the slit transmission probability Ti(E,t) (see Appendix III).
This Appendix gives a qualitative discussion of this problem. the aim being to obtain a result

sufficiently accurate for variance estimates.

" The first approximation made is to assume that T,(E,t) can be represented by a triangular
function of base width 2T where (see Section 6.2, Equation 6.8): .

Tp = 0 B>1

34:?({23‘1—:_) .41.{5<1

S 1
S 0< B< =
wr B 4
This distribution is for a point detector. With a finite detector it is swept across the
detector area which increases the distribution widch by a time 2T g (see Section 6.2 and Figure

6) where;

- hy
T. = %
8 2wL

This process is further illustrated in Figure 24 where the spatial width W_ of the burst from the
slit and the detector height hy are expressed as time widths. The relations between these are:

Wg = 20L T

hg 2wl Ty

Figure 24 shows that the number of neutrons travelling towards the detector increases
steadily as the burst from the slit covers more of the detector, and falls away as the slit burst
moves away. If the slit burst width is less than the detector height (T, < Tg) as shown in
Figure 24(b), the number of neutrons travelling towasds the detector remains constant while the
burst from the slit is contained entirely within the detector height, that is, between times
- (TS _-T_b) and + ('I'S — Tb) . ' If T}, is greater than Tg the number of neutrons trave_lling towards
the detector rises to a peak at time zero and then falls away. It is assumed that the rise and fall
of this distribution is linear. This is.not stzictly tzue because it is in general quadratic, but che
approximation should be sufficient for variance calculations. With this assumption the number of
neutrons travelling towards the detector can be represented as shown in Figure 25. These
functions are:

(i) Tg< Ty
£(e) = 0 [t} > (Tg + Tp)
2 1 = LI (Ts + Tp) > fe| > 0
Ts+Ty
(i) Tg> Ty
f(t) = 0O [t] > (Ts+Tp)
= 1 = B=(Ts=Tb) (T, +Ty) > |t] > (Ts - Tp)
2Tp
= 1 (TSE.Tb) > |tI > 0.

{continued)
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With multiple slits the total resultant burst is the sum of N (N equals the number of slits)
of the above distributions each displaced in time from its predecessor. As shown in Section 6.2
and Figure 7 the resulting total burst width is 2(Tg + Ty + Tyy), where :

. H
Tm = 2wL

In general such a composite burst could have quite a complex shape, as illustrated in Figure 26

for three slits. However, provided Ty, is small compared with Tg + T , as normally happens, it

is again reasonable to assume linear rises and falls to the burst and to use the approximate shapes
indicated in Figure 26. These are drawn out in more detail in Figure 8.
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