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1.1 INTRODUCTION

We began this Summef School with the British Petroleum Company's £ilm
Energy in Perspective. We hoped thereby to achlieve two cobjectives. The
first was to give you a quick but effective overview of the different
kinds of energy available to man and to explain why energy is so important
in an industrial society. The second objective was to take you rapidly
to the heart of the problem - to confront you with the central issue of
what is often called the 'energy crisis',

The central issue 1s the availability of oill. As we shall see, 1if
one takes into account natural gas, coal and uranium as well as oil,
then the world's energy resources are plentiful over any realistic
forward planning period. Therefore the catch phrase 'energy crisis' is
a bit misleading. I would prefer to use the phrase 'cil problem'. The
crisis, if it cannot be prevented, will come to the wbrld in the form of
a catastrophic cut-off of the supply of Middle Eastern oil. There
will then follow collapse of the tramsport systems of the industrialised
nations, economic depression, mass hunger and, possibiy, oil war.
Solutions to the oil problem will prevent such a crisis.

An important question is how much time there is left for the world
to switch away from its vulnerable oil supply in favour of other energy
forms. We will try to answetr this question at the Summer School using
mathematics and computers.

What caused the oil problem? For decades the world energy industry
hag been turning away from lts most abundant fossil resource, coal, and
has steadily increased its use of a much more limited quantity of energy
capital, oil. Why has so much dependence been placed on what now appears
to be an uncertain supply?

There were good reasons for doing so. In many situations oil
delivered energy to the factory for process heat, to homes for space
heat and tc electricity generating stations, more cheaply than coal.
Where coal was cheaper, it was still often rejected because oil was
easler to store and, except for high sulphur varieties, oil burned
cleaner and produced less harmful environmental effects. Only natural
gas could hold its own as an alternative energy form.

0il is 'par excellence' the transport fuel. It emerges from
refineries as motor spirit, diesel fuel and jet fuel. The ready
availability of these fluids at low prices fostered an explosive growth,

after the Second World War, of the movement of people and goods.
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1.2 THE OIL RESOURCE
The energy planners of the 1950s and the 1960s who watched the

flight to cheap oil were well aware of the relative abundances of the
various fossil fuels. In terms of the broad relativities, the energy
reserves plcture (figure l.l) was the same then as it is now.

In figure 1.1 the relative sizes of the blocks are in proportion to
the reserves of the various fossil fuels as known in 1979. We use the
word 'reserves' to describe the amount of a mineral that is definitely
known to exist and which can be economically extracted. This quantity is
known because exploratory drilling has proved the size and quality of
the mineral deposit. From past experience of finding reserves and from
the ever-increasing fund of knowledge of geological structures, it is
sometimes possible to make fairly reasonable estimates of another quantity
called 'resources'. The resources quantity is the estimated value of
the total quantity of the mineral originally available in an economically
extractable form,

Thus, at any time,

Resource = Amount already discovered and used
+ amount already discovered and still
available (reserves)
+ the undiscovered remainder.
Figure 1.2 shows the estimated relative abundances of coal, oil and
natural gas resources.

The estimate of the oil resource includes a speculative component -
the undiscovered remainder. Therefore it too is speculative. However,
over the past fifteen years or so there has emerged something of a
consensus that the oil resource created between one million and 500
million years ago is about 2 million million barrels of oil. In fact,
that is the value mentioned in the film ’Energy in Perspective'.

Now the volume of a barrel is about 160 litres. We will work in
this unit throughout the Summer School in blatant defiance of the system
of metric measurements. The barrel is the volume unit most favoured
within the oil industry, probably in nostalgic deference to those pion-~
eering days when oil was carried around the world in barrels, even on
little fire traps of ships.

To give you a grasp of the energy content of a barrel of crude oil,
I will provide you with a few illustrations. If it could be entirely
converted to motor spirit (it can't) it would take a medium size, six-

cylinder car (consuming 14 litres/100 km) from Sydney to Brisbane (1100
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km). If converted into home heating oil, it would warm a Sydney home
with an average size oil fire and typical usage pattern for about three
winter weeks.

So two million million barrels is a great deal of energy. It is also
a cumbersome way of saying things. We will from now on use scientific
notation. The oil resource, which is all the naturally occurring and

economically recoverable oill available, for all time (i.,e. time infinity)

we exXpress as

X = 2 x 1012 barrels.

[}

Perhaps we can redeem ourselves a little in the eyes of the metric

purists by using the 'giga' prefix for 10? and write
X = 2000 gigabarrels (sometimes written Gbbls).

For reference: 1in 1979 Australia consumed 0.25'gigabarrels, the
United States 6.5 gigabarrels and the world 22.8 gigabarrels.
1.3 THE OIL CONSUMPTION FUNCTION

If you accept that the world oil tank is finite and was otiginally

filled to the brim with x, = 2000 gigabarrels, then several urgent
questions should come to mind. For example, how much of the original x;
has been consumed by the end of 19807 This amount we shall write as
x(1980). In general, the amount used up to time t is x(t). We shall
measure time in years.

In figure 1.3, historical values for the cumulative consumption
function x(t) are plotted for the time range 1910 to 1980, At first
sight the figure is reassuring. Less than a quarter of the world oil
tank has been used.ﬁp‘in 100Iyears of consumption (1880 to 1980).

Look at the x(t) data more closely. How much was consumed in the

past decade? Surprisingly,
x(1980) - x(1970) = 210 gigabarrels,

or about 47% of total consumption to date! Clearly, if the consumption
rate were to continue increasing beyond the values recorded in the
1970s, the o0il resource would be rapidly exhausted. The x(t) curve in
the time range after 1980 (i.e. the future) would climb steeply towards

X, and final exhaustion.’
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I have introduced a new concept at this point, the consumption
rate, The rate is related to the cumulative consumption, x(t), by a
simple expression. The average congumption rate over some time period
At is

amount consumed in period At x{t + At) ~ x(t)

c = e = X (1.1)

1im
and At + O c(t)

dx
dt . {1.2)

When At = 1, ¢ is the annual consumption rate.

Will the consumption rate keep c¢limbing and if so for how long? In
figure 1.3, the behaviour of the cumulative consumption curve is covered
by a glant question mark. No one can foretell the future. In this
Summer School we shall make some hypotheses about the future behaviour
of x(t) and incorporate these into a differential equation. This equation
will be our model of oil resource depletion.

The word 'model' implies an abstraction. Reality in this case
consists of a myriad of decisions made over time by individual oil
consumers, oil producers, governments and other political groupings of
people - decisions made for a variety of economic, political and,
sometimes, irrational reasons. We can hope, therefore, to capture only
the broad features of this collective human behaviour in our model. We
cannot expect the precision that often characterises models of physical
systems (for example, the equations goverhing the dynamics of a pendulum).
The models of physics and chemistry can be subjected to the repeated
tests of experiments, whereas our oil depletion model can ultimately
only be tested by the unfolding of time. We should, however, ensure
that the model ig not contradicted by the 'experimental' data that are
available. That is to say, it should provide an adequate description of
the past behaviour of x(t).

1.4 THE EXPONENTIAL GROWTH MODEL
From the end of the Second World War until 1973, x(t) evolved in

accordance with a very simple rule-of-thumb: the value of x(t) was
simply 7 per cent larger than the value x(t - 1) of the previous year.
(There were, of course, occasional fluctuations of a few percentége
points on either side of this average 7 per cent annual growth rate.)
In fact, this simple growth rule is adequate for the description of the

evolution of the x(t) curve over the entire period 1910 to 1973 with the
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exception of the period of the Great Depression and the first years of
the Second World War.
Thus,

]

x(t + 1) (1 + 2y x(t) ,

]

where A

That is,

0.07 year ! .

x(t + 1) - x(t) = A x(t) .

Over At, a shorter period of growth than one year, we can write
x(t + At) - x(t) = At A x(t) .
(This is not strictly true but, because A is not too big, it isn't far

wrong.) Therefore,

x{t + At) - x(t)
At

A x(t)

Lim dx
At -0 2 dt

and in A x(t) (1.3)
Equation (1.3) is a simple example of a differential equation. In
order to solve it we need an initial condition. The oil consumption
data before 1910 are a bit suspect, but we estimate the cumulative con-
sumption up to the end of 1909 to be 4.29 gigabarrels. Our initial

condition is, therefore,

x(to) = x(1909) = 4,29 gigabarrels (1.4)

Equation (1.3), taken with the initial condition equation (l.4),
is the first version of our oil depletion model. I will not solve the
equation here. It exposes a trove of rather beautiful mathematics
worthy of an entire lecture in itself. Dr. Pellard will present that
lecture later today. .

Simply let me say that equation (l1.3) governs a particular form of
growth known as 'exponential' growth. Money left to compound in a
savings account grows in this manner (at least in nominal terms - its
real, inflation-corrected value probably shows negative exponential
growth). Many biological systems (e.g. populations of bacteria, insects
etc.) expand exponentially until a constrainﬁ emerges such as a predator
on the population or the exhaustion of food or living space. Growth

then slows!
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Constrained systems clearly are governed by a more complicated
equation than equation (l.3). There must be the involvement of some
kind of time-dependent growth coefficient rather than a growth constant
such as A. The time-dependent growth coefficient should tend towards
zerc as the constraint is encountered.

Clearly, although it describes historical behaviour well enough,
the first version of our model (equation 1.3) fails to acknowledge the
main physical constraint on the world oil system, the finite value of
X, As it stands, our model projects steady exponential growth in cum—
ulative consumption, x(t), (and hence in the consumption rate, %%
right up to the day on which the last drop of X 1s exhausted (figure
1.4). We have, in equation (1.3), a 'going out with a bang' model of
consumption.

World oil production could not match this kind of consumption
pattern., We require consumption to equal production. (We neglect the
small departures from the equality that result from the movement of oil
in and out of stockpiles.)

Total oil production is the summed output of many individual oil
fields. Each field reaches a maximum pumping rate which is sustained
for a period before the production rate slides in long decay towards
zero, New fields make up for the decline of older fields. As x(t)
approaches x_ the discovery rate of new fields will fall and most pro-
ducing fields will be in decline. In due course, the annual world oil
production rate, which equals %%, must reach a maximum and then fall
towards zero as x(t) > X_. Such behaviour is a result of the physical
limitations to production from a finite resource.

We must replace our 'going out with a bang' exponential growth
model with something reminiscent of Eliot's vision of the future.*

1.5 THE HUBBERT OR LOGISTIC GROWTH MODEL

We need to introduce into equation (1.3) some kind of time-dependent
growth coefficient, g(t), that causes the growth of the cumulative
consumption function, x(t), to slow as x(t) approaches the constraining
limit, X+

The differential equation then becomes

%% = A g(t) x(t) .

*  "This is the way the world ends
This is the way the world ends

This is the way the world ends

Not with a bang but a whimper.'

T.5. Eliot - The Hollow Men
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We require g(t) = 1 for the period 1910 < t < 1970 (the exponential

model worked well enough over this time range); we also require

g(t) ~ 0 as x(t) > x_

There is a wide selection of functions g(t) that exhibit these

ptoperties. TFor example, there is the class of functions

X
o

n
8n(t) = 1 - (ELEA) , n=1,2, 3 ....

We will quite arbitrarily select the first member of the class in

order to construct the second version of our model:

dx

- e -X—f{‘i) x(t) . (1.5)

The initial condition (equation 1.4) is still applicable,

Our new version of the model, equation (1.5), was applied by M.K.
Hubbert [1962, 1969] to project possible future paths for x(t) for
different estimates of x_. The solution of equation (1.5) with initial
condition of the form of equation (1.4) has come to be known as the
"Hubbert' curve but sometimes it is called the 'logistic' growth curve.
Dr. Clancy will take you through the mathematics for solving this type
of equation during the Summer School.

The logistic growth curve for x_ = 2000 gigabarrels, A = 0.07 year !

and the initial condition (equation 1.4), is shown in figure 1.5 together
dx

> dt’
Our model now satisfies a few basic criteria. The broad historical

with the associated curve for the annual consumption rate

behaviour of x(t) is reproduced, but not the fine year-to-year detail.

The broad features of finite resource depletion have been captured in
dx

that x(t) approaches X _ in an asymptotic manner, and at

peaks and then
declines smoothly towards zero.

1.6 EFFECT OF PRICE ON CONSUMPTION

The logistic growth model is rather mechanistic, depending only on
X, A and x(to). There has been, so far, no attempt to include (other
than in the growth constant, A) the behaviour of people, the oil con-
sumers and producers. For example, the model does not take into account
a basic economic principle; when the price of a commodity such as oil
increases, there is a tendency on the part of consumers to reduce their

consumption rate.
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You will be aware that the ﬁrice.of 0il on the world market has
risen in a spectacular manner in recent years. The growth in con-
gsumption has been dampened as a result. Many commentators predict
further rises in price as the resource is depleted and supply is
increasingly limited. We will try to include at least this much
economic theory in our model.

Before doing so, we must define our meaning of price. Because of
the changing value of money due to inflation, price can be a rather
rubbery concept. We should not expect to see an effect on consumption
of, say, a doubling over a period in time of the oil price in dollars
per barrel 1f, over the same period, the value of the dollar (as
measured by its ability to purchase goods and services) has been halved.
We would say then that the real price of o0il has not changed over the
period. 7

Economists attempt to overcome this problem by using a deflator
index which corrects for changes in the purchasing power of money from
year to year. A base year is selected and the deflator index is set to
unity for that year. Prices for all years are divided by the appropriate
value of the deflator index and are thereby expressed in terms of dollars
of the base year.

We shall select 1980 to be our base year. We shall follow the
practice of the world o¢il industry and express oil prices in terms of
United States dollars. Our unit of price, therefore, will be constant
1980 US dellars per barrel. The lower end of the world price range for
oil during 1980 has been about $30/barrel. Assume that it rises to
$35/barrel in 198l. 1If, for example, inflation in the United States
runs at 12 per cent between 1980 and 1981, then the deflator index for
1981 will be 1l.12. The 1981 price of oil, expressed in constant 1980
US dollars will be $35/1.12 or $31,25.

To build into our model the consumption dampening effect of‘oil
price rises, we need some measure of the responsiveness of the consumption
rate to price movements. Economists use a measure called an 'elasticity
coefficient B' for this purpose. It is defined as follows:

percentage negative change in consumption:rate ,
percentage positive change in constant dellar price

all other influential variables being held fixed.
That is,

- Ac/e

B = Ap/p ?
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where p is the price.
1im _ p de | (1.6)
In >0 g ¢ Ip

If B is a constant, then it is not difficult to show that a
relationship between ¢ and p that satisfies (1.6) is

where o ig constant when all parameters other than price and consumption
rate are held fixed. (You may like to prove this as an exercise in
calculus.) Or, in the notation of our model,

dx o

X - . (1.7)
dt
pB

1.7 THE PRICE-DEPENDENT MODEL

We now combine equation (1.7) with the earlier version of the model
(equation 1.5) to derive a new version of the model which includes price

effects:

dx ' x(t) Po
£ () ()

where the normalisation factor

p, = Pp(t)
is the price of oil in the year 1909 (estimated to be $5.26/barrel in
constant 1980 US dollars).

In figure 1.6, p(t) is plotted for the years 1910 to 1980. Using
these data, Dr. Pollard has determined that the model (equation 1.8)
gives a close approximation to the historical x(t) curve if a value of
0.07 is assumed for the price elasticity coefficient, 8. (It is a
coincidence that this is the same value as that for 1.)

Although price fluctuated between $5 to $13 in the period 1910 to
1930, the period 1930 to 1973 was notable for price stability within a

narrow range of $4 to $7.50 per barrel. With price confined to this

(1)
p(t)

varies only slightly from unity between the values 0.975 and 1.019.

range, the term

0.07
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Therefore, the price-dependent model operates with a price term close to
unity for the years up to 1973. That is, up to 1973 it effectively
behaves like the price-independent logistic growth model (equatibn 1.5).

We might have expected that stable price behaviour would have
continued through the 1970z and possibly for another decade beyond.
After all, in 1973 considerably less than a quarter of the world oil
tank had been consumed (figure 1.3). ¥t would not have -been unreas-
onable in that year to assume that large oil price rises would be
deferred until the 1990s. Only then, in the final years of the century,
would we expect the required shift from optimism to pessimism - the
perception that the world oil tank was not half full but, instead, half
empty. Only then would come the steady rise in oil price to reflect its
scarcity value.

Instead, in late 1973 and early 1974 the price of oil in constant
1980 US dollars jumped from $4.70 to $18.80. What happened? Entire
books have been written about the events up to that traumatic northern
winter of 1973-74 but the following sketchy summary must suffice.

At the end of the 1960s, after 80 years of steady growth, the
United States oil production rate faltered and began to fall, The
consumption rate of the world's largest economy continued to rise and
the US joined Western Europe and Japan as a major importer of oil,
critically dependent on supplies from the Persian Gulf, Africa,
Venezuela and Indonesia. Political and economic control over the world
oil market began to shift significantly away from the western, indust-
rialised oil importing countries towards a group of 13 less developed
oil exporting countries. That group* is known as the Organisation of
Petroleum Exporting Countries (OPEC) and it controls over 65 per cent of
the present world oil reserves.

OPEC was formed in 1960 to provide both a mechanism for consultation
between the oil exporting countries and a common front in price negotiations
with the major oil companies., The major oil companies not only had
power over the tramsportation and distribution of oil, but also usually
operated the production facilities of the large oil fields in OPEC
countries. OPEC was formed to counterbalance the companies' power over

production levels and prices.

* Saudi Arabia, Iraq, Venezuela, Iran, Kuwait, Qatar, Indonesia,
Libya, Abu Dhabi (now United Arab Emirates), Algeria, Nigeria,
Ecuador, Gabon.
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However, it took until 1971 for OPEC to develop real bargaining muscle.
The Teheran Agreement of that year provided for a rise in oil prices of
50 per cent over a five-year period. 1In 1973, the world economy and the
oil consumption rate reached overheated levels. World oil production
was bumping up against the maximum capacity of developed oil fields. In
October of 1973, the Yom Kippur war in the Middle East set fire to the
tinder. The Arab members of OPEC denied oil for several months to the
United States and the Netherlands for their support of Israel in the
war, Although the oil embargo leaked, the confusion on an already
overstretched world oil market was sufficient to force the price up by a
factor of four.

OPEC was successful during the period 1974 to 1978 in the face of
subdued oil demand in containing the price 'slippage' from this new high
level. This confounded the confident predictions of many commentators
that economic forces would degstroy the unity of the oil cartel and
prices would tumble as OPEC members tried to undercut each other for a
larger share of the market.

In 1979, the unity of OPEC was fractured in an unexpected way. 0il
exports from the second largest exporter in the group, Iran, ceased for
the first quarter of the year during revolutionary upheaval and resumed
at a much lower level than before. A wild scramble for advantage amongst
OPEC members led to the second major jump in price from $16/barrel in
1978 to about $30/barrel in 1980. '

-Both large jumps in price have reduced the consumption rate of
world oil, an effect we have tried to model by virtue of the price term
in equation (1.8). The term describes the reductions made by consumers
and industries when the price rises. It does not estimate the reductions
in oil use that occur when an economy goes into recession. Industries
then produce below normal levels and, as a result, use less fuel oil.
Some consumers lose their jobs and are unable to run cars. Other con-
sumers have less income to spend on petrol. Such 'income'! effects are
not included in our model. It is a significant omission.

1.8 THE TASK AHEAD

As it stands, equation (1.8) provides sufficient opportunity for
you to explore a number of interesting hypothetical variations on the
future pattern of world oil consumption. Variation will be generéted by
your selection from a number of alternative versions of the price function

p(t) which we shall label with an index, M.
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The first version, M = 0, has p(t) uniformly set to the value P,
That is, the price term is always unity and the model reduces to the
logistic growth equation (l.5). This version will be used to verify the
computer program.

The second version, M = 1, rather wistfully pretends that OPEC was
never established and that there were no massive price jumps in 1974 and
1980, The price rises smoothly from the low pre-1974 value as the
resource depletes.

The third version, M = 2, admits the reality of the traumatic price
jumps of 1974 and 1980 and then projects a future price function rising
smoothly from the high 1980 base of $30/barrel (see Appendix lA).

The fourth version, M = 3, is rather gloomy, for it assumes some
kind of major traumatic disruption to the world oil market in 1990 when
the price is assumed to again savagely lurch upwards,

Finally, you may wish to consider the consequences of a hypo-
thetical discovery that the oil resource has been underestimated, by
running the M = 2 case with x_ = 3000 gigabarrels instead of 2000 giga-
barrels.

For easy reference, the model and its data are summarised in
Appendix 1B.
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APPENDIX 1A
THE PRICING EXTRAPOLATION PROCESS

Figure 1.6 gives the constant 1980 US dollars price of oll from
historical data up to the year 1980, However, our oil model requires an
estimate of the price all the way to the year 2050l

We resort to a possibly plausible process for extrapolation based
on the following assumptions...

(a) as oil is consumed (as x(t) increases) the price, p(t), will

rise, and

(b) as the resource reaches its final stages, the price will

saturate (level off).

The simplest formula that captures these assumptions is probably
p{t) = p(l980) (a x(t)/x°° -b) , t > 1980

and (effectively) this is the one used for the Summex School. The
constants a and b are chosen so that

(i) the formula also applies to the year 1980, and

(ii) p(2050) = 150 (estimated using 'think of a big number'

principle} for the M = 2 case with appropriate rescéling
for the other cases.

Although our formula may prove to be an inexact representation of
the price of oil (and shouldn't be used to work out the possible price
of a litre of petrol for the year 2000}, the price influence is not such
a great one in our model and our estimate will probably be adequate for

projecting future trends of oil consumption.
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APPENDIX 1B
SUMMARY OF MODEL AND DATA

The model equation:

dx x(t) Py
it - A (1—‘-———xm ) x(t) (P(t))

Inttial condition:

x(to) = 4.29 gigabarrels

Variables:

x(t) is the cumulative consumption of oil (measured in gigsbarrels)

up to the end of year t.

p(t) is the price of a barrel of oil expressed in constant 1980 US
dollars.

Constants:

A 1s a growth constant 0.07 year !

il

X, 1s an estimate of the total oil resource = 2000 gigabarrels

t, 1s the starting year 1909

P, 1s the price of oil in year t, 5.26 (constant 1980

US dollars pef batrrel)

B is the price elasticity of consumption 0.07 (dimensionless)
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“ENERGY IN PERSPECTIVE”
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Made available by BP Australia Limited

SUMMARY This is_a commentary on a wide range of energy issues covering the world's dependence on finite
regerves of foseil fuels, energy wastage, conservation and the need to develop renewable energy resources.

1 INTRODUCTION

Energy. Without it, there would be no movement,
no life, not even light or sound. A dead and
empty world.

No wonder man worshipped the sun, Through the

process of photosynthesis it creates all our
food, and many of our raw materials, Its energy
powera the climate, evaporating water from seas,
creating winds that carry it over the land, to
fall as rain, and so return once more tc the sea.
A perpetuzl cycle of motion, which man long since
learned to harness. Power, free as alr; and
constantly being rehewed.

But today, wind and water supply less than ten
per cent of our energy needs. Over ninety per
cent now comes from the planet's capital reserves
~ energy locked away in the remains of once-
living matter. Cosl, oil and natural gas - the
fosail fuels. Once used, they are gone forever.
And go is uranium, our most recently harnessed
capital resource. This dependence on finite
capital reserves makes our civilisation different
from any that has gone before.

In the past, civilisations rose and fell that
were totally dependent on the daily income of
energy from the sun, on the labour of men and
animals, on the harmessing of wind and water,

2 CONSTMPTION/CONSERVATION

It was only a few hundred years ago that a
shortage of wood firat comsed 'gtinking sea
coale'! to be burnt., For the first time, man
was digging into his capital. TFox generations,
consumption was negligible. It was not until
the middle of the last century that it began fo
double every 15 years.

Shortly afterwards, oil made its first modest
appearance. Discoveries miltiplied fast, as its
potential came to bs rezlised. And as gas
followed towards the end of the century,
consumption of all the fossil fuels increased
gubstantially. Even into the 30's when road
transport really came into its own, coal still
provided most of our energy. But . in the 60'3_
although nuclear energy was now on the scene it
was oil consumption that rose moft dramatically.

Only a decade later came the first ominous signs
— the rate of oil consumption began to outstrip
the discovery of new reserves. Yet it's expected
that in the 80's, demand will be greater still,
accounting for more than half the world's total

energy needs, This expansion cannot continue
indefinitely. From the start, there's only been
a finite quantity of oil on this planet —~ some
two million-miilion barrels.

In the first hundred years we consumed only 15
per cent of it, but in the single decade of the
70's we shall consume another 15 per cent. If we
continue this way, consumption will reach a peak
around the turn of the century, and then fall at
a rate similar to its rise, Thie kind of pattern
is seen as inevitable; the staggering fact is
that 80 per cent of total world reserves could
well be consumed in less than a human lifetime,

With coal, from deep mines and especially from the
vast opencast reserves still undeveloped in Russia
and North America, the outlock is brighter. The
rate of consumption is lower and world reserves
are eleven times those of oil and gas, FProduction
could be increased considerably, DBut locking as
far ahead ag the Spanish Armada is behind us -

400 years — its expected that 80 pexr cent of it
will have gone,

ENERGY IN PERSPECTIVE

The challenge of ever-growing demand is nothing
new, but as we're forced to venture further into
the remote and hostile wastes of our planet, as
we probe even deeper into the oceans for the
earth's remaining reserves, energy is bound to
become more expensive, The investment in North
Sea o0il is enormous - for a given yield of

energy, 25 times what it coat to develop the
o0ilfields of the Middle East only a few years ago.

In North America and elsewhere, there axe vast
reserves of oil-bearing 8ands and shales, but to
exploit them the unit cost could be even higher
than North Sea oil.

The age of cheap enevgy is over. Over just as
we'd begun to get used to it. Frivolous waste ie
something we could easily aveid, but the problem
goes deeper, to the roots of our whole way of
thinking., The need is urgent to turn ingenuity
from thoughtless over—consumption to a more
intelligent use of energy. But first, we need to
understand the situation we're in. Ahead of us
there are problems as well as exciting.possibil-
ities.

3 PRIORITIES

Coal, oil, natural gas and the metal, uranium,
Each is a remarkable compact source of -energy,
available to us as heat, that cen be turned into
work. Transformed, for instance, into mechanical



energy. Add a dynamo - and mechanical energy
becomes electrical.

Put whenever energy is converted from one form to
another, some of it goes tc waste. Howeve? well
a system is designed, complete conversion is
imposeible. This is one of the laws of nature.
Apply it to the conversion of coal into
electricity, and we begin to see what this can
mean. Of the total energy-content of the coal,
it takes the equivalent of five percent to mine
it, and raise it to the surface and a further
0.2 percent of the balance to transport it, say
50 miles to the power station. The coal is then
burnt, with a heat-loss of as much as 70 percent,
then there are transmission losses, On average,
a further six per cent. 8¢ only about a quarter
of the coal's potential reached your electric
fire, and a light bulb i® much woxme; one and
one-third per cent converted to light, the rest,
lost between coalmine and chandelier. It can
even be shown that the total heat wasted in
America's power stations is enough to warm every
home in the country. Small wonder we need such
rrodigious guantities of fuel.

Power staticns can't avoid producing surplus
heat, but we could make better use of it, as they
do at Bures-Orsay, near Paris.

By combining power-generation with district
central-heating, they've raised the overall
efficiency to 70 percent - more than double the
norm,

The same line of thinking lies behind the drive
to insulate the millions of homes we built in the
years when energy wae cheap, "Save it" is now
the motto we're learning to live by. But the
future demands morse radical measures, and it's
vital to get our priorities right.

For transpori, the liquid fuels of today will
remain essential for the foreseeable future, But
otherwise, precious reserves of petroleum should
no longer be burned. Instead, they should be
used increasingly as feedstock in the creation
of essential chemicals, fertilisers and pesti-
cides, plastics, solvents, and rubbers,

We should look on natural gas as the fuel for
those industrial processes that depend on its
high degree of purity, for use as chemical feed-
stock and for domestic heating. We cannot afford
to squander it on power-generation. Instead, we
should continue to rely on coal as the principal
fuel for this purpose. Even so, increasing
demand for electricity will also call for a
marked expansion of nuclear power. Till now,
progress has been steady, but slow. Present day
reactors are still very inefficient in their use
of uranium., The priority is now urgent to de-
velop the breeder-reactor, 150 times as effi-
clent, before the sources of relatively cheap
uranium are exhausted. But ultimate success
depends on finding safe methods of handling and
atoring highly toxic wastes.

Faced with such problems and with the eventual
limits of our capital resources, wWe must exXamine
every possibility, including any contribution
that could be made by the enduring forms of
income-energy.

Hydro-schemes at present supply only a few per
cent of the world's electricity, but there's
potential for expansion in a number of areas,

2.2

There's power too, in the rise and fall of the
tides, It's already been harnessed on the south
coast of Brittany, and has proved itself economic,
at no risk to the environment. There are other
places in the world with potential for such a
development.

Power from the sea - power from the wind, It,
too, has potential, but as yet the technology to
harness it efficiently doesn't exist.

4 COST BARRIER

Power, too, from the earth itself, At Lardarello
in Italy, they've been tapping a natural source
of high-pressure steam since 1904, producing
enough electricity to run most of Italy's
railways. Again, there are places where the same
phenomenon occurs, which could make a valuable,
if limited, contribution to energy needs.

Power direct from the sun! There is an experi-
mental centre at Mont Louis, in the Pyrenees,

BEven with existing technology, a tenth of the
Arizona desert could power the entire United
States - in theory. In practice, the problems are
daunting. The harnessing of solar energy for
power is a long-term goal, but certainly one worth
pursuing. But the use of solar energy for domes-
tic water heating is already a reality,

To convert sunlight direetly into electricity
would open up even greaster possibilities. The
barrier is its cost. But one day the solar-cell
could be working for uwa all. )

Nuclear fusion - the source of the sun's prodi-
gious energy. To harness this on earth would be
the greatest prize of all. It would mean that
from a cubic metre of sea-water we could produce
energy equal to 200 tons of oil, and solve our
energy needs for ever. The prize continuea to
elude us. No-one knows when, or indeed, if evewn,
controlled fusion will be achieved. '

In laboratories around the world, the means to
power the 21st century are being explorsd. But
on the frontiers of science, time ig of the
essence, For the remainder of this century at
least, science must aleo devote its ingenuity to
finding ways of conserving our precious capital
reserves — the fossil fuels, and uranium,

5. CONCLUSION

We have to accept that the world of cheap energy
is behind us, and a world of limitless energy
8till beyond our reach. The gap can be bridged,
but only by adopting a radically new attitude

to existing rescurces and the vay we use them.
It begins with the recognition that everything
has its energy-demand. A concrete notorvay?

270 000 litres of fuel for every gingle kilo-
metre! Even to keep a family in drinking water
takes 40 kilos of coal a year. And nowadays,

a steak takea more energy to produce than we get
back by eating it.

Energy is the most precicus commodity there is,
The challenge of our times is to find ways of
using more wisely the sources we know, and to
harness the new and prolific sources we know to
exist - and to do it in g single generation,
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3.1 THE EXPCNENTIAL FUNCTION

A power function

yix) = e {e raised to the power x), (3.1)

where x is an integer and e is a constant (base) as yet unspecified, is

easy to understand. We have

y(0) = el =1 (most numbers raised to the zeroth power are 1)
y(1) = el = e

v(2) = e? = ee

v(3) = e3 = ece.

The extension to rational mumbers (for x) is reasonably straightforward.

For example

/2 Ye - and

i}

el

1
Y(Eﬂ

63/2 = (Ve)3.

3
v ('é')

The further extension to real numbers is conceptually simple. For example

y{1.25) = el g0°25 (remember the rule about adding exponents)
= e el/L+ and
= e “ve.

admitting negative values is trivial since

X -X
e e =1

e ¥ = l/ex = 1/y(x). (3.2)

hence y(-x)
Taking logarithms (to the base 10) of equa;ion (3.1) yields
log vy = x loge (3.3)
hence the 'inverse' function which expresses x as a function of y is
x({y) = log y/log e.

Our original expression given by equation (3.1) is thus like an

antilogarithm.
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Encouraged by the tangible results obtained so far we will attempt
to differentiate our power function. For ease of presentation, we will

adopt the standard notation

d
y'(x) = a% then,
since yix) = e* (remember 'e' is not yet specified),

= lim ex+6x - e - from first.principles

Sx+0L 8x J
. [ x_ Ox x- .

= lim |e e - e - from a property of powers

Sx-+0L S§x o

e

X lim eﬁx -1 taking out e* as a common factor.
§x~+0 8x

Now the derivative at x = 0 is simply

1im [%* - 1
Sx+0 6

y'{x) = y'(0) e®

v' (0) - from the definition of derivative

hence = y' (0} y(x).

A rough sketch of the function

Tangent
at x=0
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shows that for e close to 1,y'(0) is close to 0, and that for e large,.

y'(0) is also large. Let us seek a particular value of e such that
y'(0) =1 (3.4)
for then we have the highly desirable result

y'(x) = y(x) {3.5)
from which our central result is ocbtained for the so-called exponential

function,

gl'_-
ax y (x)
(3.6)
or QE? = F
dx !

i.e. e is its own derivative.

Of almost equal importance is the integral result obtained from equation
(3.6). We have

*dy
-A( A dx
N _

dy
.A(‘ dx dx

_[x y(x)dx

but

X
[ dy = [y(X)]): =y(x) - y(0) = y(x) -1 ,

hence

x
_}: y{x)dx = y(x)-1 ,

e’~1 (definite integral) ,

eXdx = & (indefinite integral) ,

x'X
or J[ e dx
0
X
e

is its own integral. (3.7

Good, you say, but what is the value of e that gives these fantastic

properties? ©On to that now.
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3.2 ESTIMATING THE NUMBER e

At present, all we know about the number é-is contained in the

expression

Sx~>0 8

Now if we consider the above equation for sufficiently small values of

y' (0} = lim [eax - 1] =1 .
X

8%, we have

er -1 = §x

then er = ] + 6x

and, taking logs,

6x log e = log(l+8x)
log e = %;—109(1+6x)
1
8x

2 log(l+6x)

i
e = (1+6x)6x .

Instead of the above, let us introduce

n=1/8x {nre as &x2>0)
1.n
then e = (l+5) (3.8)
, _ lim 1ln
and, in fact, e = . (14~n) . (3.9)

Let us tabulate a few estimations of e using the approximation

(3.8). We obtain the results

2
(1+%) : = 2.25
15
(l+§) = 2,489
3 10
(1+IB = 2,594
1 20
',(l+§6)- = 2,653 .

This method does not seem to be very practical since we need to go much

further to obtain e to 4 figures; nevertheless someone has calculated

1 10000
15605 = 2,7181 .

(1+
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Bven this is not entirely correct for the figures stated, since the

value to 7 figures is

e = 2,718282 i (3.10)

which is as highly regarded in the mathematical world as the number
™ = 3.141593 (3.11)

Digression
Having met 7 as a really special number, you may not like to see a
competitor enter the field. Well don't worry: m and e are .

cousins through the strange but beautiful relationship

/-1

e = -1, (derived by Euler). (3.12)

3.3 APPROXIMATIONS FOR e

We have already established the derivative property of the ex-

ponential function y(x) = e®; it is
dy _ X i
A% e (equation (3.6)).

ILet us assume

yx) = & = ag + a1x + aox? + a3x3 + oayxt + ..., (3.13)
a power series expansion with coefficients ag, ay, azs ... to be
determined, then

0 o 1=ay+0+0+ ...

el
—
)
I
®
1

Differentiating equation (3.13},

%§-= ex = a; + 2azx + 3a3x2 + 4aqx3 + aee

hence equating coefficients of like powers of x (they must be the same)

a; = ap
ay =1
2ap = a1
ap = 1/2
3ag = az

S ag = 1/(2x3)
day = a3
ay = 1/(2x3x4)
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and so on. If we define the factorial function as

n! = 1x2x3 ... x(n-1)xn (the product of the first n integers),

(3.14)
then we obtain the important result
2 3 L

ex=1+x+’2‘—: +53-‘:—+:—:+... (3.15)

which, fortunately, has terms towards the end that get smaller and smaller

no matter how big x happens to be since n! for large n is a whopper (see

the table). | _
Gedon g 90

n n!

0 1

1 1

2 2

3 6

4 24

5 120

6 720

7 5040

8 40320

9 362880

10 3628800

15 1.3076744 x 10'2
20 2.4329020 x 10'8

Equation (3.15) then gives us a convergent series expansion although

many terms may be required for large values of x. The value of ex for x = 1

is simply obtained by adding up the reciprocals of entries in the above
table (to n = 10),

1

e 1 +1+

M=

1 1
:+§-!+Z:+...+16: (3.16)

2.718282 .

il

The additive property of powers may be exploited when x is large.

For example, say we require e3, Rather than calculate the result

directly from equation ({3.15)

2 3 4
3 _ 3 3 3~
e 1+3+2 +6 +24+...

we would use instead

3

e = eee = 20.08554 .
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Other approaches are used to calculate e® on a digital computer but
we will not investigate them here except to say that they are usually
part of a package of routines made available by the machine manufacturer.
For example, in FORTRAN or BASIC we simply code

Y=EXP (X)
to return to exponential of X in the storage location Y.
3.4 NATURAL LOGARITHMS

The natural logarithm, denoted logey or £n y, inverts the relation-

ship given by the exponential
y=e .
togive dny=x, ‘ (3.16)
just as the ordinary logarithm, denoted log ¥y, inverts the relationship
given by the antilog expression
Y=1ozt
to give log y =2 .
From our equation (3.6) rearrangement gives

dy = dx
Y

andthc:zn‘/.%z = Jadx=x=Iny,

hence the important result

d
f_z = fny _ (3.17)
y
Have you ever tried tec apply the integration formula
’ n xn+1
fXdX = Eﬁ

when n = -1
Fox ax (=fi}'{- = L
x

Now we know better

xn+l
#+ -
S Mdx = | ol . n*-l | (3.18)
nx , n=-1 .

On a computer, we use one of the following expressions to return a

natural logarithm:

X=ALOG (Y) - with the FORTRAN language
or X=LOG(Y) : - with the BASIC language .



3.5 DIFFERENTIAL EQUATIONS

We have already met a differential equation, namely eguation (3.6),

L-y , vy =1,
which has as its solution the exponential function,

y=e . ,

For the Summer School, we need to change to different variables.
(Mathematicians do this all the time - it keeps outrthe uninitiated!)
We want to determine the total consumption of oil, x gigabarrels, as a
function of time, t years. In the excessively optimistiec model of an
unlimited resource (x_ = «}, and in the absence of any pricing constraints,

we have the equation

dx
I3t~ X ' x(tp) = xp . (3.19)

DE initial condition

Here is one way we can solve the above problem:

X
b4 t
hence f ax = A‘/ dt
Xp % to
+ : 4

x is xg when t is tg - the initial condition,

[n x1¥ = A[t]T  from equation (3.17)
b4 to )
fn x - £n xg = Alt-tg) ’
€n{x/xg) = A(t-tp) , remember fn(a/b) = 4£n a -~ &n b,
and finally X = Xpe Alt=to) . (3.20)

[Also equations (3.19) and (3.20) show us that with some slight manipulation

At
de ~ _ At
it - Ae .1 (3.21)

Of course, we would not be surprised that using the result (3.20) gives us
an enormous overestimate of oil consumption to the present time although
it turns out that twenty years ago the model produced acceptable estimates
and, by some, was accepted as a basis for estimating consumption in the

future.
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Other, usually meore common, exponential processges, for example

radioactive decay, follow the equation

dx
TS = =AX ’ x{tp) = Xp (3.22)
DE initial condition

(Note the negative sign!} 1In this instance, the solution is just that of

equation (3.20) with the sign of A changed.

We have
x = xpe METEO (3.23)

The model here is usually more global {(covers a large time span) as the

solution dies away, not like our simplistic oil model where the solution

grows and grows and gf OWS

without bound!
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APPENDIX 3a
SOME TUTORIAL PROBLEMS

Write down the derivatives of the following functions:
. 2 .. A .
(1) x°, (ii) =%, (iii) &%, (iv) e, (v) fnx

Write down the indefinite integrals of the following functions:

(1) %2, (ii) £, (iid) €5, (iv) %5, (v) (x+D) /x

Solve the following DEs analytically and hence calculate y(%).

W P2 , ylo)=1
i) L o2y, yo)=l

ax
Show that (at least for sufficiently small values of x)

1+ 2™ 4 2 23 (ezax-l)
ax

by expanding both sides to terms of order x3 using the series

expansion for e” given as equation (3,15),.

Taking equality for the approximation of §4, solve for ex and hence
obtain an approximation for e® - let's call the approximation E(x)
which could be used if an EXP function is not available (as is done
in Appendix 3B with a=%).

show for the approximation of @6 that 1/E(x)=E{-x), cf. l/ex =e %,
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(i) 2x, (i1) n Y, (1id) &5, (v) e, (v) 1/x

(1) %273, (i) S meny,  (idd) eF, (iv) /e,  (v) xtlnx

(1) y=l#x , y(4)=1.25

(1i) y=e°* . y(k)=2.718

Clue: e2ax =1 + 2ax + 2a2x2 + %-a3x3 + %—a4x4 + 0(x5),

where + O(xs) means 'plus terms of order x5 and higher’'.

/ 2
E(x) = [{ 2(§§9+ 1+3(%§q } /- %i)]l/a a X
Clue: 1 = 1 b-vc
b+/c b+/e \b-Vo

b-vc
b2-c
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APPENDIX 3B

SOME BASIC FUNCTIONS FOR MICROS IF NOT PROVIDED

(1) x' = vVx
Input argument variable X
Uses variables X,Y,Z
Qutput variable X
Calling procedure

GPHSUB 31005 - normal
or G@SUB 31010 -~ if /T;T required
or OG@SUB 31015 - if x known to be non-negative
or G@SUB 31020 - above and y = vx is available as a guess
or G@SUB 31025 - above and x known to be non-zero.

BASIC coding based on Newton-Raphson method.

31000 REM X=SQR(X)

31005 IF X<0 THEN PRINT "SQR ERR";X
31010 X=ABS (X) '
31015 Y=X
31020 IF X=0 THEN RETURN
31025 Z=1E38:GPTP 31035
31030 Z=Y
31035 Y=(Y+X/Y)/2: IF Y<Z THEN 31030
31040 X=Y : RETURN

(ii) x' = e

Input argument variable X
Uses variables V,W,X,Y,2
Qutput variable X
Calling procedure

GASUB 31105

BASIC coding based on square root method of a previous Summer

School (reference on next page)¥*

31100 REM X=EXP (X)
31105 IF X>87 THEN PRINT "EXP @VER"; X : X=1E38 : RETURN
31110  IF X<-87 THEN PRINT "EXP UNDER"; X : X=0 : RETURN

31115 V=INT(X+.5) :W=(X-V) /12 : X=1+3*W*W : G@SUB 31015
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31120 X=(2*WHX) / (1-W) : X=X¥X&X*X

31125 IF V=0 THEN RETURN

31130 Y=2.718282

31135 IF V<0 THEN V=-V : Y=1/Y

31140 FOR W=1 TO V : X=X*Y : NEXT W : RETURN

(i) x' = fn x
Input argument variable X
Uses variables V,W,X,Y,Z
Qutput variable X
Calling procedure

GASUB 31205

BASIC coding based on square root method of previous Summer School#*

31200 REM X=L@G (X)

31205 IF X<=0 THEN PRINT "L@G ERR"; X:X=-1E38 : RETURN
31210 V=1 : Y=X
31215 W=X : GPSUB 31025
31220 IF W<.8 THEN V=V#2 : G@TH 31215
31225 IF W>1.3 THEN V=V#2 : G@TH 31215
31230 X=6% (W-1)*V/ (W+4%X+1) : RETURN
(iv) x' = %’

Input argument variables X and Y
Uses variables U,V,W,X,Y,Z
OQutput  variable XV

Calling procedure

G@SUB 31255
BASIC coding using earlier routines
31250 REM X=XtY
31255 U=Y : G@SUB 31205 : X=U*X : G@SUB 31105 : RETURN

* Newton, P.J.F. ed. [1977] - Down but never out - the mathematics
and computation of exponentials arising in the fields of physics,
chemistry, bioclogy...AAEC/S19.
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4.1 INTRODUCTION

During this Summer School, you will be examining some possible ways
in which we will use up a finite energy resource - oil. These possibilities
are described by models -~ really equations which describe how the oil
will be used. They can only be used if we can obtain solutions to the
equations; my lectures are devoted to the problem of solving these
equations and getting hard numbers as a result.

4.2 EXPONENTIAL GROWTH MODEL

The simplest model is based on the assumption that at any time t,

: dx . .
the consumption rate E% is simply proportional to x, the total con-
sumption up to that time. In symbols
dx
aE - AX,

with A being a known constant.
To solve this equation we use our first trick, which is to note
that

dx dt
dt 1/ dx !
80 our original equation can be written

a _ 1
dax Ax

L
)

% |~

We solve this formally by integrating to get
1,1 _1./1
t = d/;L ” dx = 3 " dax .

You will (by now) recognise that the integral involves the natural
logarithmic function so

t = %— ni{xy + C ,

where C is some constant which we have to determine. We do this by
going back to the starting time for our problem, the year to, at which
stage the total production had reached the value X - Since our solution

must agree with this piece of information,
t = l-En(x ) +C
o A o

where C is the same constant. When we subtract this equation from the

previous one, the constant C is eliminated and we have

e-t, = -;;ﬂn(x) --i'—i’.n(xo) )
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from which we obtain, after some algebra,
X
Ale - £) = fn Sy B
o)
Taking the appropriate antilogarithms (exponentials)
e Alt - to) _ X
X
o

and finally our solution is

X = xe A - to) ’
e}

or X x_ exp {A(t - t )} .
o o

If we differentiate this equation with respect to t, we get an expression

for the consumption rate g%—:

dx _ Ale - €)
ac - Axoe o

which demonstrates that our solution does agree with the original
equation

g% Ax .
Of course, if these did not agree with one another there would be some
error in our analysis.

The last three equations represent the uncontrolled exponential
growth situation. Since there is a finite amount of the resource available,
x cannot exceed this amount. Because this model predicts that x grows
without limit, we must ultimately reject the model even though the

results may be reasonable for times relatively close to to'

4.3 THE HUBBERT MODEL

. . dx .
This model assumes that consumption rate a%'ls proporticnal not

only to the total consumption to date but alsoc to the fraction of the
resource left to be exploited; If the total amount of the resource
which can ever be obtained is denoted by x_, the fractional amount

consumed at any time is E- and the fraction left to be exploited is

oo

1 - . In symbols this model states that

oM

oo

dx

X
dt—-lx(l—;) .

0
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this model gives results close to those of the simple exponential growth
nmodel.
However, this approximation is not warranted for later years when
t,E get large. Then we do better by writing the solutions as
on

X = X .
© X E+x =-x
o) o ©

From this we see that when E is large, X gets closer and closer to X
but is always smaller than X, because the multiplying factor is always
less than unity.

Because this model does not predict total consumption greater than
the available amount, we would have more confidence in predictions made
from its use -~ and indeed such predictions have been made. One defect
with this model is that it makes no allowance for the effect that the
price of the resource may have on the production rate. This defect is
remedied in our third model.

4.4 PRICE DEPENDENT MODEL

This final model -~ the one which will be examined fully during the
Summer School - includes an allowance for the effect that product price
may have on consumption rates. Quite simply, the Hubbert model formula

is multiplied by another factor to give

p_\B
dx _ o _X
ET A~(£R?3) x(i xﬂ))

in which pl(t) is a product price,

Po is the price at time t = to' and

B is another constant.
The significance of the additional factor is discussed in Chapter 1 -
we simply accept that it is a plausible correction to make to the model.
Our immediate problem is teo try to solve this equation. For this
we need our third and final trick, which is to assume that the price
function p{t) is constant during any one calendar year - only changing

on New Year's Day! During any one calendar year, our eguation is
P

p_ \B
dx _ c _ X
%) 6%
0

B
where A(;TET) is a fixed constant. This edquation is the same as
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that for the Hubbert model and the solution for that model will apply
here, but only for the particular calendar year. The complication that
arises is that we have a different equation to solve each year.

Iet us look at the equations for the particular year
t = &, to t = t, +1
i i

during which the price has a constant value which we call P, -
Our equation is

dx P, B X

ac = M5 ) ok

Pc o
and at the beginning of this year the cumulative consumption x had a
value %, .
i

If we use the same techniques as we did for the Hubbert model, we

obtain the solution in the form

X.x E
1l <o
X = ,
X =-x, + x.E
w i i
B
Po
where E = expi{A— (t - t.) .
p 1
o
We are interested particularly in the value of x at the end of the
year when (t - ti) = 1. At this time, the function E becomes simply
B8
Py 4.1
E = expiAl-—
Pe

and the previous formula still applies for x. The consumption for the
calendar year we call Ax; this is simply the difference between X at
the end of the year, and x = X at the beginning of the year.
We find that

xi(x00 - xi) (E - 1)

Ax = X ¥ xi E -0 . 4.2

These last two formulae are all we need to get the main details of
the whole solution. To get the total consumption for any one year, we
find the current price P for that year and evaluate E from formula
(4.1). We must also have available the value for the cumulative production
X to the start of the year of interest. Formula (4.2) then lets us
calculate the yvear's production Ax and, of course, we can then calculate

the cumulative production to the end of the year by adding Ax to X, -
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To 'solve' the model, we simply apply this procedure for the first
year, then the second year, and sc on. This would be terribly tedious
to do by hand, but computers are good at doing the same thing over and
over.

While accepting that this procedure gives all the information we
need to analyse the resource depletion, some of you may feel dissatisfied
that a formal sclution of the equation is nowhere written down. We can
in fact construct such a solution, details of which are in Appendix 4A.

4.5 COMPUTER SIMULATION

Your coding task during the Summer School is to write a computer
program which simulates the depletion of the oil resource according to
the price dependent model. From the output of the program you will
recover answers to two specific questions:

{(a) In which year will the o0il consumption rate reach a maximum?

(b) In which year will cumulative consumption reach 20 per cent

of the total resource x_?

Your program will probably be constructed with five blocks as

follows:
BLock 1.
Define values for fixed constants -
p, = 5.26 (price during year 1909)
A = 0.07
B = 0.07
to = 1909 {the end of the calendar year 1909}
xo = 4,29 (total consumption to the end of 1909)
Block 2.

Read in data which varies from run to run =

M = an integer which specifies which pricing model
is to be used
X = usually 2000, but sometimes 3000.

Then print the values read in so that your case can be identified;
BLock 3.

An initialisation block where you will define initial values for

variables which change during the course of the simulation,

i.e. set

X, = X
1 O



Block 4.

An iteration segment in which all the calculations are
made. After t has been increased by 1 to point to the 'next’
yvear, a value for P/ the current price, is determined,
formula (4.1) is used to get a value for the exponential
term E, and formula . {(4.2) is then used to get a value for
the year's consumption Ax. This is added to xi, the value
for x at the start of the year, so that the variable X, then
represents the cumulative consumption to the end of this
year. After sending current values of t, Ax, X, and P,
to the printer and plotter (Appendix 6D) one step through
the iteration block is complete. If t igs less than the
last year of interest, your program goes back to repeat
segment 4; otherwise it proceeds to

Block 5.
Any final tidying up of the program is done here. Specifically
you will signal that the case is finished, flush out the plot

and then go back to block 1, ready for the next case.

The first few times that your job is submitted to the computer, you
will find that you have made coding errors which the computer will
detect, After this‘stage, there will probably be logical errors in your
coding. This means that your job will appear to run successfully but
the results will be wrong - not because the computenr made a mistake but
because your program told the computer to do the wrong thing. To find
these.efrors, we suggest that you run your program with a standard set
of data for which a standard set of results is available against which
you can check your output. If and when you agree with the standard
results, it is just possible that yvour program is correct; it can then

be used with different data to explore the consequences of the model.

GOOD LUCK
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APPENDIX 4A cr Dnmvan

COMPLETE SOLUTION OF THE PRICE DEPENDENT MODEL

Starting from the equation

p.\B ( )
ax _ o X
a-E = A(p(t)) X l-x

o0

we get easily to the form

Po B dat ¥o .
p(t) dx = ix - (x_ - x)

If we could find a variable u which depended on t through the equation

aw _( B\,
dt ~ \p(t)

our equation would have the form

qu dt _ __Tm

dt  dx Ax(x_ - x) ’
or du _ ¥ oo .

dx Ax(x_ - x)

This is identical in form to that equation solved when discussing the

Hubbert model; its solution is

X X B
x = o= !
X -%x +xE
o0 o o
where E = exp{i(u - uo)}
and xO is the value of x when u = uO .

Now the equation
ig_(__POB ,
dat p(t)

with u = uo when t = € .
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has the formal solution

and the function E is now given by
t p_ \B
INCOK
t p
o

which, inserted into the formula

E = exp

X x E
Qo « '

X =X +xE
oo o )

is our final solution.
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5.1 INTRODUCTION

5.1.1 Dynamilc Systems

Many advances 1in science and engineering are possible only because
of our ability to use mathematical equations to describe the behaviour
of complicated systems.

Here we are mainly concerned with what are known as dynamic systems,
i.e. those that vary with time, which are usually described using dif-
ferential equations. An example of a dynamic situation is the movement
of a ball bouncing on an uneven surface and, if necessary, equations
could be formulated to describe this motilon.

Having derived methods of representing dynamic systems, it will be
shown that they can be used for other types of differential equationms.

5.1.2 Analogues

When dynamic systems are examined in detail, one important property
emerges. Many electrical, mechanical, biological and other systems can
be described by equations of the same form, although the actual numbers

involved may be different in each case. Figure 5.1 shows simple examples

R
(a) L (b) (c)
ol
di _ _ R, dv __¢C do H
dt L dt rY Fraalial i
Figure 5.1 {a) Current i in an inductive circuit.

(b) Velocity v of a flywheel with a brake
(c) Temperature 6 of a cup of hot water

of three systems, each with energy decay. The current i in an
inductive circuit, the velocity v of a flywheel with a brake, and the
temperature © of a cup of hot water which is cooling down, can all be

described by equations of the form:

dx

Fra “Kx . (5.1)
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Systems which resemble each other in this way are called analogues
of one another and, if each is given an equivalent disturbance, they
will all behave in exactly the same manner, although at different
speeds.

Thus although the three systems are different in physical form,
their dynamie properties are identical. There is then the possibility
that we can examine one of them (that happens to be convenient) in order
to find out how the others behave. As we shall see, this can assist us
with the solution of very complicated sets of differential equations.

5.1.3 Simulation

One way to examine the dynamic behaviour of a nuclear reactor, say,
would be to do the following experiment. A disturbance would be purposely
injected, and the reactor power and temperature would be measured as
they varied with time. Unfortunately, with a full-size power reactor
the experiment would be slow, very expensive and possibly dangerous.
However, if we could find some sort of analogue of the reactor (i.e. another
physical system, or model, having the same dynamic behaviour), then it _
would be much simpler, safer and cheaper to do the same experiment on the
analogue. This idea has been found to be so successful in some applications
that instead of looking fotr convenient analogues in a haphazard way, special
pieces of equipment have been built solely for this purpose.

. These analogue computers, as they are called, consist of a number

of unité ﬁhich can be put together like building blocks to form analogues
of different systems; accurate measurements can then be made on the
resulting model. The process of doing an experiment on a computer model
instead of on the real system is known as simulation.

5.1.4 Computing Operations

As will become clear, addition and integration are the most impor-
tant processes that an analogue computer has to perform, and a number of
methods are possible,

Figure 5.2(a) shows how addition can be performed using a liquid;
if the contents of the smaller containers are emptied into a sufficiently
large container, the final volume of liquid is the sum of the initial |

volumes:

V = v +vy + vy + vy + vs .
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‘:]+ E:]q-‘ll 3 middies
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Area = A
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|
Vv = V1+V2+U3+V4+V5 |
|
I
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I |
1 1
time ¢t —®

(a) (b)

Figure 5.2 Liquid analogues for (a) addition, using
volumes, and {b) integration

The more important process of integration can be achieved as shown
in figure 5.2(b). The height H of the fluid in a container of base area
A is the integral, with respect to time, of the fluid flow F (volume/

second) as determined by the tap:

These simple analogues would be of little use in practice; they
are slow, unsuitable for interconnection, and the variables are difficult
to measure accurately. However, there are much better analogue processes
availaﬁie, the most useful of them using an electronic amplifier as
described in the following sectiom.

5.2 ELECTRONIC ANALOGUE COMPUTER COMPONENTS

Theré are only three analogue components that we need to understand
at this stage, the first being an electrical component, the others
being based on the use of electronic 'operational' amplifiers.

The potentiometer is simply a means of reducing the size of a
voltage by an amount which can be set very accurately (0.0l per cent).

The circuit and conventional representation are shown in figure 5.3(a)
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in which the input voltage V is reduced to aV at the output, with
0<a<x<1.0. The pptentiometér is the only adjustable element in an
analogue computer,

The second component to be considered is the adder, whose output is
the algebraic sum of a number of input voltages. The output voltage is
inverted, i.e. a positive input gives a negative output and vice versa.
Each individual input may be increased by a factor of ten if desired,
but unless defined otherwise this gain is assumed to be unity.

Figure 5.3(b) shows the conventional representation of an adder

which, with the potentiometers, gives the relationship

VO = - [0.3 vy + 1.6 vs + 'V‘3] (5.2)

Note that all voltages are measured with respect to earth although the
earth connection is not shown. The voltages may remain at a fixed level

for many seconds, or may vary at any frequency up to about a MHz.

0.3
¥y ™ 0.3 L
el

0.16

'} é a ¥a 0016 ¥y 10 Vo

Ve

) ‘ 2l Vo= - (03v,+ LEvg+ vo)

(a) A potentiometer (b) An adder, using an 'operational’
amplifier

¥4

LA

a
Vo= 06 fuidl

Q=

]
¥i

(c) An integrator, using an
'operational' amplifier (d) Integrator wave forms
Figure 5.3 The conventional diagrams for the main computing components
Finally, the most important component is the <ntegrator, shown in
figure 5.3(c). Like the adder, it inverts and may increase the input
voltage by a factor of ten if desired. For the circuit shown, the

performance is defined by:
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t
V = =0.6 f vy dt
o]
o]

or - = 0.6 vy . (5.3)

Thus a constant value of v; causes the output voltage to change at
a constant rate (figure 5.3(d)), a sine input gives a cosine output and
so on. More than one input voltage can be applied, the ocutput then
being minus the integral of the sum of the inputs.

Accuracies better than 0.1 per cent can be obtained without diff-
iculty using analogue components of the type discussed.
5.3 ELECTRONIC ANALOGUE COMPUTERS

5.3.1 General

An electronic analogue computer consists of a number of components
suitable for addition, integration, multiplication and a range of other
functions; facilities are provided which permit the interconnection and
switching of the computing circuits, and which allow accurate measure-
ments to be made on them. The problem variables in which we are interested
(flux, velocity, price, temperature or force, for instance) are all
represented in the computer by voltages. These voltages may vary
quite slowly, and can then be read on a voltmeter, or they may change
s0 quickly that an oscilloscope is required to observe them.

A medium-size machine might have about 100 operational amplifiers,
including perhaps 30 integrators, and could thus perform 30 integrations
at the same time. Also, most analogue computers have a number of logic
elements such as gates, monostables, etc. This patchable logic can be
interconnected to suit any given problem.

5.3.2 Equation Solution

Consider the circuit of figure 5.4. The extra input on top of the
integrator is inverted and supplies a fixed voltage b to the output as
an initial condition before the integration starts, but has no other
effect. When switch A is closed, this defines the instant which the
computer regards as t = 0, and at this time the output V = b. Because
of the potentiometer, the integrator input is AV, and so the circuit

obeys the equation

v _ v o
- dt - AV or ac - AV . (5.4)
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Switch A closed
~1 tnitial condition b
b = v -At
0
N 4 v \
D o=
A
L
ar
AV M\ 0 2|
ot
A ! ——
t=0
iy N~ : dv :
Figure 5.4 A circuit for the solution of — = - AV and typical

waveforms. The input via b only provides the
starting voltage

This is of the same form as equation 5.1, which describes the systems of
figure 5.1, and so the circuit of figure 5.4 is simply one more analogue,
having the same dynamic properties as the other three systems. As you
know from a previous lecture, the solution to equation 5.4 is an expo-
nential: 1if we let V = ke_kt, where k is an unknown constant, then
differentiating we get

dav

dt

= ke = v

which is the same as equation 5.4. This demonstrates that V = ke_lt is

a solution of equation 5.4. Since we have made V = b at t = 0, substi-

tution shows that k = b, and so the solution is V be_lt.

Il

The circuit of figure 5.4 'solves' equation 5.4 by producing a
voltage proportional to be_kt each time switch A is closed. V starts
off positive and, via the integrator, forces itself to get smaller. As
it does so, its rate of change also gets smaller, which is precisely
what equation 5.4 tells us in a more compact way.

Switches such as A and many other controls required by the computer
are usually omitted from the computing circuit diagram - their presence is
assumed. In fact, closing switch A 1s equivalent to switching the computer
from the INITTAL CONDITION mode to the OPERATE mode.

Summarising, if we should wish to examine one of the systems of
figure 5.1, possibly with a very complicated series of disturbances, the

simplest and most accurate way of doing the experiment would be to apply
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a voltage representing the disturbances to the circuit of figure 5.4,

5.4 PROBLEM SOLUTION

To obtain the above solution, we started with a computer circuit
and analysed its behaviour. The usual process is the other way round -
we are given a problem situation and have to design a circuit which
will simulate it, resulting in the process shown in figure 5.5. The
equivalence between the physical system and the analogue circuit is very
marked, and examination of the behaviour of the latter, used as a working
model, provides considerable insight into the operation of the original
gystem. In fact, one major advantage of simulation is that it provides
an effective means of learning and, where the problem system is understood
in detail, simulators can be made to behave so realistically that they
are used to train operators. Such training simulators are widely used in
the nuclear and aircraft industries and, although originally they used
analogue computers, they are now more frequently based on digital computers.
Even in cases where the original problem is not well-understood
(such as the Summer School topic), it is still a great advantage to be
able to examine a model in detail, and rapidly explore the effects of

changing the problem parameters. A simulator is ideal for this task.

Mathematical statement
of problem
dx _ _
E = AX
Problem . .
formulation g%— = Ax - Uy Circult
dz  _ -
ac =W Bz
. P
Physical —< - Analogue
problem "' _ computer circuit
(figure 5.6(a)) —— - (simulator,
figure 5.6(b})

Direct equivalence

Figure 5.5 Pictorial representation of the analogue
method of problem solving

As an example of the process of figure 5.5, consider the series
of tanks in figure 5.6(a), each having a drain hole through which it
leaks into the next tank. The depth of water in the first tank is x,
and the surface moves (or the depth changes) with velocity dx/dt, which
depends on the flow of water in and out. For the first tank the inflow
is zero, although the experiment starts (the plug is pulled out, or the
computer is switched from INITTAL CONDITION to OPERATE}with an initial
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depth X, The outflow depends on the size of the hole, denoted by A, and

the depth (i.e. pressure) of water. Thus

veloclity of surface = inflow - outflow
dx
i.e. rr 0 - Ax .
dx
or i - -Ax (5.5

with the Iinitial condition x = X at t = 0. By comparison with equation
5.4, we know that x will fall exponentially (and we have found one more
analogue of the systems of figure 5.1).

However, the second tank, which starts empty, has an inflow from

tank 1 as well as the normal outflow; its rate of change of depth is

thus

dy -

dc Ax - Uy , (5.6)
with y = 0 at t = 0, Similarly for the third tank

dz

ac - W - Bz s (5.7)
with z = 0 at t = 0, and one could go on indefinitely.

This system of tanks gives a very clear idea of how one radioactive
material decays into another, which itself decays (at a different rate)
into a third, because the equations describing that situation are
identical to equations 5.5 to 5.7, i.e. the two systems are analogous.

Our simple exponential solution only fits the first tank, the
change in depth in the others being complicated by their varying inflow.
However, we have successfully formulated the problem of figure 5.6(a),
and can now go on to design the computer circuit.

From figure 5.4, we know that we can solve equation 5.5, using
integrator 1 of figure 5.6(b) to represent tank 1. The potentiometer
introduces A, the size of the drain hole (or the decay constant of a
radionuclide).

Consider now equation 5.6. Let us assume that a signal repre-
senting -ly is availlable; then with the existing Ax signal we can make
up dy/dt. This is integrated (and inverted) in integrator 2 to give -y,
and so we can supply the wanted -uy signal from the potentiometer. The
circuit of integrator 3 solving equation 5.7 can be found in exactly the
same way except that the signs are all reversed, and so we have developed

an analogue computer circuit to simulate the water levels in the three
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Figure 5.6 (a) A problem in hydraulics
(b) A simulator to represent the problem

tanks. An inverting amplifier (4) allows y to be viewed the right way
up.

Notice from the demonstration that all the computing operations
occur simultaneously (in parallel) not in sequence as in a digital
computer, and that the solution arises at a definite speed, i.e. the
same speed as the levels move in the tanks in our case. By using smaller
capacitors in the integrators, the problem can be solved at least lQOO
times faster and, if many integrations are involved, the overall opera-
tion is much faster than can be achieved by a digital computer. How-
ever, this high speed cannot be properly utilised by a human operator.
5.5 HYBRID COMPUTERS

A fairly recent development is the hybrid computer, which consists

of an analogue computer, a general purpose digital computer, and an
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After a number of trial and error solutions he could get a reason-
able match and the value of A would be given by the potentiometer
setting. This process would be tediocus and inaccurate when performed
manually. However, with the digital section of the hybrid computer
performing the comparison and resetting the analogue gection, many trial
golutions would be performed in one second, and an accurate result could
be obtained very quickly.

Another application of a hybrid computer is described in the next
section.

5.6 SIMULATION OF THE USAGE OF A LIMITED RESOURCE

5.6.1 Representation

In earlier lectures, a model has been introduced which represents
the consumption of oil between the years 1910 and 2050 in a simple

fashion. The equations are restated here as:

%%- = A x(l-x/x_) Py (5.8)
_ B
pb = (PO/P) (5.9)

where x total quantity of oil consumed up to time t in gigabarrels
(102 barrels),
X = consumption up to the beginning of 1910,
X, = total quantity of oil available for consumption,
p = price of oil at time t in constant 1980 US dollars,

p, = price function at time ¢,

P, = price in 1910,

A = 0.07, and

B = 0.07.

The equations will be solved in the hybrid computer system of
figure 5.8. This circuit contains several unfamiliar components whose
main properties will now be described.

The first is an analogue multiplier (unit 03) which is simply a
device which accepts two input voltages v] and vy, and generates a third

voltage whose value is given by
vy = vy x vp/l10.

All the other new compoments are parts of the interface of figure
3.7. The function of an analogue-to~digital converter (ADC) is to
accept an analogue input voltage, measure its value, and then to represent

the latter as a pattern of bits that the digital computer will recognise.
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For instance, the value of x_ can be set on potentiometer 02 in figure
5.8, and via ADCl this value can be read by the digital computer when
instructed te do so by the program.

The digital-to-analogue converter (DAC) performs the reverse
operation. A value of price (p) calculated by the digital program can
be loaded into DAC3; this subsequently produces a voltage proportional
to minus the price which can be fed to the analogue circuit., This
voltage (-p) is maintained until the DAC is reset to a different value
by the program.

The last new component combines the properties of two of the earlier
ones. It is a multiplier, but only one input is an analogue voltage;
the other comes from the digital computer via a DAC, and sc the device
is known as a digital-to-analogue multiplier (DAM). Thus in the figure,
the digital computer program calculates - l/:»{o° and loads it into DAMS5:
conceptually this is converted into a voltage (+ 1/x ) and multiplied by
the analogue input (-x) to give an output of —x/xw. The input x may
vary at any time, but x_ is held constant until reset by the digital
program.

5.6.2 Digital Computer Operation

In this model, the price of oil is known from 1910 to 1980, and is
predicted from 1980 to 2050; there are four ways of determining price
(see Appendix 6C), and the value of M which defines the method to be
used is requested by the program. The historical price data are fed to
the computer together with the program, and the values of B and x,, are
read via the ADCs, as adjusted by the operator from time to time.

Price itself can be used in the analogue computation, but it is
more convenient to work out the price function Py, for every year, and
store the values away in a table from which they can be retrieved one at
a time. The values of price itself are stored in another table and are
fed to the analogue circuit simply because it is easier to measure and
record them that way.

Summarising then, the digital program works out values of price and
the price function for every year, and feeds them to the analogue circuit
when requested. Also, it switches the analogue circuit in and out of
OPERATE mode, either under the operator's direct control, or on a repetitive
basis.

5.6.3 Analogue Computer Operation

When the computer circuit is switched from the INITIAL CONDITION to
the OPERATE mode, the output of integrator 00 will have the initial
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value —x as set by potentiometer 07. This voltage is multiplied by
1/x_ in DAM5, and combined with a fixed voltage in adder 0l to give
-(1-x/x ). The latter is multiplied by -x in multiplier 03 to give
x(l-x/x_), and then by p, in DAM4 to give the right-hand side of
equation 5.8, apart from the A term. This is intreoduced in potentio-

%% at the output of amplifier 05, and hence at the

meter 09 to provide
input of integrator 00. This ensures that, starting from X s the
output of integrator 00 is the solution of equation 5.8. The value of
%%-is the rate of oil consumption of course.

The analogue circuit is time scaled so that one second represents
ten years of problem time. Thus the analogue computer starts in '1910',
and precisely ten times a second it sends a synchronising pulse (derived
from a crystal oscillator) to the digital computer. The latter responds
to each pulse by feeding back values of p and Py, for the 'year' just
starting.

After a total of 1l4.1 seconds the year 2050 has been reached, and
the digital computer switches the analogue computexr out of OPERATE mode.
In addition to the values of p and Py which the digital computer sends
out once a 'year', it also sends the value of -1/x_ once per solution.
Algso, if B or x_ are adjusted by the operator at any time, the digital
program recalculates its stored values of p and Py when the analogue
computer stops at the end of a solution.

The circuit outputs of interest can be observed on a voltmeter or
an oscilloscope, or drawn out by a chart recorder to give a permanent
record. .

This system will operate very much faster (ten years in one milli-
second, say) and in this case it must be run repetitively and have its
outputs observed as stationary traces on an oscilloscope. Adjustment of
the various parameters gives an immediate change in the output pattern.
To obtain a permanent record, any particular response can be photographed
on the oscilloscope, or the computer can be slowed down to enable the
recorder to be used.

Naturally, the simulation can be stopped to enable M to be changed
to give a different method of price prediction.

5,7 EXPONENTIALS AND EXPERIENCE

5.7.1 Increasing Exponentials

In earlier sections of this chapter, we have talked mainly about
quantities which decay exponentially (e—At) since these are very common

in natural processes. However, it is quite possible for A itself to be
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negative (corresponding to a drain hole which squirts water info a tank),
and so we end up with ekt where k is positive, giving an increasing
exponential of the type shown in figure 5.9. (It was shown earlier that
this would cccur if there were an unlimited amount of oil, available at
a fixed price.)

Clearly such a response cannot continue indefinitely; it must stop
somewhere, and in practice tanks overflow, structures break or reacters
melt if such a process goes on for too long. Our oil consumption model
was constructed so as to take account of limited oil resources, and so
this type of process does not arise,

Compound dinterest on a sum of money gives exponential growth; 5
per cent compound interest leads to a 'doubling' time of about 14 years,
although in this case the transient is usually terminated by the with-
drawal of the money from the bank.

5.7.2 Populations

Consider a coleny of 100 grubs. Given sufficient food and space,
an averapge of 20 eggs are produced by each grub per month, of which 10
eggs hatech out and produce grubs which survive to the egg laying stage.
Remembering that the original grubs die at the end of the month, the

grub population increases by a factor of ten each month (figure 5.9).

Months 0 1 2 6 12 n

Population N 102 10% 10* 108 1ol% 10¢mt?)

(If the grubs are each 1l millimetre long, 101% of them placed end-to-end
would stretch for 108 kilometres! The moon is only 4 x 105 km away.)

The population curve can be fitted exactly by the equation

N = 100 2°3% |

where t is in months, and sc the original differential equation must

have been
dN
dt

with N = 100 at t = 0.

2.3 N
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Figure 5.9 The exponential N=100e2" 3" showing the growth of a
population of grubs

Thue the grub population is expanding exponentially with a doubling time
of about nine days.

The most frightening thing about such an increase is its insidious
speed. If you only observe the past (which is usually all that we are
able to do), it is difficult to realise just how quickly things will
change in the future, and any delay can turn a difficult situation into
an impogsible one., Fortunately for us, most natural populations run out
of food or space, or reach some other limitation, possibly of the type
discussed next, a predator-prey situation.

5.7.3 Sharks and Little Fishes

The fish population is similar to the grub population: there is
plenty of food and the oceans are large, so their numbers would increase
exponentially, were it not for the sharks who eat fish. The rate of
change of the fish population F is

dF

ik = kiF - kpF.S

The first term on the right hand side represents the normal growth rate,
and the second the rate at which fish are eaten, depending upon both the

number of fish and the number of sgharks.
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For the sharks,

s

dt = - kuyS + kgF.S

The first term accounts for the sharks who die or who leave the area
simply because there are too many other sharks around already; the
second term represents the shark's birthrate, which again depends upon
the product F.S (the number of shark parents, and the food supply).
While this model is oversimplified it has some interesting properties,
including cyclie, or oscillatory behaviour, alternating between famine
and plenty (for the sharks).

5.7.4 The Really Super Important Problem

The one population which has been encouraged to expand unchecked is
the human population. For over 300 years it has been growing more than
exponentially, i.e. initially with a doubling time of 250 years, but
now, at a level of over 4.4 gigapersons, with a doubling time of only 33
years.

Not only this but, as illustrated in chapters 1l and 2, the human
race is using up non-renewable resources (oil, coal, metals, ete.) and
generating pollution at rates which are also growing more than expon-
entially, both because of the rising number of people and because of a
rising material standard of living. Clearly this type of growth cannot
continue very much longer or there will be no room left, insufficient
food and few raw materials.

In view of what we know of exponentials, it is clear that the human
race must manage its affairs better in the future by finding ways of
- limiting both the population and its usage of the world's rescurces to
levels that our planet can sustain. Unless this is done, nature will
apply one of her own unpleasant methods of limitation - famine and
disease, probably preceded and accompanied by war.

Also we know that every delay in coming to grips with the problem
makes matters worse - in fact a delay of only about 30 years doubles the
size of this problem,

The past four or five generations have worked hard to provide food
and better material standards of living, and so have helped to increase
the population and accelerate the use of natural resources. The present
generation is continuing to do this, owing to sheer inertia and bewilder-
ment, but at least it has realised that a serious problem exists. It
will be the responsibility of the next generation to start dealing with
these formidable difficulties.
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6.1 INTRODUCTION
Each digital'computer is capable of obeying a number of basic

instructions. These instructions vary for different computers but they
have many attributes in common:

(1) The ability to perform the four arithmetic operations (+, -,

X, ¥). '

(11i) The ability to perform logical operations (is A = B?).

(i11) The ability to perform 'housekeeping' instructions (e.g.
moving numbers from core store to registers where arithmetic
and logical operations may be performed on them).

For a programmer to communicate with the computer at this most
fundamental level, 1t would be necessary for him to develop programs in
the basic machine language 6f the cqmputer at his disposal. 1In the
early days of computing, it was necessary for scientists and mathe-
maticians to concern themselves with the intricacies of binary coding.
The long delays and Inconvenience of this form of man-machine communi-
cation accelerated the growth of programming languages that the problem
solver could use more readily. Many languages (FORTRAN, BASIC, COBOL,
ALGOL, PLI, APL, ACL, PASCAL, etc.) have been developed for scientific,
commercial and other applications. FORTRAN is chosen as the main vehicle
for problem solving at this Summer School berause throughout the world
it is the most accepted scientific computing language. There are no
computers that obey programs written in FORTRAN directly. It is necessary
for programs in 'high level' languages such as FORTRAN to be translated
into an appropriate set of machine language instructions. This process

is known as compilation.

FORTRAN
Program

Machine
Program

> Compiler =

Figure 6.1 - Compilation of a FORTRAN program

The FORTRAN source statements are translated to a set of machine
language instructions by a FORTRAN compiler (figure 6.1). The compiler
is itself a program (usually supplied by the machine manufacturer) that
first checks to ensure the FORTRAN statements obey the 'rules' of the
language (syntax analysis), and then supplies a set of machine instruc-

tions that will implement what the programmer has specified. When
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the compilation process is completed, the machine instructiqn§_generated
may be executed. :The finer details of this process and the way it is
implemented on :the IBM3031 will not be our concern at this Summer School
as we are interested primarily in using the computer as a tool for
mathematical problem solving.

6.2 OVERVIEW OF FORTRAN PROGRAMMING

Let us first consider the steps involved in solving a sample

problem, and the .FORTRAN program that. céuld be developed to carry. them
out. TWhen this is done we shall examine the various FORTRAN statements

in closer detail.

' : '[ < . ' gtatt

| ,-

Specify amount
bor¥rowed

|

 Set monthly counter
o to zero i

Convert rate to
'fractional rate/month
1
1
Calculate interest
*after 1 month

!

Add interest to
amount borrowed

[ : Subtract loan
repayment

|

Increase monthly
counter by 1

Has
loan been
repaid

YES

. Convert number of
months to years

|

Print out number
of years

I

Finish

Figure 6.2 Flow chart for compound interest problem



6.3

Problem If $18000 is borrowed at a rate of 11% (monthly reduci-
ble) and repayments of $300 each month are made, then how many years
will it take to repay the loan? ,

Before we can program a digital computer to solve a problem, it is
necessary for us to be able to detail loglcally the steps that are
needed to solve the problem, in much the same way as we would if we were
going to tackle the problem with a desk calculating machine, slide rule,
or pén’and paper. Some people find it helpful to draw a flowchart
(figure'6.2) showing the steps involved, whereas others prefer to visu-
alise all the steps in their mind.

" From this flow chart the following program can be coded. At this
point we will not concern ourselves with the formal rules for coding but
just look at the end product (figure 6.3).

1 5 6 7 727% .

80

c PRUGRAM BY J.M. BARRY T$ DETERMINE THE NUMBER @F
c YEARS NECESSARY T@ REPAY A L@AN.
c THE PRINCIPAL BRR@WED, INTEREST RATE AND M@NTHLY REPAYMENT
c |ARE T BE READ FROM A PUNCHED DATA CARD.
READ, PRINC ,RATE , PAYMNT
MNCNTR=0 h

FRATEM=RATE/ (100.%12,)

1| |ADPRIN=PRING*FRATEM
PRINC=PRING+ADPRIN
PRINC=PRINC-PAYMNT
MNCNTR=MNCNTR+1
IF(PRINC.GT.0.) G T8 1
YEARS=MNCNTR/12,
PRINT,YEARS

stgp

END

The data card sufficient for this prdblem would be

1

80

18000. 11, 300.

Figure 6.3 ~ Sample program for compound interest problem
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6.3 PUNCHING OF CARDS

To assist in the punching of cards, programmers usually use a.
standard coding sheet (as shown in the following example) representing
the 80 columns available on a punched card., Each line of the sheet

represents a new card which may contain only one statement.

1 56 7 ' B 727 80
J. SMITH STATEMENT EXAMPLE | | THIS
THE AB@VE IS A CPMMENT SECTION
X=A+B | ,. NOT
500 |v=9.-c - - | USED
P R INC = RATE * PRING/100. + PRINC | B IN
SUM = A+BHCHDAEHFHGHE: | | FORTRAN
1| @+P+QHR ' | ProcrAMS

Statements can be punched from columns 7.to 72. To assist therﬁro-
grammer to recall aspects of a program, a comment card (denoted by a C
in column 1) may be placed anywhere within the punched deck. These are
ignored by the FORTRAN compiller. Normally we Shéll commence our pro-
grams with a comment card to assist with the identification of the
program. '

Columns 1 to 5 inclusive cén be used 1f desired to assign a state-
ment label in the form of a number in the range 1 to 99999 (there is no
need to choose labels in ascending order),. : |

Blanks may be inserted within a statement to make'it ﬁore féadable,
and.may be considered as bheing removed in the compilatidﬁ proceés.
If a statement is too long to fit on one éard, it is cbntinuéd‘from
column 7 of a subsequent card provided that column 6 of this card con-
tains a continuation character (any character other than a blank or zero
will suffice as a continuation character). -

The character-set available within the FORTRAN system consists of

(1) 26 capital letters A,B,C,...,Z ;

(ii) 10 numerals 0,1,2,...,9;

(ii1) 10 special characters +,-,*(multiplication),/(division)
ses'3(s),=,%; and
(iv) a blank (usually written ¥ if its presence is to be emphasised
for punching).
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6.4 ARITHMETIC CONSTANTS

We will treat three different types of constants sufficient for
handling data (numbers) in most scientific problems:

(1) INTEGER {(or fixed point) constants.

- a whole number without a decimal point whose absolute value
18 < 23! - 1=(2147483647).
Valid integer constants 0 -5 +357 7005192
Invalid integer constants 27. 5,132 9812735997
(11) REAL (or floating point) single precision constants
- up to géven decimal digits with a decimal ﬁoint, with or
without an expéﬁent. The absolute magnitude is approximately
1077% to 107°.
Valid real single precision comstants
+0. 7,91  5.3E+2(=5.3 x 10%)
5.3E2(5.3 x 10%)  -.051E-03 (-.051 x 107 %)
Invalid real single precision constants 1 3,471.2 1.E
(1i1) REAL (or floating point) double precision constants
- similar to (ii) but up to 16 digits are possible with a D
exponent being necessary instead of E. Double precision
constants will not be necessary for the Summer School prob-
lems.

Distinctions are carefully drawn between the three types of con-
stants for electronic rather than mathematical reasons. The electronic
"hardware' necessary for INTEGER arithmetic operations is less sophis-
ticatéd and consequently for most machines is faster than that used for
REAL arithmetic. By performing those operations that require no decimal
point in integer mode, considerable time savings can be made.

6.5 VARIABLES

A variable is a symbolic name used to identify a data item that
will occupy a location (one word) of core storage. The actual address
of this location is assigned by the compilation process. If we move a
number into a variable it will replace the previous contents of that

location.
TIME=0,

This places zero in the location reserved for TIME. When a transfer is

made from a location, the previous contents remain unaltered.

X= TIME
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This assigns the contents of the location reserved for TIME to that
reserved for X without altering the contents of the location associated
with TIME,

The '=' operation should be interpreted as the assignment of the
result of the right hand expressién to the left hand location. Con-

sequently, an expression such as
A=A+1,

does not yield-any algebrale result but rather is interpreted as in-
creasing the old value associated with A by 1. to give a new result also
called A, The old valuelof A is, of course, lost.

Variable names ﬁay have up to six characters (special characters

are not permitted) the first of which must be alphabetic such as
TIME , X3B , I5 , T .

Variables like constants take an INTEGER or REAL form. Unless the
programmer provides specifications to the contfary, all variables
commencing with I,J,K,L,M or N are INTEGER variables, whereas the re-
mainder are single precision RBAL variables.

Variables may also be subscripted in FORTRAN. Such variables may
be used to represent vectors or matrices which you probably have en-

countered in your mathematics courses:

v{3) ig the FORTRAN representation of the vector component
. v |
A(3,4) is the FORTRAN representation of ﬁhe matriﬁ element
asy.
(Further consideration of SUBSGRIPTED variables will be delayed until .

section 6.12.)
6.6 INPUT AND OUTPUT

One way of assigning values to variables is through the direct use

of an arithmetic expression:
| %=6.3

Should one wish to alter the data on which the program is to operate

without changing the program itself (a most frequent requirement), then
a READ statement 1s needed. ’
The READ statements indtiate the reading of data cards (which are

physically separated from the program cards) and result in the transfer
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of numbers punched on these cards to variables in the READ lists.

READ, PRINC,RATE,PAYMNT

L vl

Y
list of variables to be read

Numbers are read from a punched card and stored in the three variable
locations PRINC, RATE and PAYMNT. (Any numbers remaining from an
earlier card are ignored.) The data can be supplied in what 1s called
free format. This means that no specific columns of the card are
required for the various data items. It is sufficient to leave at least
one blank column or have a comma between each number in order to define
it.

The output statement PRINT allows free format output and functions
in a similar manner. For example, the output statement

PRINT, 'N@ @F YEARS =', YEARS
would display on the printer, output of the form
N @F YEARS = 0.2631400E+02

As you can see, free format input and output (I/0) has certain
advantages in that the FORTRAN rules for its use are easily understood.
There 18 not a great degree of control over the layout, however, and
this is particularly unfortunate when preparing printed output, par-
ticularly if one wishes to make it as pleasing to the eye as possible,
In addition, free format as described here is only available for the
particular FORTRAN compiler (WATFIV) used at the Summer School. Appendix
6B contains examples of format-controlled I/0 as a guide for the more
advanced reader.

6.7 ARITHMETIC OPERATIONS AND EXPRESSIONS

Five arithmetic operations are available to FORTRAN users:

(1) addition  + e.g. A+B
(ii) subtraction . | - e.g. A-B
(1i1) mwultiplication ' * e.g. A*B
(iv) division /! e.g. A/B

(v) exponentiation % e.g. A%%3 (A%)

Expressions may be enclosed within parentheses as in normal algebra:

(a+b) (ct+d) (A+B)* (C+D)
(a+b)? (A+B) **2

a
E A/ (B%C)
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Parentheses are necessary to prevent two operations from appearing next

to each other (should such a combination be possible)
X*~Y must be coded X*(-Y)

The sequence of operations in expressions is determined from the
following hierarchy and is consistent with normal mathematics:
(1) *%
(i1) */ left to right precedence
(1i1) + - left to right precedence.

Consequently, the expression.
X+ (Y/A)- (3. ¥U)+P* ($%44) /3.,
could have been correctly abbreviated to
X+Y/A-3 . %U+P%S*%4 /3,

The integer variables or constants deserve special mention.
Division of one integer by another results in the truncation of any

fractional remainder,

I=9
K=1/2
would result in X taking the value 4. This property can often be

exploited to the programmer's advantage when the testing for even

integers;
R=TI-1/2%2

would assign 1 to K if I i3 odd, and 0 if I is even.

Expressions should consist of varilables or constants all in the
same mode {(i.e. all REAL or all IWTEGER). (This is required by standard
FORTRAN. Most compilers allow mixed mode as an extension. This is the
case with WATFIV, The user of mixed mode arithmetic must, however, be
aware of the way in which it is designed to function, or else be ensnared.
For simplicity it i1s best avoided.)

There is one exception to this rule in that the exponent of a REAL
variable or comnstant may be INTEGER. The following are permitted forms

of exponentiation:
k%D VEEA
(=V)**%,45 V& (1)
VE% (-2) T*%3
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The mode of a variable on the left hand side of an arithmetic

assignment need not be the same as that of the expression on the right.
A=I+1

The compiler will arrange for the right hand side to be evaluated in INTEGER
mode and the result to be converted to the REAL mode before it is stored
away. .. Because of truncation in INTEGER division, great care should be
exercised in using this type of arithmetic.

6.8 SUPPLIED MATHEMATICAL FUNCTIONS

As there are a number of special mathematical functions or opera-

tions that are common to many problems, the FORTRAN compiler provides
these as part of the normal system. To calculate the exponential

function x=et, all we need do is code
X=EXP(T)

To use a supplied mathematical function, it is only necessary to
follow the function name by an argument enclosed in parentheses. The
result will be returned as though the function name itself designated a
variable in the program; The argument may be a variable, constant or

arithmetic expression
A=EXP (A-C)+SQRT(15.)

A list of frequently required functions follows:

Mathematical Function . Function Name (Argument)
square root, SQRT(X)
exponential, e EXP (X)
natural logarithm, log x (or £ x) ALGG(X)
sine of an angle (in radians), sin x SIN(X)
cosine of an angle (in radians), cos x C@s (X)
tangent of an angle (in radians), tan x TAN(X)
arctangent (result in radians), tan !x ATAN (X)
absolute value (real numbers), |x| ABS(X)
random number between 0 and 1 or RAND(X)

RND (X)

The way in which these functions work is clear enough except for

the random number generators. The two generators serve different purposes.
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RAND(X) generates a sequence of random numbers starting each time
with the same number, so that the sequence generated can be repeated at
a later time. It is a little like having purchased a printed book of
random numbers (Yes! Such things are available.) and commencing each
time at the start. This can be of use when developing and testihg a new
program, in which case a constant environment may be of assistance.

The second function produces a random sequence of randem numbers. You
may find this fits in more nicely with your basic intuition.

Both generators can be invoked in a similar manner

Y=RND (X) .
This results in a random number being assigned to the variable Y, where
the random number lies in the range

0 <y <1,
Unlike all the other functions, the argument X serves no meaningful
purpose. It is not used by the random number generator and is only
there because FORTRAN (remember it is the Boss) says that all functions
must have at least one argﬁmeht. Failure to code such a dummy argument
would cause the FORTRAN compiler to reject.your program because it was

not properly attired.

6.9 TRANSFER OF CONTROL

Execution of a program will commence at the first executable
statement and proceed through Subsequent instructions in order, unless
a transfer of control statement is encountered. The simplest means of

transfer of control is through an 'unconditional G§ T@' statement.

56 READ,X
PRINT,X
G TP 56

This section of program would cause cards to be read and printed with no
escape mechanism until the supply of punched data cards was exhausted,
in which case an error condition would cause the program to fail.
Clearly such a statement alone would be of limited use,

There is an extension of this statement, known as the 'computed G
T$', which gives a little more choice in the statement to which the

branch is to be made:
Gp T$ (71,56,1,9),I

If I=1 control passes to statement 71

If I=2 control passes to statement 56
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If I=3 control passes to statement 1

If I=4 control passes to statement 9

For any other value of I, control would pass to the next sequential
statement in the program.

Note that if I is a random integer produced by

I=10#RND (X)+1
then a computed G T@

6 6 (1,2,3,4,5,6,7,8,9,10),1

could be used to select 1 of 10 options with equal probability.
The most useful form of the transfer of control statement is the

'logical IF' as demonstrated in our first sample program:
IF(PRINC.GT.0.)GP T 1

If PRINC is greater than zero, then control will pass to the statement
labelled 1. The logical IF statement can be considered to be of the
form '

IF (logical expression) restricted executable statement
The logical expression can take one of two values only, .TRUE. or
.FALSE, 1In a logical IF, the statement appended will be executed only
1f the logical expression returns a .TRUE. result. When it is .FALSE.
the appended statement is ignored and control will pass to the next

statement:

IF(A.LT.B)GO T 56
PRINT,B
56 A=B*C

If A < B, then A will be recalculated as the product of B and C. For
A > B, the value of B will be printed first.
Although the appended statement is frequently a 'GP T@' statement,
it may be any executable statement other than another 'logical IF' or a
'DP' statement (section 6.10).
IF(A.LT.0.)A=-A

This would be sufficient to replace A with its absolute value although

the coding would be somewhat slower than 1f using the alternative state-

ment

A=ABS (A)
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Logical expressions are most frequently formed by two arithmetic ex-

pressions and a relational operator:

A.EQ.B a is equal to b a=bh
A.NE.B a 1s not equal to b - a¥Fhb
A.GT.B a is greater than b : a>bhb
A.GE.B a is greater than or equal to b a=2b
A.LT.B a 1s less than b a<h
A.LE.B a is less than or equal to b as<bhb

e.g. IF (A+B.LE, C+SQRT (X#*25%Y#%2) ) A=1,

Frequently, we wish to carry out more than one logical test at a
time. This can be done by combining logical expressions with one of the
following logical operators:

LAND. both expressions must be .TRUE. to return a .TRUE.
result
BAR. result is ,TRUE. if either expression is .TRUE.

READ A,B,C

IF (A+B.GE.C.AND.A+C.GE,B.AND.B+C.GE.A)PRINT, ' TRIANGLE',A,B,C
ST@P

END

The above program will read three values for A,B and C respectively
from a punched data card (not shown here) and will test whether the
values A,B and C are capable of being the lengths of the sides of a
triangle. As before, if the combined logical expression is .FALSE.,
then control will pass to the next statement. If it is .TRUE., it will
first print out the message and specified data.

6.10 LOOPS

We frequently find it necessary to repeat a section of code a given
number of times. Suppose our problem is to find the sum of the first 20
integers, i.e. 1+2+.,.+20, Ignoring any appeal to mathematical analysis,

the following code would be sufficient:

ISuM=0
I=1
5 ISUM=ISUM+I
I=I+1
IF(I.LE.20)G® T@ S

.
-
.
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In this example, ISUM is chosen as a variable name to accumulate
the sum of the integers (integer variables start with I,J,K,L,M or N).
It is first necessary to initialise this to zero and the counter (I) to
1. Two statements are then necessary to increase the counter and test
it to determine whether the loop is complete, and to tramsfer control
back if it is not. Because sclentific programming is often repetitive
in this way, FORTRAN supplies a 'D§' statement to allow operations such
as the above to be quickly coded as

ISUM=0
pg¢ 5 1=1,20
5. ISUM=ISUM+I

The DP statement specifies the last statement in the series of state-
ments to be repeated (5), an INTEGER variable to act as the counter (I),
and two INTEGER constants or varilables to act as the initial and final

values for which the loop is executed.

-D$ 2 J=N,M

will éause all statements up to and including:label 2 to be repeated
(M~N+1) times. It is necessary for N and M to have previously been
assigned values, either as the left hand side of an arithmetic assign-
ment; or through a READ command. FORTRAN requires that N = 1; while
M > N. When a D@ loop is éompleted, the DP variable (J in the above
example) is regarded as being undefined. o

It is at times necessary to nest one D@ loop inside another.
Suppose we have 100 punched data cards with one number on each card, and
that our aim is to find the average of each group of 10 and print out
that average. The following is a complete program capable of doing
this:

" PR@GRAM BY J. SMITH
" T¢) READ 100 NUMBERS AND
FIND AND PRINT THE AVERAGE @F EACH GRGUP @F 10
D 1 I=1,10
SUM=0.
D 2 J=1,10
READ, X
2 SUM=SUM+X
AVG=SUM/10.




1 PRINT,'AVERAGE F@R GR@UP @§F 10=',AVG
ST@P
END

6.14

data cards

B

The loops function so that the inner counter will vary the most rapidly,

i.e.

Ill 11... 1222...2...1010

JIl 23 ...10123...10...910

The last statement in a D@ loop can be any executable statement

other than a transfer of control or another D@ statement. A dummy

statement CPNTINUE, which does not perform any machine function, is

provided as a way around this restriction:

27

p$ 27 I=1,N

IF(X.GT.27.35)G@ Td 95
CONTINUE

6.11 STPP AND END STATEMENTS

The STPP and END statements serve two different purposes.

(1)

(i)

The END statement provides an indication te the compiler

that

all the FORTRAN statements that precede it form a com~

plete and separate program or subprogram in their own right,

The ST@PP statement is translated by the FORTRAN compiler as

part of the machine program to be executed. When the program

is executed and the STPP statement encountered, execution of

it will cease and the computer will switch to the next wailting

job.
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6.12 ARRAYS OF VARIABLES

Many mathematical opefations require the use of vectors and matrices.
FORTRAN supplies a means of handling 1,2,3 or higher dimensional arrays.
For the simplest array (the l-dimensional vector), the ith element of
the vector v (vi) is represented in FORTRAN as V(I). Elements of an
array or vector are capable of being used in FORTRAN in the same way

that ordinary variables are employed;

v(1)=0. the ith element of V is set to zero
A=V (I)+C(J)~D(3)
V(I-1)=V(3*I-7)

The subscripts used to refer to vector or array elements must be
INTEGER and greater than zero. They may be constants, variables or
expressions. The FORTRAN compiler reserves one locatlon (word) for non-~

subscripted variables to be stored. As subscripted variables take one

location for each array element, it is necessary for the programmer to
specify to the compiler the maximum number of elements associated with
each é;ray. This is done thréugh a non-executable statemenf, the
"DIMENSI¢N' statement that must precede the first use of the array it is
defining: o |

DIMENSI@N V(15)
Dp 1 I1=1,8
.1 v(2#I-1)=0.

The DIMENSIPN statement would tell the compiler that V is a vector (1l-
dimensional) array requiring 15 storage locations. The supplied state-
ments would set all the odd components of V to zero. The next example
demonstrates how a vector may be used to calculate the mean and standard
deviation of a set of 10 numbers. These numbers are read from 10 cards

(i.e. one number per card):

10
I x
i
g = i=L ~
10
10 _
. T & -5
Standard deviation = '

J 5
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J. SMITH CALCULATE MEAN AND STANDARD DEVIATI@N
¢F 10 NUMBERS -
DIMENSI@N X(10)
D¢ 1 I=1,10
1 READ,X(I)
SUM=0.
D¢ 2 I=1,10
2 SUM=SUM+X(I)
AVG=SUM/10,
SUMSQ=0.
D¢ 3 1=1,10
3 SUMSQ=SUMSQ+(X(I)-AVG)**Z
SDEV=SQRT (SUMSQ/9.) .
PRINT, 'MEAN AND STANbARD DEVIATI@N =', AVG,SDEV
STPP -
END 7
Here we use'ﬁhe vector X to store-fen numbers before finding the mean
and standard deviation. Befofe enploying vectors in a program, make
suré they are really necessary. . Iﬂ a previoﬁs ekample (section 6.10),
the.mean of a set of numbers was required, There was no need in ﬁhatr
case to retain the ten numbers because the sum accumulated when each
number was read from a punched card. When the standard deviation is
sought, the numbers must be retained at least up to the point where the
mean 1s determined. -
The next example demonstrates a program that computes the vector

sum s of two vectors u and v:

s -3ty
For u = (3,5,2)
and v o= (4,2,7)
then s = (3+4, 5+2, 247)

= (7,7,9

Mathematically we say that the ith-component of s is formed as

- <1<
si ui + vi 1 i< 3

The program will read the three pairs of data from separate punched

cards as showm
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u v
3. 4.
3. 2.
2.

into two vector arrays (U and V), compute the vector sum in § and print

out each component of S on a separate line.

DIMENSI@N -S(3),U(3),V(3)
G . FIRST READ IN THE DATA
D¢ 1 1I=1,3
1 READ,U(I),V(I)
c N@W F@RM THE VECT@R SUM
DY 2 I=1,3
-2 S(I)=U(L)+V(I)

c WRITE @UT HEADING AND RESULTS
PRINT, 'VECT$R S'
D 3 I=1,3
3 PRINT,S(I)
STPP
END

(In this example, it would have beén possible to perform the vector

addition operation without the use of subscripted variables - how?

appendix 6A for a solution., Such an operation, however, is frequentl&

a small part of a much larger program where it is necessary to store the

data in subscripted variables.)

When arrays of higher order than the l-~dimensional vector treated
so far are needed, the DIMENSI@N statement informs the compiler of the

number of dimensions (i.e. the number of subscripts) and the total

storage for the array.

DIMENSI@N A(5,5)

This informs the compiler that A is a matrix (2-dimensional array)

requiring 25 locations for storage:

DIMENSI®N A(5,5),B(5,5),C(5,5)
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Dp 1 I=1,5
p$ 1 J=1,5
1 C(I,J)=A(L,J)+B(I,J)

In this case, two matrices A and B are summed and the result is stored
in a new matrix C. 4 '
6.13 SUBPROGRAMS _
We have met (section 6.8) the special mathematical functions
supplied through the FORTRAN compiler. The user is able to supply two
types of subprograms of his own when necessary:
FUNCTI®N subprogram.
SUBRGUTINE subprogram.

Need for subprograms arises

| (i) when the same mathematical function or procedure is required
at many points 1in a program;

(ii) in larger programs, where it pays to write and test sections

of the code independently; and
(i11) when more than one person is responsible for developing the
code. ' '

The FUNCTI@N subprogram returns a single value as its result and is
usually used to perform mathematical operations similar to v, or
function evaluation. The user supplied function is best demonstrated
by an example. Suppose we wish to evaluate a cubic polynomial for

various values of x:
£(x) = 1+ 1.5% + 3.2x% + 6x° ,
‘which for speed of computation is best written as
f(x)=1+x (1.5 + x (3.2 + 6x)) .

Then we might use the coding .

o
n

F(X)+6.

]
(|

F(X-1.) ' (" Main or ealling program

ST@P
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FUNCTI¢N F(A).

F = 1.+A%(1.5+A%(3,2+6.%A))
RETURN

END J

>'F'UNCTHBN subprogram

In the main program, the function is invoked by naming the function
and enclosing in parentheses a constant, variable, or expression for
which the cubic polynomial is to be evaluated. The FUNCTI@N subprogram
is defined through the use of the 'FUNCTIPN' statement and an appro-
priate name 'F' (in this case) by which the funetion 1s to be known. An
argument list corresponding to that in the main program is also re-
quired. The argument names in the function are only dummy ones and need
not be the same as those in the main program (all the other variables
and labels are local to the function and are in no way associated with
labels or variables in the main program). When the above function is
invoked twice by the main program, the values X and X~1. respectively
are transferred intoc the location set aside for A. The function must
return one value through the assignment of an arithmetic expression to
the function name as in

F = 1.4+A*(1.5+A*(3,2+6.%3)) .

The 'RETURN' is a:transfer of control from the function back to the
main program from where control was originally passed. The END statement
is once again a signal to the compiler that this is the end of a logically
independent set of FORTRAN statements.

As another example of the use of the FUNCTION sub-program, let us
consider a FORTRAN program designed to convert and print in the CENTIGRADE
temperature scale the equivalent.of the FAHRENHEIT temperatures 32+,33-,
34¢,...,212-.

The main program will generate the FAHRENHEIT temperatures and
invoke a FORTRAN function CENT which performs the conversion according
to the rule
To= 2T, -32)

(o

where '1‘c and T_ are the Centigrade and Fahrenheit temperatures respectively.

£
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C CONVERSION @F FAHRENHEIT T CENTIGRADE
PRINT,® FAHRENHEIT -CENTIGRADE CYNVERSI¢N CHART'
DP 1 1=32,212
TF=I MAIN
TC=CENT (TF) PROGRAM
1 PRINT,TF,TC
STHP
END
FUNCTI¢N CENT(T)

CENT=.5555555% (T~32.) FUNCTION
RETURN CENT
END

Note that the assignment. TF=I in the main program ensures that a
real version of the integer Fahrenheit temperature is passed to ﬁhe
FUNCTION CENT. Although the arguments of FUNCTIONS are ‘'dummy’', they
must have the same type specification. It would have been possible, of
course, to have written CENT so that an integer argument was involved.
The ﬁethod used, however, allows for a wider apﬁlication if desired.
Frequently, we write FUNCTIONS that are of use in other programs as
well, Instead of having to repeat the FORTRAN code in every other
program, it is possible to.have the FUNCTION compiled and stored away in
a special library. When this is &one, anyone can invoke the FUNCTION '
just as we can invoke the supplied functions like SQRT.

In this Summer School, we will use a special FORTRAN FUNCTION to
give us the price of oil. This function will be supplied by the School.

Details of how to use this function PRICE are given in Appendix 6C.

The SUBROUTINE subprogram is the more powérful version of a sub-
program and usually performs more involved operations than those for
which the FUNCTION is designed. Tyﬁical tasks for which subroutines are
used would include finding the roots of equations, multiplication or
inversion of matrices, and solving sets of linear equations. Unlike the
function subprogram, the subroutine is not restricted to returning one
result as part of an arithmetic expression. The subroutine and the main
program communicate through the argument list only. The following code
shows the use of a subroutine QUAD to determine reai roots of a quad-
ratic equation ax® + bx + ¢ = 0. The coefficients of the equation to be
solved are supplied as arguments to the subroutine, whereas the sub-
routine is responsible for returning the two roots and is an indicatiom

as to whether real roots were possible:
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1 READ,Cl,C2,C3
CALL QUAD(C1,C2,C3,X1,X2,IER)
IF (IER.EQ.O)PRINT, 'R@@TS @F QUADRATIC ARE',X1,X2
IF(IER.NE.O)PRINT, 'N§ REAL R@@TS EXIST'
GO TP 1
END _
SUBRQUTINE QUAD(A,B,C,R1,R2,K)
DISC=B*B-4.%A*C
IF(DISC.LT.0) Gp T¢ 5
DISC=SQRT(DISC)
R1=(-B4+DISC)/(2.%*4)
R2=(-B-DISC)/(2.%*A)
K=0
RETURN
5 K=1
RETURN
END

' The subroutine is invoked, through a 'CALL' statement, by naming
the subroutine and supplying a list.of variables through which values
are to be transferred to and from the subroutine. The main program
passes the three coefficients of the quadratic while the subroutine will
return the roots in X1 and X2 and an indication (K=1 or 0) to the sign
of the discriminant. Once again the code within the subroutine is

independent of the calling preogram.

Appendix 6D gives details of a plotting subroutine package designed
to produce a graph from the results of our 'oil depletion' model. '

6.14 ERRORS IN PROGRAMMING

The FORTRAN compiler will inform us in no uncertain terms of any
syntactical errors we make in coding a program. Such errors are easy to
detect and correct. The computer 1s a totally obedient sexvant;
provided that we ask it to perform a task in the language it under-

- stands, it will obey us without question. . Therefore, the hardest errors
to identify are the ones we make in specifying the logic or steps involved
in solving our problem. Reversing to British justice, all programs
should be considered guilty (of containing bugs) until proven innocent
("debugged').

Too often the poor computer is blamed for an error in the program
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that should have been found and removed by the programmer when he was

debugging his code,
garbage in implies garbage out

This adage is certainly true but the programmer and, in particular, the
scientific programmer may find it difficult to recognise the output of

a program for what it is. It is advisable to test programs thoroughly
before placing any confidence in their output. This 1s often done by
coﬁparing the computed solution with a known mathematical or physical
solution. When agreement is satisfactory we may then proceed to use our
program for all the cases we are interested in.

There are three ways in which the problems of the scientific
programmer atre different to those of the more commercially oriented
programmer. As most commercial tasks are well defined, erxrors in the
computer output are directly due to the program or incorrect data om

which it operated. The scientific problem solver is solving a mathematical

model of some real physical system. When this model was developed, many
assumptions (and probably simplifications) were made. Just how wvalid
were these and are they the source of errors? Were the errors caused by
the type of numerical technique chosen to solve the model? Or were the

errors due to the coding of these techniques?

6.15 A COMPLETE PROGRAMMING EXAMPLE

‘ The following example demonstrates the stages of development
involved in determining an approximation to 7 using a computer to
simulate a dart board. If one had a circular dart board mounted on a
square background, as shown in figure 6.4, then it would be possible to

determine experimentally an approximation for w. When a dart is thrown
////”_:i;ii)

Figure 6.4 Dart board
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randomly to land in the square, it may land within the circle or ocutside
it. The probability of it landing within a certain section is proportional

to the area of that section:

Relative proportion of darts landing in the circle

area of circle
area of square

'rrr2
(2r)?
m

"%
<. m = 4 x relative proportion of darts landing in the circle.
Consequently, by randomly throwing darts and measuring the relative
frequency of those falling within the circle, T can be determined

directly. Instead of throwing darts, a computer can be employed to do

Figure 6.5 Quadrant simplification of dart board

this by direct simulation. The process can be simplified as shown in
figure 6.5 by taking a quadrant of a circle of unit radius.
By selecting two random numbers, using our random number generator, we
may let these two numbers (say x and y) represent the coordinates of the
point where the dart lands. This point may be within the circle or
outside 1t. If we measure the distance d of the point from the origin
d = vx’+y?

we can determine i1f it lies in the circle or not depending upon whether
d<1ord>1 (or, equivalently, whether d2 € 1 or d? > 1),

A flow chart to describe the steps involved is shown in figure 6.6

for a sample of 1000 darts. A FORTRAN program sufficient te produce an

approximation for T would be
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N=1000

NDART=0

NCIRC=0

X=RND (X)

Y=RND (X)

D2=X*X+Y*Y
IF(D2.GT.1.)CP TP 2
NCIRC=NCIRC+1
NDART=NDART+1

IF (NDART.LT.N)G T¢ 1
PIE=4 .*NCIRC/NDART
PRINT, ' APPREXIMATION @F PI = ',PIE
STPP

END
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Start

I

Set n= the
number of darts to
be thrown

Set number of darts
so far thrown = 0

|

Set number of
darts in circle = 0

|

1
x = random number

random number

i

y

calculate square distance
from origin d? = x%+y?

YES

increase number of darts
landing in circle by one

YES

increase number of darts
thrown by one

number of darts thrown

determine T
No. in circle
4x

o

Figure 6.6 Flow chart for 7 problem
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6.16 PRACTICE EXAMPLES

Before you affempt to code the simulation problem described in

chapter 3, try these practice examples, The answers to the questions

are given in section 6.17, but don't be too hasty to seek these out

until you have had a go yourself.

Ql.

Q2.

Q3.

{(a) In the list below, which items are variables or constants?

(b) What is the mode (integer or real) of each variable or con-
stant in the list?

(¢) Are any invalid?

List (1) 1., (2) ABC, (3) I4, (4) 14, (5) -0.0001E-10, (6) INKSTAIN,
(7) FIVE, (8) 6IX, (9) e, (10) 0, (11) B@S, (12) A%B,
(13) 5,312.6, (14) BLYT

Write each of the following algebraic formulae as a FORTRAN state-
ment to calculate y. Use any convenient real names for the wvari-
ables, which will be assumed to have been assigned values by

previous steps of the program.

M y =7 (b+o)
2
2) y o histac tac
(3) y-X = a-Ty (m=3,141592)

What values would be stored in the variable on the left of the

following arithmetic statements, given that A=3?

(4) I=A
(5) I=A/2.
(6) U=4A/2.

Write the necessary statements of portion of a program to calculate
the variables given by the following expressions. Use any con-
venient names for the variables. You may assume that variables'on
the right have been assigned values by previous steps of the pro-
gram and that the values do not require special consideration in

calculating the expressions:

(1) s =V x2 + y2 + 22
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(2) y = e*
: %-(ex -e )
{3) = tanh x = —
: -% (e + ™
(4) v = tan x
(5) c = £n | L 1
1+a’
) g = &+ @3

Q4. What, if anything, is incorrect in the following FORTRAN examples?

(1) PRINT A,B,C
(2) Dp 5 I=1,10
(3) Dp 6 B=1,10
(4) B=SQRT (C**2-2¢«/(1++B)
(5) Dg 1 I=1,5

X=1

Y=C@ST(X)

1 PRINT,I,Y
ST@P
END

FUNCTI@N C@ST(Z)
COST=2+%7+6+
RETURN
END
(6) D$ 1 I=1,5
Y=C@ST(I)
1 PRINT,I,Y
ST@P
END
FUNCTI¢N C@ST(Z)
COST=2+*Z+6+
RETURN
END
(7) DP5I=1-3
5 C@NTINUE
(8) X=5+
PRINT,X
STYP
END.
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Figure 6.7 A numerical approximation to gle_xdx

If you are asked to evaluate fle_xdx then you could, with a know-
ledge of high school mathematics, guickly give the correct answer
(I hope). At times we can get very difficult functions to integrate and
the only recourse is then to a numerical approximation. One way of
approximating { e Tax numerically is to sum the area of the histogram
sections approximating e ® in figure 6.7. This is done easily, but we
must take particular care when treating the segments at x=0 and x=1.
With the approximation shown above, we write

- o 9. TN
f e Fax ~ -l(§-+ I &* 1 + Eﬂ

0 i=1 2
(i} Write a FORTRAN program to evaluate é-le-x dx with the above
discrete approximation.
(ii) How good is your answer? Do you notice any improvement if you
double the number of sub~divisions?
Mathematicians would write the above technique of integration
(known as the histogram method) for a general function f(x) as
n-1
b _ f£{a) £f{b)
,g £(x)ax _11[ 5+ 221 £lx,) + 5>

where h = Eii , n is the number of sub-divisions

and x; =a+ {(Z-1)h
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When you have finished the FORTRAN program required in this question,
consider the following very carefully, because it has a direct bearing
on the way in which you will perform the integration required in 'the
Summer School problem'.

Integration of certain 'economic' information cannot be achieved by
the direct application of the above approximation technique. Suppose we
are given the following information (displaved in graphical form in
figure 6.8) concerning the number of kilolitres of petrol sold by a

local service station over a reasonably short time.

A

400
300
200

100

N(t)

i L 1 [ 1 bt
1975 1976 1977 1978 . 1979

Figure 6.8 Petrol sales by a service station

If N(t) represents the number of kilolitres of petrol sold in year
t, then we may say that the number of kilolitres sold during the period

1275 through 1979 is given by

1979
f N(t)at
1975

If we were to apply the above nﬁmerical integration technique directly
to this problem, we would not accumulate half the sales in the years
1975 and 1979. The reason for this is that in producing the graphical
display, the economist no longer regards the time variable as a con-
tinuous one since he is really using yearly time averages. He has
suitably 'discretised' time for his own purposes; the mathematician
should be aware of this when attempting the integration.

The integral is simply evaluated as

1979
ST UTN(E)at = N(£=1975) + N(t=1976) + N{t=1977)

19758
+ N{t=1978) + N(t=1979) '

which follows the style we require for the Summer School problem (chapter 3).
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Q6. (For Advanced Students Oonly)

The techniques of numerical integration outlined in the previous
question are fairly basic and obvious. What is perhaps not so obvious
to high school students studying calculus for the first time is that
such 'crude' technigues at times can be highly effective. The second
technique is particularly good for treating economic data. Economists
frequently report (as is done here) the price level for each year as a
price averaged over the whole year. When this is done, the use of more
sophisticated and involved technigues would be meaningless anyhow.

An integration scheme for continuocus functions that is more
sophisticated than the histogram method of question 5 is Simpson's rule.
You may have encountered this in your high school mathematics course.

Simpson's rule approximates the integral of a function £f{x) by

+ £ ]

=4
h
{ feoax = 3UE0 ¥ 41 + 280 + 4y + 264 oL 4 4E_ 4 £

where h = Eii and fi =a+<h for 2 = 0,1,...,N

Write a FORTRAN program using Simpson's rule to approximate

2 .
(i) { (5x* + 4x3 + 6x%2 + 4x + 1)dx  with 9 points, i.e. 8
equal mesh intervals,

1
(i) f (4x3 + 3x2 + 2x + 4)dax with 5 points, i.e. 4
0 equal mesh intervals,

From your numerical results, what comment could you make concerning

the accuracy of this method of integration?

Bill Smith travels to work 5 days each week by bus. Bill is an
extremely methodical person who arrives at the bus stop at pre-
cisely 8.00 a.m. The government bus service is also extremely
punctual and its vehicles call at Bill's stop at 8.01, 8.06 and
8.11 a.m. Each of these is capable of getting Bill to work on
time. His employer although somewhat flexible and tolerant will
dismiss him should he arrive at work late more often than once a
month (one month = four working weeks) averaged over the period of
employment. Can Bill réasonably expect to retain his job in the
long term if the number of passengers.each bus can pick up at his
stop varies randomly between 0 and 15, and if he could find any

random number of people up to 10 in front of him in the queue?
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Ignore any appeal to probability theory and write a FORTRAN program
using the random number generator RND to simulate the bus stop
situation and help estimate Bill's employment security with his
present firm. Run the daily simulation for 1000 such mornings and
print out the number of days per month Bill 1s late. Before you
write any FORTRAN code, you might like to draw a flow chart to make sure
you clearly understand the steps involved.
Q8. (For advanced students only)

Read in a set of ten numbers punched one per card. Write a code

that will sort these numbers in descending order.

Q9. (For advanced students only)

Write a program that will

(1) Read the four coefficients of a cu™ic nolynomial f(x)=a+
bx+cx®+dx?® from a punched card.

(2) Read the estimate %Xy of a root of the equation f(x)=0 from a
second card, .

(3) TImprove the estimate of the root by the Newton-Raphson method

f(xn)
ie. x4 =% - ?TTEZ)

(4) The process can be considered to have converged if

|Xn+l B an

e——w———r-—- < 0.001
X
n

{5) Print out the improved estimate of the root.

(6) Allow only five iterations. If convergence has not been
achieved, print a message warning of this.

{7) Repeat from (1).

6.17 ANSWERS AND TYPICAL CODING

Ql. (1) real constant, (2) real variable, (3) integer variable, (4)
integer constant, (5) real constant, (6) invalid variable name as
more than 6 characters, (7) real wvariable, (8) invalid variable
name as first character is not alphabetic, (9) invalid wariable
name as e 1s a lower case letter, (10) integer constant, (11) real
variable, (12) invalid since an expression is not a variable, (13)

invalid as comma is not permitted, (14) real wvariable.
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Q3.

Q4.

(1)
(2)
(3)
(4)
(5)
(6)

(1)
(2)
(3)

(4)
(5)
(6)

(1)

(ii)
(iii)
(iv)
(v)

{vi)

{vii)

{viii)
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Y = 0.5%(B+C)

Y = SQRT(B*B-4,%A*C)/(2,%A)
Y = (X+A)/4.141592

I1=3

I=1

U=1.5

S = SQRT(X*XHY*Y+Z*Z)
Y=EXP (X)

Wl = EXP(X)

W2 = 1./W1

U = (W1-W2)/(W1+W2)

V = TAN(X)

C = -ALPG(ABS (1.-+A*A%A))
Wl = A*X

Y = (EXP(W1)+EXP(-SQRT(W1)))*0,3333333

comma missing

PRINT,A,B,C

Correct.

The D@ variable must be integer.

A missing right parenthesis.

Correct.

Incorrect matching in the type of arguments
used to invoke the function CHST.

Correct (NB this is an assignment and not a D@ statement).
Last statement must be

END not END.
C PREGRAM TO EVALUATE INTEGRAL OF EXP(-X)
SUM=.5
DY 1 1I=1,9
1 SUM=SUMHEXP(-I*.1)
SUM=. L* (SUM+EXP(1.) /2.)
PRINT, 'INTEGRAL = ',SUM
STP
END
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PROGRAM TP EVALUATE A GENERAL FUNCTI@N F(X)

BY MEANS ¢F SIMPS¢N'S RULE.

THE FUNCTI¢N T¢ BE INTEGRATED MUST BE SUPPLIED AS A
FPRTRAN FUNCTI@N SUBPRPGRAM NAMED F.

SPECIFY THE NUMBER @F P@INTS
N=5
SPECIFY THE L@WER AND UPPER LIMITS ¢F THE INTEGRATIGN
A=0.
B=1.

C CALCULATE THE STEP SIZE

H=(B-A) /(N-1)
PERF@RM THE INTEGRATI@N

SUM=F (A)+F(B)

 NM1=N-1
D 1 I=2,NMl1,2

1 SUM=SUM+4 ,%F(A+(I-1)*H)
NM2=N-2
DP 2 1=3,NM2,2

2 SUM=SUMH2*F(A+(I-1) *H)
SUM=H*SUM/3.
PRINT,' INTEGRAL = ',SUM
ST@P
END

FUNCTI@N F(X)

F=4 4X*(2,+X%(3.+4.%X))
RETURN

END
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| Startl

Initialise day counter
to zero

Initialise late counter
to zero

L YES

Increase day
counter by one

is
day counter

NO

< 1000

YES

Generate queue
position

Initialise bus
counter to zero

Generate bus
capacity

is
bus capacity
Z queue
position

NO

Decrease queue
position by bus capacity

Increase bus
counter by one

bus counter
<3

NO

Increase late
counter by one

N

L 4

Result = late
counter /50

YES

NO

Print result
& Bill employed

Print result
& Bill fired

Finish
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J. SMITH
SPRTING PRPBLEM
N@TE THIS IS THE SIMPLEST T¢ C@DE - BUT N@T THE FASTEST
DIMENSI@N X(10)
SET UP L@@P T$ READ 10 NUMBERS
Dp 1 I=1,10
1 READ,X(I)
Dg 2 I=1,9
N=I+1
D$ 2 J=N,10
IF(X(J).LE.X(1))G@ TP 2
TEMP=X (J)
X(J)=X(1)
X(I)=TEMP
2 CONTINUE
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J. SMITH
RPPT ¢F CUBIC EQUATIPN
READ C@EFFICIENTS FR¢M (NE PUNCHED CARD
9 READ,A,B,C,D
c READ IN ESTIMATE F@R R@@T FROM NEXT CARD
READ, XN -
C LO@P TP IMPRPVE ESTIMATE
D¢ 1 I=1,5
XNPL=XN- (A+XN* (B+XN* (C+D*XN) ) ) / (B+XN* (2. *C+XN*3,%D))
c N@W ASK IS PRACESS C@NVERGING |
IF (ABS ( (XNPL-XN)/XN).LT..001)G@ T@ 2
1 XN=XNP1
o RPGT. HAS N@T BEEN F@UND
PRINT, 'RGQT N¢T FPUND WITHIN 5 ITERATI@NS'
c TRY ANPTHER SET @F CPEFFICIENTS
GO TP 9
C ROAT LOCATED WITHIN PRESCRIBED B@UNDS
2 PRINT, 'RAJT @F CUBIC=',XNP1
C TRY AN@THER SET @F C@EFFICIENTS
GO 19 9
END

Sample data cards;

5.6 3.7 2. ~46,
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APPENDIX 6A
SOLUTION TO THE VECTOR SUMMATION PROBLEM OF SECTION 6.12

VECT@R SUM PROBLEM,

THIS TIME THE PR@BLEM IS S@PLVED WITH@UT USING

SUBSCRIPTED VARIABLES IN ¢RDER T DEM@NSTRATE THE CAUTI@N
THAT SH@ULD BE EMPL@YED BEF¢RE INTR@GDUCING THEM UNNECESSARILY.

PRINT, 'VECTJR S'
g 1 1=1,3
READ,U,V
S=U+V

1 PRINT,S
ST@P
END
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APPENDIX 6B
FORMAT CONTROL OF I/0 OPERATIONS

Far greater contrel of your input and output operations may be
obtained by using FPRMAT-controlled READ and WRITE operations. Because
these take a considerable time to master, most students are adviséd to
stay with the simpler forms of 1/0 control treated earlier in the Summer
School. This appendix is included to give a limited idea of what is
possible. The general form of the I/0 statement is

READ(n,m) list of variables
WRITE(n,m) list of variables,
where n is an integer representing the device type for which the input/
output operation is to occur, At the AAEC Research Establishment
n=1l for the card reader
n=2 for the card punch
n=3 for the printer,
m is an Integer constant and represents the statement number of a
FORMAT statement, The F@RMAT statement is used to edit the transfer of
data. A few examples will demonstrate the ideas involved.
(L) READ(1,127)N,X
127 FPRMAT(I5,F10.2)
This will read one punched card and obtain from it two numbers. The
first number must be of integer form and may occupy the first five
columns of the card. Numbers with less than five digits should be
punched with leading blanks so that the number concludes in column 5.
The second number may span columns six to fifteen and would normally
have a decimal point punched. (If you fail to punch the decimal point
the computer gives you one in the default position specified by the
F10.2 FPRMAT code, viz. two digits from the right hand side.)
(2) X=527.1392
I=96
WRITE(3,100)I1,X
100 FORMAT (15,F12.5)
This will produce the output
96  527.13920
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The following FPRMAT statements would have produced the results
indicated. -

100 F@RMAT (I3,5X,F9.4) 96 527.1392

100 FPRMAT(I1,5X,F5.1) * 527.1

100 F@RMAT(I5,5X,F6.2) 96 527.14

100 F@RMAT (I5,5X,E11.4) 96 0.5271E+03

105 FRMAT (' I=',13,' X=',F6.2) I= 96 X=527.14
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APPENDIX 6C
A MEANS OF OBTAINING THE PRICE OF OIL

When writing the code to handle the oil depletion model for this
year's Summer School, a special FORTRAN function is required to return
the price of oil. The function is supplied by the School and is designed
to allow you to test your depletion model on a number of different scenarios.
The justifications for using an exogenous price fattern for the model will be
discussed by other lecturers. Here we are interested only in the way the
function PRICE is to be invoked. Through the assignment

P = PRICE(M,T,DXDT,X,XINF)
the price of oil for a particular year T is returned. The full description
of the parameters is given here; however, you will have to refer to other
sections of the notes to see the full significance of some of them.

The various entities used here have the following meaning:

M is an integer used to express which price model we wish to use in

our analysis,

0 a constant price model, p(t)=po,

1 an optimistic speculative model based on the
data of model 2 but without the price rise of
about a factor 7 over the period since 1974,

2 the most realistie model based on published
world data up to the present time with a
'guessed' price extrapolation based on
resource depletion,

3 a pessimistic speculative model based on the
data of model 2 but including a superimposed
price hike in 1990 that is similar to that of
1974 (about a factor of 3);

T is the year (remember to make it REAL);

DXDT is the quantity g%- - this is time dependent although,
for the purpose of our approximation, we can use the
value of %%-computed at the previous time step;

X is the total quantity x(t) of oil consumed in the world
in Gbbls (gigabarrels) to time t - once again use the
quantity calculated at the previous time step;

XINF is the total amount of world oil available for consumption

xm=2000 Gbbls; and

PRICE is returned as the 1980 constant US dollar price of a barrel

of oil at time t.
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APPENDIX 6D
GRAPHICAL CUTPUT

'A picture is worth a thousand words', so the Kodak advertisment
runs. A nice graph to present scientific data is worth a thousand lines
of cluttered printout. To help you obtain a good idea of how your
economic model behaves, a special FORTRAN program is supplied by us to
display the results in the form of a graph with labelled axes. To
produce the picture quickly, we will compose the lines of the graph with
* symbols on the printed output. Of course, very accurate plottars are
available with resolutions up to 1/1000th of an inch, but use of such
devices involves a time delay before you receive the finished product
back from the computing facility. Consequently, for speed we will
restrict the Summer Schopl graphical display to the simpler form of
output. '

To use the Summer School plot packages, two concepts must be
understood:

(i) For each new point to be displayed on the graph, the x and y
coordinates must be passed to a special subroutine that will
later do the plotting. The coordinates of each point are
accumulated by the subroutine until all the points to be
displayed have been transmitted by you. The coordinates
are transmitted by calliﬂg the subroutine PLOT in the
following way

CALL PL@T (T,DX)
where T -and DX are the real variables of our Summer School
proklem and the order first T, then DX is important.
Note that DX could be replaced by X for a separate run.
(ii) When all the points have been accumulated and you wish
to print the final product, issue another call, this time to
PLOTPR., This is done by the statement
CALL PL@TPR
without any arguments. This causes all the data previously
transmitted to be displayed with axes labelled appropriately.
For example we might have

x(t)=x0ek(t_t0)

- the unlimited, fixed price model -
say with tp=1910, =x¢=4.6 and A=0.07. Then we want a plot to
cover our time span of interest at the Summer School. We could

code this as ...
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T0=1910,
X0=4.6
ALAM=0.07
T=TO

1 X=X0*EXP (ALAM* (T-TO))
PLOT(T,X)
T=T+1.
IF(T.LE.2050.)G@ TO 1

c NOW PR@DUCE PLAT
CALL PL@TPR
ST@P
END -
But, of course, from the Summer School point of view the above
model is unrealistic. It is only over the past decade or so, however,

that people have disregarded the mocdel entirely.
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7.1 INTRODUCTION

At the present time, the possible use of microcomputers in the high
school has aroused much interest. Some schools already have such a
machine; others are contemplating getting them. Well, you may ask,
what 18 a microcomputer? How does it differ from a large scientific
computer such as the IBM3031 to be used at this Summer School? The
real answer to these questions will come when we see one for ourselves.
Just now, we will be content to note that the most important feature is
probably the price. A reasonable machine can be obtained for about
$1000 to $2000. Almost all microcomputers available accept the BASIC
language — some nothing else — hence our iInterest in that language at
this Summer School.

BASIC was originally developed for beginners at programming by
Dartmouth College, New Hampshire, USA in 1964. Since then, many dif-
ferent versions ('dialects' of BASIC) have arisen. If we were to res—
trict ourselves to the subset common to them all, we might find that the

only type of statement available would be
10 REM THIS IS IT

- a remark made to help us find things in a program when listed but
otherwise ignored by the machine.
Here, we will meet a useful version of BASIC, that will at
least run on a PDP11/45 minicomputer connected to various terminals
at Lucas Heights and which will also run on some microcomputers.
Unlike FORTRAN, BASIC is an interactive language (usually) hence
the main ocutput of data is likely to come from a terminal (monitor,
teletype or whatever) rather than punched cards. We may thus make up
our minds as we go. Depending on what happens, we may readily change
the program and data to meet contingencies not originally envisaged.

7.2 GETTING THROQUGH

Naturally, the computer system will not want to speak to us unless
we are bonafide. We must therefore find a terminal and sign on in an

acceptable way. During the week of the Summer School, we are given two

'passwords’':
1. dinitials: $SK  (for Summer School Kids), and
2. ID: AM290060

which will get us through to BASIC. In the following stinted dialogue
between us and a computer (not actually the PDP11/45) the underlined
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items are machine responses and“ denotes the carrilage RETURN or ENTER key.
Here we go...
(1) Push (not hit) space bar
(2) 1ID: AM290060\}i(this won't print in case someone else is
watching)
3 $2)

(4) login:SSK},(upper or lower case letters here select the
mode for the run)

(5) % BASIC

(6) ready (4 MICROCOMPUTER WILL PROBABLY START HERE)

our 10 REM THIS IS WHERE BASIC GOES - AT LAST!
BASIC e

program !\ ..,

7.3 LET'S RUN

Here is a simple program to prepare a table of 21 values of y = e®

for x = -10,-9,...,0,...,9,10. A (WATFIV) FORTRAN version is shown for

comparison.

BASIC FORTRAN
r line numbers determine normal program 'flow’ rstatement numbers not necessary every line
10 REM PR@G., T® TAB. EXP(X) c PR@G. T TAB. EXP(X)
20 x=-10. --10.
30 FOR I=1 TP 21 bd 70 I=1,21
40 Y=EXP(X) Y=EXP (X)
50 PRINT X,Y PRINT,X,Y
60 X=X+1. X=%X+1.
70 NEXT 1 70 C@NTINUE
80 sTOP ST@P
90 END END
t normally initially 10 apart for later
insertions
We type in the prog. (in any order of line nos.} We punch the prog.
We type LIST to check statements. . We list the cards to check them.
We type RUN to start prog. We submit to run as a batch job.
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We note the close similarity to FORTRAN (or at least its WATFIV
dialect) and the subtle differences (no comma after PRINT for example).
The FOR-NEXT loop is similar to the DO-CONTINUE (or whatever terminating
statement) loop. A counter (any variable in BASIC, not just I1,J,...,N
type fixed point variables of FORTRAN) is incremented, usually in steps
of 1, until the terminating value is reached. We may however directly
specify negative values. For example, we maj modify our BASIC program
thus:

delete statement 20 by typing

20 and nothing else,
change statement 30 by entering
30 FR X=-10 TO 10
delete statement 60 with
60
and change 70 to
70 NEXT X
The typed command LIST would then give

10 REM PRAG. T TAB. EXP(X)
30 FPR X=-10 TO 10

40 Y=EXP(X)

50 PRINT X,Y

70 NEXT X

80 sST@P

90 END

With a slight modification to the program, we may start with the
highest value...

change statement 30 by typing
30 F¢R X=10 T¢ -10 STEP-1

As for FORTRAN, the loop limits may actually be specified by variables
rather than constants. Some BASICs permit non-integer values (like STEP
0.5), and indeed our BASIC does this whereas others just don't; they
work with the integers equal to or just below the numbers:
Like FORTRAN, sensibly nested loops are permitted, e.g.
100 F@R I=1 T¢ 10
110 FQR J=1 T¢ I

(coding which does not change the loop variables - I
and J here)
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200 NEXT J
‘ 210 NEXT I

Note - the biggest line number permitted is usually 32767,
7.4 WHAT'S IN A NAME?

Normally BASIC has only two types of variables:
{1) Numeric variables with names
A,B,C,.,..,Z and
AO,A1,A2,...A9; BO,B1,B2,,..B9; ...Z20,21,22,...,29
- the numeric variable I7 could contain one of the numbers;
€.9.
0, 27, -2183, 1.63, 3.141592, 7.65E+19, 1.139261E-2
(in fact any positive or negative number between about 1.E-38
to 1.E38, or 0).
(2) String variables, with names
A$, B$, C$,...,2$ and
A0S, ...,29%
- the string variable A$ could contain up to a line of text
characters, e.g. "JOHN", "YES", "NO(S) LEFT", "#*MARY'S GO**"
Note - text is enclosed between double quote marks.
Assignment of variables is of the style
Al=12.5
C3=Al1
Alg="1%"
B$=AlS
(and some older style BASICs want you to let them know that the state-
ments are assignments thus,
LET Al=12.,5
LET C3=Al, etc.
but please forget you were ever told about this).
Most versions of BASIC permit indexed arrays, e.g. A(112), but we
will not be concerned with such things here.
7.5 OPERATIONS TO REMEMBER
The BASIC expression
Y= (14+X*X) / (1-XIN)
calculates
y=(1+x?)/ (1-x")
and differs only from the FORTRAN counterpart in the use of + (or

~

for

some keyboards) for exponentiation (raising to a power). The example
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1llustrates all you need to remember.
7.6 GO TO AND QOTHER DEVIATIONS

The regular flow of BASIC when running i1s from the smallest line
number to the next in order, no matter in which order the statements are
typed. We have seen a FOR-NEXT combination to establish a loop back and
forth. Here are other statements that cause deviations to the regular
flow: |

(1) GOTO line number (alternatively GO TO line number)

e.g. GOTO 10

( 3 . —
= equals
> greatetr than
(2) TIF &l 4 < & 82 THEN statement| less than
>= .. greater than or equal
<= less than or equal
\ <> | not equal

where 81 and 82 are arbitrary expressions

and @agtatement 1s almost any BASIC statement, e.g.

IF A<B-1 THEN Z=1
except that (for some BASICs) another IF cannot follow and only the line
number must be given for a GOTO. Thus

IF X1>0 THEN 200
will transfer control to line 200 if X1 is positive. (Some newer style
BASICs do not insist on the THEN as part of the IF - but we will.)

(3) ON & GOTO Nyl slayees

where & ig an expression {(e.g. I, B+l, etc.)

and if 1 % & <2 control is transferred to line number n

1,
2< & <3 control is transferred to line number n,,
3< & <4 control is transferred to line number n, etc.

H
In the BASIC program that we will use, if & cannot find an appropriate

n, (e.g. if & = 0), then an error condition arises.

(4) 8TOP
. = doesg just that.
(5) END

~ similar to STOP but some BASICs can only tolerate one of
these and then normally only as the final statement. Being
FORTRAN users, we will be happy to finish a BASIC program with
END.
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7.7 BUILT-INS .
Like FORTRAN, BASIC has a suite of built-in functions. These are
as follows:

+X if X=0

(1) ABsS(X)= {

(2) INT(X)= integer, equal to, or just smaller than X, e.g.
INT(3.14)=3 but INT(-3.14)=-4

/X if %20
error otherwise

(3 SQR(X)={

(4) EXP(X)= &*

In X if X0

(3) LOG()=1 crror otherwise

(6) SIN(X)= sin x - note that x must be in radians (1 radian =
180/m degrees)

(7) COS(X)= cos x

(8) TAN(X)= tan x

(9) ATN(X)= tan" !x ({.e. arctan x)

(10) RND(X)= a pseudo-random number, bigger than 0 and smaller

than 1

(an argument is to be supplied but is ignored)

(11) RANDOMIZE with no argument
- makes sure that successive runs of the same program
give different random numbers for the first use of
RND(X) - otherwise a chess playing program would always
open 'pawn to queen &',

7.8 LET'S PUT IT TOGETHER

We now put together a simple BASIC program to calculate the highest
common factor (HCF) of two positive integers M and N using Euclid's
algorithm (method):

10 REM HCF PR#G

20 M=85

30 N=204

40 G@T@ 80

50 PRINT H

60 STYP

70 REM

80 REM START @F EUCLID RAUTINE
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90 H=N
100 N=M-N*INT(M/N)
110 M=H
120 IF N<>0 THEN 80
130 G@TH 50
140 END

Follow the program flow yourself to see what is happening. Our -

variables change thus:

initially 1st pass 2nd pass 3rd pass 4th pass

H - 204 : 85 34 17 <+ answer
N 204 85 34 17 ¢ <+ finish ..
‘M 85. 204 85 34 17

Surely we don't have to keep changing lines 20 and 30 if we want to
calculate the HCF of other numbers? No!
7.9 I/0U
We have seen how to output a number on the terminal with, for
example,
PRINT U

Surely to input a number from a terminal we would use
INPUT U

- yes!

The ambitious user of BASIC might also want to input a string of
characters (perhaps the name of the person running the program). We
would simply use, for example,

INPUT A$
and later we would cutput with
PRINT AS
Our HCF program may be modified to input M and N thus:

20 INPUT M,N (and at the appropriate RUN stage we enter,
for example, 85,204)

.30  and nothing else (to delete the line)

60 GPTH 20 (to always return to input two more values
for M and N)

The input described above is for interactive use where we may
change our minds depending on the printed results achieved so far. (In

a sense we are part of a loop with the computer.) However, say we only
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want to enter occasionally varying data such as the constants to, xo,rl,
of our Summer School project. We enter such (essentially fixed) data
with a statement consisting of a line number followed by the control
word DATA, e.g. .

1000 DATA 1909,4.29,0.07,0.07
which may appear anywhere in the program (although being FORTRAN users
we would probably put it towards the end, i.e. give it a high line
number). As with FORTRAN, the data are not entered into the computation
until a READ is issued, e.g.

READ U
which will read the next word of data from a DATA statement., If previous
READs have exhausted all items of one DATA statement, then further input
will come from the next DATA statement in the program (if one exists).
Thus we could equally well have used for our example

1000 REM T9,X0

1010 DATA 1909,4.29

1020 REM L,B

1030 DATA 0.07,0.07
which we could enter into the program with, for example, the statement

READ T$,X0,L,B
When we RUN a job, the READ pointer begins from the first word of the
first DATA statement and then every successive READ moves the pointer
down the DATA list. We cannot jump over unwanted data (except with
dummy READ statements); however, we can always restore the pointer to
the beginning with the statement

RESTORE
7.10 ROUTINE MATTERS

When a portion of BASIC code forms a routine to do a specific job
we would like to be able to jump to the routine and return to the line
that follows (¢f. a FORTRAN subroutine). The need becomes more apparent
when different parts of the main coding require calls to the one routine,
for then the return is to be made to different parts of the program. We
might as well modify our HCF program to include a subroutine for the
Euclid algorithm. We type

40 GPSUB 80
130 RETURN
Get the idea?
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7.11 PRETTY PRINT

If we run our HCF program we find it is a bit terse, for it says

?
when we are to supply input. In BASIC (and WATFIV, FORTRAN) we can
easily arrange to print descriptive information (without the labour
entailed by string variables). We simply enclose the information
between double quotes (single quotes for WATFIV) as part (or all) of the
PRINT statement. Our HCF program could thus be further modified:

15 PRINT "ENTER VALUES FAR M AND N"

50 PRINT "THE HCF IS";H

60 G@TY 15
No, the typist did this correctly - a2 semicolon implies a short skip
after the preceding number or characters, whereas a comma implies a long
skip so that precise columns of printout are maintained. Try it for
yourself! You might even be bold enough to try

15 PRINT "ENTER VALUES FOR M AND N";

A feature for establishing printed output at specific print posi-
tions is the TAB(X) function. The printed columns are usually numbered
0,1,2,...,71 and TAB(X) for X=3,141592, for example, would set the
subsequent print to begih at column number 3 {the INT part of X). We
might then decide to place our result for the HCF of two numbers in the
middle of the line thus:

50 PRINT TAB(25);''THE HCF IS";H
With a little pondering you might also see how rough graphical output,
say for the function Y=EXP(X), may be obtained using

PRINT TAB(Y);"=*"

We are hardly likely to remember all the changes that have been
made to our HCF program. Let us do another

LIST

10 REM HCF PROG

15 PRINT "ENTER VALUES F¢R M AND N";
20 INPUT M,N

40 GPSUB 80

50 PRINT TAB(25);"THE HCF IS";H

60 GATH 15

70 REM

80 REM START $F EUCLID RAUTINE

90 H=N
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100 N=M-N*INT(M/N)

110 M™=H

120 IF N<>0 THEN 80
130 RETURN

140 END

7.12 HAVE A BREAK
Say that in our HCF program we had mistakenly typed line 100 as
100 N=M

and we had requested the job to run

RUN
We would gain the (wrong) impression that the machine was slow for we
would have no more response out of it., But no - we are running a
program that 1s caught up in a never ending loop. How can we (or
rather the program) escape? Simply this - we just depress the two kejs

]Zl (actually we hold the first key down and then
' depress the second).

Thank goodness! Imagine the computer bill if we had had no way to break
out of that loop!
A similar feature holds for interrupting a LIST:

CTRL gives a temporary interruption to the LIST and

- l | resumes the LIST.

We may, however, select to LIST only a portion of our program from the

outset. For example, if we only want to list the EUCLID ROUTINE of our
HCF program, we would use
LIST 80~130

7.13 SAVE IT
Having gone to a lot of effort to type in a program, we would

obviously 1ike to save it for later use. For the minicomputer setup
used at this Summer School, the program would be saved on disk, whereas
for a microcomputer setup the program would be saved on an ordinary
audio-cassette., Here we go:

SAVE  int.HCFJOB
where int are your 3 initials used throughout the School (not SSK)
and HCFJOB (or the like -~ a name having up to 8 characters) denotes
the job. Thus I might use

SAVE JPP .TESTPRGM
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Should the job already have been saved you would need to say, for
example, '
REPLACE  JPP.TESTPRGM

7.14 ANY OLD JOBS

0f course saving a job would not be of much use if we could not

reload it (usually at some other time). The command is simply this, for
example,

$LD  JPP.TESTPRGM
which we would presumably then want to

RUN |
ot we could combine the two operations into one

RUN  .JPP.TESTPRGM

7.15 SIGNING OFF
When we have finished a session {(and perhaps SAVEd our job}, we

will terminate with the following signing off process:

(1) BYE - end of connection to BASIC
(2) |CTRL[ [ﬁ] - end of connection to PDP11/45
(3) I_P___l - end of connection to the computer system.

7.16 WHAT COULD BE MORE BASIG?
Besides other BASIC statements which will not concern us (for it is

here that we encounter most differences from microcomputers) we can
use the machine as a calculator. If we leave out a line number, then
the instruction 1s carried out immediately. As a simple example we
could calculate 3e* using the coding

PRINT 3*EXP(2)
which would return the result immediately the carriage return was
depressed, Similarly, the line

X=3*EXP(2) :PRINT X
would achieve an equivalent result (except that, in addition, the answer
would be stored in X) where ':' separates different statements on the
one line. ( \is an alternative statement separator for some versions of

BASIC.)

7.17 TRY THIS FOR YOURSELF

During the Summer School, you will be given the opportunity to
'have a go' for yourself. Three jobs are detailed here - everyone

should try the first one; a few might get through to the third one.
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(1) Write a BASIC program to display pseudo-random numbers. Print 10
such numbers and stop. How could you get a different set of 10
numbers for different runs?

(2) Write a BASIC program to simulate the roll of a dice 1000 times.
Report the number of throws that achieve a 1, Use the RANDOMIZE
statement and run the job 3 times to get some feel for the dis-
persion of the results about the expected mean of 167.

(3) If you have finished the Summer School project, write a BASIC
program for the game MRMIND described in Appendix 7A.

Note Appendix 7B gives a list of BASIC statements that may help you
to get started.
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APPENDIX 7A
FOR THOSE WHO HAVE FINISHED THE SUMMER
SCHOOL PROJECT: MONTE CARLC SIMULATTION

7A.1 INTRODUCTION
The study of (1) neutrons moving through ~bsorbing material; (2)

queuing problems of people at a supermarket exit; (3) preparation of
high school timetables; and (4) fun and games can be assisted by simu-
lation of the processes. The simulation consists of studying hosts of
different possibilities pseudo-randomly chosen on a computer. Since you
will undoubtedly find some games to play at a computer terminal, the
idea here is to give you some idea of what happens after you éit earriage-
return at the terminal.

A basic requirement of Monte Carlo simulation is to generate pseudo-
random numbers r,, rs, rsz, ... from a given starting value to Tg.
Since we can write down the outcome, the sequence is reproducible
(provided that we stay with the one computer) but, to all intents and
purposes, we can consider the set of numbers {ry, r;, rz,...,rn} to be
random and uniformly distributed throughout the interval (0,1). With
BASIC we obtain a random number in the following way:

" RANDOMIZE - 1Initial statement at beginning of the program

: to yield a 'random' starting number.

R=RND(0) - later on, then R is a random number (and,
since we began with RANDOMIZE, the BASIC
system returns to us its next random number
rather than the first of a reproducible
sequence).

Then I=INT (10%R)

is a random integer (digit) 0,1,2,3,4,5,6,7,8 or 9 since INT takes the
integer part of 10 times R. Our next use of the RND function will then
return a different number, and so on. After, say, 1000 calculations of

I we might produce the results.
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I No. of
times

103
104
98
103
93
100
98
92
101
108

O 00~ N = O

7A.2 ON WITH THE JOB
Use these ideas to write a BASIC version of
MISTER MIND

(Whereas master mind uses assorted colours, mister mind uses integer

digits 0 to 9. The game is an adaptation of BAGLES taken from the DEC
manual, 101 BASIC COMPUTER GAMES, 1975, p.22.)

In brief, the computer is required to obtain 3 random integer
digits (same as 'I' earlier) imagined to be the leading, middle and
trailing digits of a '3 digit number' between 000 and 999. A player is
permitted to have 20 goes at attempting to guess the digits. After
every go, the program is to return a clue in the form of two numbers

D
M

the number of correctly positioned digits, and

the number of matches of the player's digits with the
machine's digits, including any already counted in D.
A simple program would input player's digits one at a time. A more
complicated program would input a three-digit number and internally
strip off the digits.
As an example, say the sought after number is 346 and the opponent's

number is 640; then we print

D=1 (i.e. 1 correct digit, the &)
and M=2  (i.e. 2 matched digits, the 6 and the 4).
Or if the sought after number is 355 and the opponent's number is 203
then we have

D=1 {(i.e. the last 5)
and M=4  (i.e. the first 5 matches the last two and the last 3

does the same).
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APPENDIX 7B

A LIST OF BASIC STATEMENTS VIA AN EYXAMPLE;

SOLUTION OF QUADRATIC

EQUATIONS

Note - depending on the

(the machine actually replieg #**#**k¥%#)

mode of reply

see chapter

}getting through

7.2

sic

of the password SSK (upper or lower

case) so that mode will be maintained

]

s auadd

u

rint
eart m
rint *"first®
or i=l to n
aad asbhee
osul 200
axt i

a b
oW

ingEat
erint
erint
gvimt
sriel
ArEat
oL
ga ho.
ram
erint
gL
RN AR
vem rouling
if e=0 Lhen
d=hgh-AXaXe
k==
b= i
it d€d then
WK e
wl=-h/u
sA=aar () /w

EY
arhre

200
130

1000

for the run.

However most BASICs work

¥ry

wour

rlease
Pasbivo="E

rrint Froblem then
Paoln oftiai vl ihi TRk e v din.

with capitals only.

F=Nov=7807108 AM
rem s0ln of auadratic eans
"soln of acuadratic

arns"

L]

exameles”

raem over Lo usenr
erint b oerinth

"rrlease SUERY namet s
turrn "sat

anter coeffs in akxXudbiks

s0fve

Tor extracting roots (resl or
erimt “that’'s nolt a euwasdratico”

d=aghe () § k=2 1 hé=t"d/ i

fo=0"

LR )

crame e

i slor

(note - all this applies if d negative)

arn kodo o L100s31130

W]

.
ol

rrint
return
rem Lest datas n
data 2

data 1y~3¢2
data 7912
7 erd

L]

Tl EMB=t il i g i nR

then (arhvc)seas

old 7.4

list 7.3

rem 7.1

print 7.3,7.9,7.11

read 7.9
swith print 7.11
for 7.3 .

gosub 7.10
next 7.3

: mult.stmts.pexr line 7.16
input 7.9 & string

variables($) 7.4

goto 7.6

if 7.6,stop 7.6
numeric variables 7.4
& operations 7.5
string assignment 7.4
functions 7.7

on goto 7.6

return 7.10

data 7.9

end 7.6
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run 7.3 & 7.14

CTRL % break 7.12

BYE
CTRL D
signing off
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8.1 INTRODUCTION

Computing at the Australian Atomic Energy Commigsion's Research
Establishment commenced in the early 1960s when the Commission rented
a small IBM1620 computer, with 60 000 characters of storage. The Commission
has rented its central computer ever since; this has enabled it to keep
pace with the growing computing needs of the last two decades by changing
central computing equipment as the need arose. At present, the central
computer installation is based upon an IBM3031 central processing unit
with over 4 million bytes of main memory.

Design and development of the Research Establishment's computer
network started just over 10 years ago. Since then it has grown to
include over a dozen interlinked computers supporting more than 60
computer user terminals for interactive computing.

8.2 CENTRAL COMPUTER HARDWARE

The IBM3031 central processor is a member of the IBM370 rangé of
computers. Auxiliary storage comprises four IBM3350 disk modules, each
with two disk spindles, and four IBM3420-8 magnetic tape drives which
provide virtually unlimited magnetic tape storage facilities,

Each IBM3350 disk spindle can store up to 317 million bytes of
data. An average text-book with 500 pages, each page having 45 lines
of text and each line having 70 characters, contains approximately 1%

- million characters. Thus the contents of over 200 average text-books
could be stored on each IBM3350 spindle. In addition to disks and
magnetic tape units, a card reader, line printer and paper tape reader
are attached to the central processor.

The IBM3031 central processor is controlled by two micro-procesgsors,
each equipped with a computer operator'é console. These micro-processors,
either of which may take over in the event of failure of its partner,
control the powering up and down and the input/output (I/0} activity of
the whole installatiom.

8.3 CENTRAL COMPUTER SOFTWARE

In the early days of computing, each computer user was required to
provide every facet of the computer job personally. The coﬁputer merely
provided the necessary hardware for running the job. The first user
alds were assembler programs, which enabled mnemonics to be used instead
of absolute computer instructioné, and input/output subroutine packages,
which greatly simplified the task of communicating with the computer.
Users would queue in succession to read their card decks or paper tape

rolls into the computer. It was not possible, in those days, to hide
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one's program mistakes!

The first computér ¢perating systems merely provided a means for
queuing jobs on the computer input device, with an embryonic control
program which enabled control (hopefully!) to pass from the completion
of one job to the start of the next.

As computer software knowledge increased, more and more functions
were built into the system control program, including the handling of
all input or output on behalf of the user. Safeguards were provided in-
the hardware, to ensure the possibility of protecting this system
control program against accidental or deliberate damage.

The introduction of the concept of a computer hardware interrupt,
which enabled external events or unexpected internal program events to
cause a transfer of control within the central processor, allowed the
development of multi-processing. Modern computers use interrupts to
enable present-day control programs to.run many jobs, apparently in
parallel, and to schedule thelr own work-loads.

Limitations in available main memory for central processors led to
the development of the concept of virtual storage. Real storage is
divided into units, usually of 2048 or 4096 bytes, and areas of the
auxiliary disk storage are set aside and also divided up into these unit
slzes. Each user can then be allocated an apparent area of virtual
storage for programming use. Although active parts of the program must
reside in real storage, inactive parts may be kept on disk. The control
program uses an address translation mechanism to keep track of the
various units of a user program, transferring these units from or to
disk as required. '

The control.program in use on the IBM3031 computér is called MVS.
(Multiple Virtual Storages). This control program supervises all aspects
of central computer use, allowing both batch and interactive jobs, and
maintains a log of such usage, together with an analysis of encountered
errors, whether due to computer hardware or program software.

8.4 DEVELOPMENT OF THE AAEC COMPUTER NETWORK

The first stage of the AAEC computer network was the connection of

a Digital Equipment Corporation mini-computer, a PDPIL computer with
8192 eighteen-bit words, to the existing central computer, an IBM360/50.
This was achieved by a locally designed link in such a way that the
PDPIL appeared like a standard range of IBM hardware to the central

processor (Richardson, 1969). The second stage of the network was the
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development of a high speed party. line, called the Dataway, which
provided a means for intercomnecting the various mini-computers in use
at the Research Establishment, including the PDP9L compute¥, such that
any two computers on the Dataway could communicate with each other in a
symmetric manner (Ellis, 1970).

The first computers connected to the Dataway were the PDPIL computer -
and hence, indirectly, the central computer - and a Data General mini-
computer, the NOVA 2600. The NOVA computer had previously provided an
interactive computing service to five attached teletypes, using the
language ACL~NOVA designed at the. Research Establishment (Bennett and
Sanger, 1973).

With the effective connection of the NOVA computer to the central
computer, a network communication system for the NOVA computer was
developed to enable the terminals attached to the NOVA computer to
access facllities on the central computer as well as the local ACL-NOVA
language. This NOVA communication system was called DATERCOM (Sanger,
1976). In a manner analogous to the telephone network's STD systeﬁ, the
symbol § as a first character was reserved to Indicate a desire to
communicate outside the NOVA system, I.e. fo the central computer.

The third stage was the development of a relatively inexpensive
polled party line connection to the NOVA computer, for up to 64 term-
inals and display units whose speeds did not exceed 300 characters per
second. This connection was.given the name SMUT (Serial Multiple User
Terminals system - Ellis,. 1977).

As more and more mini-computers were attached to the Dataway,
communications other than to and from the central computer were needed;
to facilitate these, a more general computer—to-computer protocol was
devised (Richardson & Sanger, 1978). DATERCOM was also extended to
allow a terminal to give the desired computer destination as a decimal
number immediately following the first $ symbol, the default (no number)
being the central computer.

At the present time, l4 mini-computers are directly connected to
the Dataway. In addition, there are terminals directly connected to the
Dataway using a sub-set of the full Dataway connection protococl. These
directly connected terminals appear like one-byte computers to the
Dataway!

A micro-NOVA computer attached to the Dataway services four automatic
answer telephone modems and lines for remote users to dial in to the
AAEC network.
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Apart from the central computer, two large Digital Equipment PDP1l
computers, used respectively for graphics applications and a library
information service, are the most popular network destination computers,
especlally for text editing. These two computers each run under the
UNIX operating system developed at Bell Laboratories in the U,S.A.

The AAEC computer network is open-ended in that it is not necessary
for any one node to be aware of all other nodes but only of those nodes
of relevance to it.

At present, research.at the AAEC in the computer network area is
ailmed at providing an ever widening range of facilities to the computer
user, especlally those facilities related directly to the central IBM3031
computer. The use of micro-computers to provide alternative paths and.
cross links wilthin the AAEC network is aléo being investigated.

8.5 USER COMPUTING PERSPECTLVES

The interface between a computer system and the computer user is of
vital importance. In the early days of computing, this interface was a
card or paper tape reader and a line printer which either directly
printed output or listed cards punched as intermediate output. This
type of interface still exists in some small firms and University
environments. In most present-day installations, users with this type
of computer input and output, interface with computer staff, providing
coded sheet input and recelving printed output via pigeon holes or a.
mailing system., The growth of interactive, personal terminals as user-
computer interfaces has once again provided users with a 'feel' for the
computer to which they are connected.

To be of maximum benefit to a user, a computer terminal should:

(1) be easy to use, and

(ii) provide an adequate fast response.

The first condition requires adequate documentation, either separately
from the terminal, or available by interrogation through the terminal
itself. The second is more subtle. There is consensug that a response
to any terminal input should be received within one or two seconds,
otherwise the user ceases to view the terminal as a transparent aid to
requirements. Some installations program a minimum response time into
their interactive systems so that users will be insulated to some degree
from computer load fluctuations!

Computer terminals, elther printing or video display, will be the

main user-to-computer communication media for many years to come.. The
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possibility of using voice input has been under investigation for some
years now, but two main difficulties have yet to be overcome: recognition
of speech itself, with its varying accents; and interpretation of
natural language commands. Even so, limited use is being made of voice
input in some specialised applications.
One thing is certain. The use of computers, and the ease of their
use, will continue to grow and improve.
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9.1 SUMMARY OF RESULTS FROM THE MODEL

With the Summer School drawing to a c¢lose, the time has come to
summarise the results from our world oil depletion model and discuss
briefly the implications for the future.

Your calculations have produced a disturbing result : for each of
the o0il price assumptions investigated (M = 0 to M = 3), the model gives
a projection for the annual rate of oil consumption, %%, which reaches a
peak before the end of this century. If this turns out to be true, less
than twenty years are available for the world to prepare for the increasing
gap that will appear between the desired consumption rate and the declining
oil production rate. Massive investments will be required to provide
new energy sources, conversion technologies and end-use devices,

Another projection provided by the model is that 90 perxr cent of the
0il resource will be consumed hefore the year 2040 under all the price
assumptions considered. The optimistié assumption that the oil resource
is 50 per cent larger than commonly estimated (i.e. 3000 instead of 2000
gigabarrels) extends the time taken to reach 90 per cent exhauétion by
only 13 years. Similarly, the elapsed time to the year of peak annual
consumption is extended by only eight years.

9.2 LIMITATIONS OF THE MODEL

A surprising characteristic of the model is its insensitivity in
terms of overall behaviour to oil price. We should perhaps be a bit
suspicious of this and examine more closely our assumptions about the
price elasticity-of-consumption coefficient, B. Is it too small?  The
values quoted in the literature for the coefficient are commonly in the
range 0.0 to 0.4 (National Energy Advisory Committee, 1980). If there
had been more time, we might have carried out a sensitivity study by
repeating the calculations with selected values of B from within the
above range. Perhaps we were wrong in assuming B to be a constant.
What if B increased when the o0il price went above some threshold value?

In the first lecture, I noted that, reluctantly, we had neglected
income effects on oil consumption. We did this because, with only one
week available, it was necessary to restrict the complexity of the
model.

It is known, however, that the oil consumption rate is linked to
measures of national economic activity such as the gross domestic product
(GDP). After the oil price jump of 1273-74, the annual growth rate of

the combined GDPs of the nations of the world fell from the boom value
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of seven per cent recorded in 1973 to below one per cent in 1975. World
0il consumption fell by over two per cent in the same period. ©0il use
slumped, partly because of a conservation response to the price rise {an
effect that we modelled) and partly because of a fall in the level of
economic activity that gave rise to the oil demand (an effect that we
neglected).

To include the income response, we would need to define a measure
of economic activity for the world such as the sum of all national GDPs.
Writing this measure as y(t) and using the notation given in Chapter 1,
we could restructure the model into the form

P B a : :
dx  _ _ x(t) o y(t)
ac - %, (1 — (P(t)) ( v ) ’ 7 {2.1)

@ Q

where Y, = y(to) and a is an income elasticity-of-consumption.
If the world economy were to gfow exponentially with

y(t) = yoev' (t=t,)

such that ay = A, then equation 9.1 would revert to our Summer School
model {(equation 1.18).

Some careful statistical work would be required to separate price
and income effects when the values of o and B were determined. Values
would be chosen to give the best statistical 'fit' of the model's
output to the historical values of x(t). Statistical work of this kind
is known as 'econometrics', an active area of economic research with a
decidedly mathematical flavour.

With a model based on equation 9.1 it would be possible, for
example, to explore the effects on oil consumption of eithex a global
economic slump or sluggish economic growth following another dramatic
jump in o0il price in 1990 (the M = 3 case). It would be found that the
time required for 20 per cent exhaustion would be pushed back by another
decade or so. The extra time would be bought at great human cost as
measured in terms of lives affected by unemployment, poverty and hunger.

Another limitation of our model is its global viewpoint. Greater
insight is obtained with larger models that break the world up into oil
exporting regions trading with o0il importing regions. The total oil
resource, X , is split into components which are allocated to the
geographic areas. The model projects future levels of production and

consumption in each region, and the volume of ©il trade.
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If a little time is spent considering the geographical and political
aspects of o0il supply and demand, it will be easy to imagine events that
could lead to a full scale oil crisis well before x(t) approaches the 50
per cent depletion point. For example, under normal circumstances
between six and seven gigabarrels of oil a year is carried in tankers
through the narrow Strait of Hormuz at the mouth of the Persian Gulf
into the oceans of the world. As I write this lecture, the world worries
that the war between Iran and Iraqg will choke that vital flow.

I have dwelt on the limitations of ocur model to encourage some
healthy scepticism. There is a rather dangerous tendency on the part of
many people to treat trend projections from computer models as predictions
blessed with an aura of truth. Of course, the real situation is that
computer models can fail to predict accurate trends as easily any
seat-of~the-pants forecaster. However, the advantages of computer
modelling over instinctive guesswork (mental modelling) are that

. the assumptions underlying the model are explicitly

presented and are subject to scrutiny by others (not easily
done with mental models);

. more variables, relationships and data can be taken into

account than in mental models; and

. the model can readily repeat the calculations in a short time

to test the sensitivity of the results to various data changes.

9.3 SOLUTIONS TQO THE OIL PROBLEM'

Having tested your confidence in the results from the Summer School
model, let me hasten to reassure you that larger models incorporating
all my suggested improvements deliver essentially the same message as
our simple construction, i.e. the world must radically alter its energy
system to permit substantial substitution away from natural crude oil
before the year 2000. By that year, or before if political constraints
increase, natural crude oil production will probably have passed its
highest peak. If the steps taken to reduce dependence on 0il prove
to be inadequate, the world economic system will arrive at its own
'solution' to equation 9.1. The 'solution’ will be to push the price,
p(t), sufficiently high and economic output, y(t}, sufficiently low to

bring the oil consumption rate, %% , into line with diminishing producticn.
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Figures 1.1 and 1.2 make it abundantly clear that, for at least the
next 100 years, the problem is not the availability of energy resources,
but rather the lack of time available to switch from oil to other energy
forms.

Yet considerable time will be required to phase out the vast system
of refineries, oil storage and distribution centres, ocil burning furnaces
and boilers, petrol- or diesel-fuelled cars, trucks, bulldozers, tractors,
trains and ships and jetufuelled aircraft. Little wonder that a major
thrust of energy research and development is directed into alternative
liguid fuel technologies that would permit much of the existing oil
system to be retained.

9.4 ALTERNATIVE LIQUID FUELS

To produce alternative liquid fuels we can draw potentially upon

such technologies as the following; _

(i) Mining sources of oil that were not included in our total
resource quantity, X - These are the tar sands, heavy viscous
crude oils and solid oil shales. They are often expensive to mine
and pretreat to a form suitable as refinery feedstock. There are
usually significant environmental effects associated with their
extraction.

(ii) . The conversion of natural gas to the liquid fuel methanol
which can be used directly in specially adapted vehicles or
further transformed into petrol. This option is one solution
to the immediate problem, but it reduces the natural gas
resource which is no bigger than the oil resource.

(iii) fThe conversion of biomass such as sugar cane, wheat or cassava
into ethanol or the conversion of tree cellulose into methanol.
Oil bearing seeds and plants with oil-like saps may also make
a contribution. For these methods to make a significant
impact, large areas of land would have to be allocated and the
energy recquired to harvest and process the crops would have to
be less than the energy produced. The attractive aspect of
biomass conversion is that it is a renewable energy resource.

(iv) The conversion of coal to oil. Because the coal resource is
large, this method offers great promise as a source of liquid
fuels for the next century. An early version of the technology
is already operating in South Africa. However, advanced
versions are only at the research and development or pilot

plant stage. This means that more than ten years may elapse
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before the first advanced commercial plants begin operating
and nearly twenty years before large numbers of plants and
associated coal mines are in place. The time sequence being
followed by cecal-to-oil technology for initial research and
development, pilot plant construction and assessment, first
commercial plant assessment and large scale implementation
must be traced by any novel capital intensive energy system.

Unfortunately, the central result from our oil model ig that we
have no more than twenty years to establish the replacement technologies.
You see now why the world should be engaged in a frantic race to accelerate
the progress of the new energy systems. The urgency of the problem is
only now being recognised in the political sphere. In many wayé the
five valuable years after the first oil price shock of 1973~74 have been
under-utilised.

Assuming that high economic growth rates resume and that nc major
political constraints on oil supply emerge, the International Institute
for Applied Systems Analysis (IIASA) has recently projected liquid fuel
supply for the world, excluding Russia, China and Eastern Europe (Sassin,
1980). It is likely that the actual supply will fall below the ITASA
high growth projection shown in Figure 9.1.

9.5 SUBSTITUTES FOR LIQUID FUELS

Transportation systems based on liquid-fuelled vehicles are basic
to our way of life; in fact, they have determined much of the present
structure of industrialised society. For example, consider the urban
sprawl of Sydney where people often live over 20 kilometres from their
jobs. This is largely a consequence of the availability of the private
petrol- or diesel-fuelled car. Commitments by society on this scale are
not easily changed and, therefore, there will be great pressure to
reserve the remaiping oil for efficient light weight transport vehicles.

It will be necessary to provideradvanced cracking and re-forming
facilities at oil refineries to extract the maximum amount of light and
middle oil fractions such as aviation turbine fuel, petrol and automotive
diesel oil from crude oil. Production of heavy oil fractions will be
minimigsed. These heavy fractions are presently burnt in furnaces for
process heat and in boilers to generate steam for electricity production
or process heat. WNatural gas, coal, electrxicity and solar energy can be

used to phase oil out of the industrial process heat and residential/commercial
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Liquid fuel supply projected according to the IIASA high-
growth scenario for the world, excluding the centrally
planned economies, The fuel sources represented include
known reserves of non Middle East natural oil (A}, new
reserves of non Middle East natural oil (B), unconventional
forms of 0il such as tar sands, oil shales, heavy crudes
and other products of enhanced-recovery techniques (C),
synthetic fuels made by the liquefaction of coal (D), and
natural oil produced in the Middle East and northern Africa
predominantly by OPEC producers (E). [After Sassin 1980].
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space heat sectors. I should remind you that natural gas suffers from
the same resource limits as oil and eventually the full burden will fall
on coal, electricity and scolar energy in these sectors.

Coal and nuclear fission pbwer can be used now to substitute for
0il and natural gas in the electricity generating sector. Solar and
nuclear fusion energy will probably be harnessed eventually to produce
large quantities of electricity but not in time to solve the immediate
oil problem.

Heavy demands will ke made on coal, despite its environmental
problems, to feed industrial boilers, furnaces and coal-to-cil/gas
plants. The added reguirement that coal should provide the main energy
sourge for new electricity generating stations promises to place severe-
strains on the coal resource and its mining and transportation system.
It was anticipated by many analysts, in the 1960s and early 1970s, that
nuclear power would relieve some of the pressure on coal by providing
the bulk of new electricity generating capacity. However, the recent
combination of lowered rates of growth in electricity consumption,
increasingly polarised public opinion and political hesitancy has placed
a question mark over the future role that nuclear power will play in the
solution to the ¢il problem,

In the IIASA study referred to above, it was found that significant
additions to nuclear capacity were required in both the high-growth and
low-growth economic development scenarios considered. Sassin (op.cit.)
writes:

"The projected figures of the high-growth scenario show that over

the 50-year span of the IIASA study natural gas will maintain its

present share of approximately 20 per cent of the world energy
market but that oil will gradually decline, from 40 per cent in

1980 to 20 per cent in 2030, To make up for this shortfall and,

what is equally important, to meet the demand for liguid secondary-

energy forms an increasing amount of coal will have to be converted
into synthetic fuels. The diversion of this much coal from electric-
power generation will in turn have to be partly compensated for by

the further penetration of nuclear power into the market for generatin

electricity. Because of anticipated resource limits on the supply

of natural uranium, breeder reactors will assume an ever increasing

share of the world energy-supply market from the year 2000 on.
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Renewable energy sources, hydroelectric power and geothermal power
will add up to a fairly constant share of somewhat less than 10 per
cent of the total energy supply, an estimate that implies a substantial
increase in the absolute power-generation levels for all these
comparatively minor supply categories".

From the base year of the IIASA study {1975) to 2030, the total
annual world primary-energy consumption rate is projected to rise from
43 gigabarrels oil equivalent {Gbbl. o.,e.) to 189 Gbbl. o.e. in the high
growth scenario (Figure 9.2) and to 116 Gbbl. o.e. in the low-growth one
(Figure 9.3)

The IIASA projections are based on the conservative assumption that
the world's population will double from 4 to 8 billion within the next
50 yvears and will eventually approach a stable level of 10 billion. A
central tenet of the IIASA model ig that the rates of economic growth in
the under-~developed world will exceed those of the developed world.

This holds out the hope of a more equal distribution of wealth between
nations. It is a vision sustained in the minds of conventional energy
analysts by the assumption that an adequate energy supply system with
high technclogy components will be available. However, some of the
compeonents, particularly nuclear power, are currently under attack.

9.6 ENERGY AND LIFESTYLES

Technologists who are familiar with the excellent safety record of
nuclear power, and who are convinced that the problems of waste disposal
and nuclear fuel cycle safeguards can be solved successfully, are often
bewildered by the degree of hostility shown by groups in opposition to
nuclear technology and their complementary enthusiasm for small decentralised
energy systems. Douglas (1980) writes:

"One slgn of this lack of comprehension is seen in the labels

usually applied to these opposition groups by industry spokesmen

and the press. 'Radical environmentalists' is one favourite, although

environmental concerns have now frequently been merged with broader

economic issues. 'Nuclear opponents' is another common label,

although the groups often seek to block construction of other large

energy facilities as well. A better term would be 'energy agrarians' -

for the vision shared by activists in this loose movement involves
not only a decentralisation of energy sources but a return to

simpler technoclogies and life styles in general".
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Whatever our vision of the future, be it the high technology
solution of advanced centralised coal, nuclear, solar and fusion systems,
the"small is beautiful' solution of decentralised systems largely based
on direct solar and biomass energy sources, 6r some middle path with all
technologies playing complementary roles, we must ensure that the transition
is feasible. Advocates need to convince us that their respective visions
can be achieved without economic collapse and populations reduced by
starvation or by the destruction of much that is beautiful, clean and
wild in our natural environment,

7 FINAL THOUGHTS

Perhaps it is idealistic to say this, but I would wish that the
maltiple decisions on what is to be an acceptable energy system will be
taken democratically following reasoned debate that considers all the
important economic, sogiological, technical and environmental aspects of
the problem. Energy models can provide planners and policy makers with
valuable insights as the debate proceeds,.

I gpeak for all the Summer School staff in expressing cur ﬁope that
the School has added to your awareness of the beauty and power of mathematics
and the humanitarian usefulness of coméuters. We wanted to show you how
these tools can be applied to gain insight into one of the most perplexing
and dangercus problems facing our world.

We would like to think that this experience will help you to decide
whether you wish to enter a profession that uses mathematics and computers.
It may even stir your interest in the professional areas associated with
energy supply, conversion and end-use. If you become involved with an
energy industry, you will encounter the breaking storm of the oil problem
in all its fury. And, while the coming turbulence seems almost inescapable,
there will be a great deal of challenge and excitement in keeping afloat
and pointed in the right direction,
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POSTSCRIPT

An Exercise in Gamesmanship

During the Summer School week, at different times to be indicated,
you will be given the opportunity to try your hand at gamesmanship. You
are expected to finish the game shown half completed on the next few
pages. (The underlined items indicates user replies as distinct from
computer prompts.) On the last day, you may have time to try other games
(these would be full games of 10 moves). Towards the end of the Summer

School, the computer will search for

(1) the best results for the first game, and

(2) the best results for all games.

All the best as you play TWOIL.

JMB & JPP

Here is a GAME for the Summer School
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