AAEC/E 57

JJ 5 \_/ R

s
UNCLASSIFIED

AAEC/E 57

AUSTRALIAN ATOMIC ENERGY COMMISSION
RESEARCH ESTABLISHMENT
LUCAS HEIGHTS

A TWO-GROUP ANALYSIS OF A FINITE FULLY
REFLECTED CYLINDRICAL REACTOR

J. J. THOMPSON

Issued Sydney, December, 1560

UNCLASSIFIED






AUSTRALIAN ATOMIC ENERGY COMMISSION

A TWO-GROUP ANALYSIS OF A FINITE FULLY

REFLECTED CYLINDRICAL REACTOR

J. J. THOMPSON

Abstract

A method is developed for the calculation of the critical size or effective
multiplication constant of a fully reflected cylindrical reactor with a uniform core
and uniform reflectors, using two—group theory. Solutions of the basic differential
equations are superimposed, and boundary conditions satisfied by the use of orthogonal
functions. The method appears suitable for a small digital computer.
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"L INTRODUCTION

Fully reflected cylinders are of particular interest as being reasonable models of practical
reactor configurations. The solution of the diffusion equations for such systems usually involves
finite difference approximation and the application of the source iteration technique using digital
.computers, Machines with large storage capacity are required to store the constants for each group
relating to each mesh point. Non~uniform cores represent no significant increase in time, as non~
uniform mesh lengths are universally employed.

Without ready access to the large machines required, there is some incentive to develop a
‘method which would necessarily be restricted to a few uniform regions and a few groups, but which
would enable these restricted solutions to be obtained on a much smaller capacity computer. Such
a method should be capable of yielding a good estimate of the flux distributions as well as the
eigenvalue, ‘

There ate two apptoaches that might be adopted. The first is to take a series of functions
that satisfy the differential equations but involve a number of arbitrary constants which must be
adjusted to satisfy the boundary conditions to the required degree of accurtacy. The other is to choose
functions that satisfy the boundary conditions and force them to approximate to the solution of the
differential equations. In this paper the first method was chosen, The theory is developed in matrix
form for a two--group analysis. To avoid complications, both fluzes are made to vanish at the outer
reflector boundary. ‘

2. THEORY

A cylindrical core of radius R and height 2H is surrounded by a reflector of thickness T in the
radial direction and Z in the axial direction. The system is symmetrical about the r axis through the
centre of the cylinder. The overall height is 2L = 2(H + Z). The core, region C, occupies the space
0 € 1 <R, ~H < z < H, the top reflector, region A, occupies the space O£ £ < R, H <z < L and the
side reflector region B, occupies the space R <r <R+T, ~L <z < L. Regions A, B and C are of
uniform composition.and nuclear properties but A can be different from B, In the following development
it will be assumed that the diffusion coefficients in each region are the same in both radial and axial
directions, but the extension to include anisotropy is obvious.

The reflector B, and the end reflected core A +C will be considered separately, The final con—
-dition for criticality will be obtained from the conditions of continuity of neutron fluxes and neutron
currents over the surface r = R, A set of orthogonal functions in the range —L < z <.L which will be
used is : ‘

cos(-“-E-—z—) y = 1,35 ......
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An affix n, subscript or superscript, will be used to indicate quantities which are functions of n,

In region B, the diffusion equations are
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where Zg is the cross—section for transfer from group 1 to 2,
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A solution satisfying the boundary conditions of vanishing flux atr =R +Tand z= +L
is therefore

q.‘:];‘ (r,z) = cos (W3 Sp clnBu(r)A‘l‘3

ie. qsml“ 1 0| UPg,0) O ABll"
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vhere S(B) = (%g/D3)p /(I<22B —kﬁss)
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vith a similar.expression for ( ®g (r) ), vith ﬁln replaced by B, ~ and
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‘The neutron current vectot in the +r direction, directed into region B at r = R is therefore

1
Iy (R) = —cos (A2)Dp Sy $p,(R) AR

where Dy is the diagonal matrix of diffusion coefficients and dashes will always denote
differenttation (not transposition).

A flux matrix '}'.\n can now be defined as

W = -DgSy fl)én (R) @E}l (R)sgl

This matrix relates current and flux at r = R. Thus, if in the general case of a fully reflected
reactor, the flux distribution along z at r = R can be expressed as the Fourier series

¢(R) = Z cos () Gy

then the neutron current distribution will be

§(Rr) = Ecos (ﬂ{ﬁ) Gy



The matrix A when evaluated is quite simple, It is

So = Dip 0 Xln 0
| S(B)D2p Dop | | ~-S(B) Xy X g
vhere :
X1 = A J 11 B1a R 1o(B1a(R + 1)) +1 (B1a R K (Bra(R + 1)) ete.

| %B1a BT, Bia R¥T)) =L, (B1aR) Ko Bra(R + T))
It should be noted that as n and hence 81, increases
X1n ™ Bia K1(B1n R} / Ko (B1aR) etc.

Inregion A, the diffusion equations are obtained from la and 1b by replacing the suffix B by A,

A solution can be obtained as

¢An(r,z) = cos (-‘ﬂgﬁ) Sy Py, (0 A':‘

1, (o ]
where @, = 0 (01,5)
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In the core, region C, the two—group equations reduce to

(V2e 2y 9212y =0

The relevant solutions involving cos { “Lﬂ) are
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1.2 1.2
To obtain a continuous cosine flux distribution atr = R
' n _ n
Sc (I)Cn (R) AC = SA (DAn (R) AA
n n

. _ ~1 -1 n
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Now the solutions ¢, and ¢ a will not give continuity of flux (except at r = R) or
cutrent over the interface between A and C. Additional solutions of the relevant diffusion equations
must therefore be added to satisfy these conditions. The solutions can be chosen to involve radial
functions orthogonal over the range O € r < R, Suitable functions are

Jo(®pne/RY m=1,23 ...

vhere Jo () = 0

The values of &y are 2,405, 5.520, 8.654, 11.792, 14.931, etc. The orthogon.al relations
that will be required are : :

1
f Ly (e B Jo(e 20 a5 = 8 112 (@ )/2

[+]

In tegion A, the solution in terms of these functions is

@
Pan(n2) = %Jo (—a—){{ﬁr-) Sa ¢Am (z) AAmn

b (@) - sinh (T (L —2) ) 0
Am -

0 sinh (O3 (L~2) ) ]
ol?n = (®m )2 + kle etc,

In region C, the solution is

dodnm = % T, (2nD) S¢den AL



\i_ICm (z) = [cosh (x, z) 0
0 cosh (o, 2)
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If -C‘I)Tm < k then the xp, function becomes cos ( (KZ_(%Z)AZ) but the modific_ations
to the following analysis are obvious,

At this stage, the flux distributions in A and C are as follows,
*®

n
¢, = ¢An+ ¢An

= cos (AT12) Sp0pn (I By Ac + 21, (PF) S Ypn @) AL

dp = Cea t d’c;

n mr mn
cos (""I:z) S¢ Ocp ) Ac + ﬁ I, (R S¢ Yom (2 A
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The functions @, and P~ can be expanded in terms of the Bessel functions, i.e., with
.Fourier — Bessel coefficients UM™1,

Oa® = % L, Ty

Pca @ = 1o (RO UC
Using the result

1 .
. @ Iy deLy = ; L (a)
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and the similar integral for J, (—@Rl-'- ), it follows that

2 2 .2
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0 ooz B / ( @} + ad, RY)
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2w Jo(KnR)/(“"rﬁ"'Kr?Rz) 0
Umn = ____III_

2. 2.2
I(aR) /(0 + gy R)

The continuity of neutron flux and current at z = H requires that for each value of m,

cos (."—{-’ﬂ) SAURR, g + Sy, @) A"

= cos (M) s USM AR+ SC ey, () AT

and

: H
~ () sin (*L D, S, UL B AC * DSy YAm(H) 43"
", . 7H
-~ (1D sin (FF) B SCURMAL * DS oy (D AT

To solve these equations, let

Dy Sp l‘bAlm(H) = = A amSa Yam ()

1 —
DC SC ¢Cm(H) = ’\Cm Sc l/JCm (H)
i.e.

)\Am

1 -1 -1
—Dy 8y Yy () Yy (IS,

A
Cm

1 -1 -1
DC SC l‘me (H) “me (H) SC

These matrices are again comparatively simple

D o |- h(o. Z) 0 T
1A -—Olm cot. (O‘lm

A o=

Am

i S(A) Dy Doy S(A) &y, coth(o9 Z) —0oy coth {09y, Z)

DICSK "DICSpL #, tanh (KmH)
}\Cm =

-

§1 K tanh (# H)

ot b

. A Sk +8,
LDZC D¢ ~Hptanh (HpH) Sy tpytanh (u H)

The two boundary conditions now reduce to

(H) amn
(}\Am * )\Cm) SA "%m) AA

e
H inn - mn n
Mam * Aew S¢ ¥ A = Q¢ Ac
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where

Q" = = { Ay cos AFEL) + Dy (35 SIH("WH)} AUy By

Umn

+ { }\Cm cos (n'rrH) + D¢ (n’rf) sm(——L—-) } SC

Qe = {n, cos@fl) D, @) sin@fH)} s, UMR

-~ { ANpm cos (ﬂer-) -D¢ (QLE) sin ([—'-@) } Sc 1§ e

The solution is therefore

-1 -1 -1
mn _ H mn o, 0 - ymOoan
Ap VA S vt hem) QU Ac A e
Ao yb_lH) S_I N A ) -1 mn,n _ gmo,n.
C C(m C ( Am Cm QC C C C

The complete solunon for the end reflected core A + C when the fluxes along r =R are dis—
tributed as cos (T) is now as follows,

.qSX (t,z) = { cos ("'”Z) q) (r)P + Z J (fﬂn!) l,/j\m(z) x;’“} Ag

a(nz) = lcos BFB)S B () + 5 J, (40D S ¥ X"} A

To match up the neutron cuzrent at t = R with that in the reflector, it is necessary to have the
neutron current distribution.at r = R in the A + C system. This current will be taken as positive
if directed into the material, i.e., in the —r direction,

ForO0 <z<H
IC(R2) = D¢ {cos (W) S. BR) — = % o ]y () S Yo @ X )

and for H < z < L,

mn (1]
(«)S, Py (2 X, } A

C

n = . nvz 1 - 2.
QA(R,z) DA{ cos ( = ) sAqu(t?)l;- %. __ijl
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This distribution can be expanded as

'R,z = g cos (872) oS AL ,28-1,35.... ,0<z<L
H
where T ]
Y 2[42 (R,2z) cos ([ Z)dG) + 2 j §3 (R, 2) cos (5[12) d ()
H
(0] ——
L

The first integral produces 2 8(8,n) from cos (% )
and 29C (S, m) from &,me (z)

The second integral produces Sy~ 26(8,n) from cos (5%73-‘)
and 2 QA( S,m) from l,lJAm()z)

The int;grations present no difficulty and tﬁe results are

1
o

H .
20(S, n) =Tt o sm(ﬂ_LTI..l.'_l.) COS(MI#) ., 8=n

28 sin (§TT—H) cos (ﬂ.ﬂ_}i) - 20 cos (&Iﬂ) sin (__n"'TH )
- L L L L s %
. n

(S2 —n2) w

The matrices 2 @C (S, m) and 29A(S, m) are diagbnal. The leading element of 219C (S, m) is

2

STnti 2 ‘{KmL cos (ﬁfﬁ) sinh (K ) + S7 sin (§-I7j—H_) cosh(KmH)}

with a similar expression for the othér element in fip. Similatly the leading element of

26, (5, m) is
2 S7H _ s STHy s
52W2+L20‘12 { UlmLcos (—L—) Cosh(OimZ) S sin (——-—L ) smh(oimZ)}
m

with 2 similar expression for the other element in o, .

The complete expression for 5" is therefore

6% = DS¢ {29(8,11) T R) - Z (%m) Jy (@m) 26 (S,m) XC" }

¢ Dy, {( b —2068 M) QLRI B = () 1 @) 26,5, m) X}° }
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Thus, finally, if the flux distribution along tr = R in the A + C system is

n _ n
¢ (R) = cos(“fz) Sc Cen (R Ap

n n
= nmvz A
= cos (=% A
( L ) C
then the neutron current distribution is

n . ST Sn n
4§ (R) g cos(—l:E) & AC

If, in the general case of a fully reflected system, A + B +C

MRy = ﬁjcos("fz)Gn

then the neutron current distribution due to A + C is

S )

i

Sr Sn ny—1
nZ §Sicos (_I:_z) o (A _) _Gn
= s Sn
n): g cos (ﬁ A G,

In order therefore to satisfy the boundary conditions between A +C and B

< S Sn
_Ecos(p‘g—z))\n Gn _Eﬁs: cos(--L—z))\. Gﬂ
_ Tz P
= Eﬁp cos (QL_—)-A GP

This condition can be satisfied if

L, e . .
2o R, B8 : . .
)?1 )éz (')'\3 . ??3 y . . . = 0
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In practice it will be necessary to truncate this determinant. Some very limited experience
has indicated that the vanishing of a 6th order determinant is sufficient to establish a critical
radius with reasonable accuracy. If, however, the flux distributions are required, then it will be
necessary to take account of the higher orders.

A similar method to that outlined above can be applied if the separation into two sub—
systems is made by means of a plane cut at z = +H. A further extension, which will involve
doubling the size of the determinant at least, would be to develop the analysis for a system
unsymmetrical about the r axis, i.e. with different top and bottom reflectors.

In searching for critical systems it is possible that a much smaller determinant would be
satisfactory if the theory were developed in terms of neutton importance. Neutron importance is
a much smoother function than flux and fewer terms would be required in the expansion along the
boundary between sub—systems.

3. CONCLUSION

The method developed involves the manipulation of second order matrices only, Matriz
inversion is therefore not a problem. In addition, many of the matrices involved are diagonal. It
is suggested that a small computer could handle the calculation in two or three stages. In the
first stage the elements of the A matrices would be computed for different values of the independ—
ent parameter, e, g. critical radius or effective multiplication constant. This output would be used
as input for the second stage in which the determinants are evaluated. The third stage would be
the computation of neutron flux distributions.

4, NOTATION
A . Constants appearing in solutions of the diffusion equations,
D Diagonal matrix of diffusion coefficients,
H Half height of cylinder core. |
g Neutron current #ector.
k2 Inverse diffusion area in reflector.
L 'Half overall height of core plus reflectors.
R Radius of core.
S Matrix of coupling coefficients in two group diffusion equation solutions.
Sy Ratio of fast to thermal flux derived from (V2 c kD ¢=0.
Su b e e e (PP _yee 0
T Thickness of radial reflector.
Thickness of end reflectors.
mn Kronecker delta.
qﬁ( £, Z) Flux vector.

@ (r) Diagonal matrix of radial functions associated with a cosine axial distribution,
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Y(z) Diagonal matrix of axial functions associated with a Jo Bessel function
radial distribution,
W m "th root of Jo (@) = 0.
Suffix Refer to top reflector, radial reflector and core regions tespectively,
A,B,C
Suffix Refer to fast and thermal groups respectively.
1,2

Affix n Refers to functions associated with cos (-“_;‘lz_ ) .

Affix m  Refers to functions associated with Jo(wnt/R) .






