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ABSTRACT

A muacroscale formulation is constructed from a svstem of partial differential equations
which govern the microscale dependent variables. The construction is based upon the re-
quirement that the solutions of the macroscale partial differential equations satisfy. in
some approximate sense, the system of partial differential equations associated with the
microscale. These results are resricted to the class of nonlinear partial differential equa-
tions which can be expressed as polynomials of the dependent variables and their partial
derivatives up to second order. A linear approximation of transformations of second or-
der contact manifolds is emploved.




Introduction

Macroscale formulations arc often derived from the partial differential equations which
govern the microscale variables by three main procedures: (i) stochastic, (ii) asymptotic
and (i) spacc/time/mass averaging mcthods. By examining the heterogencity of the
porous medium Gelhar and Axness [1] adopted a stochastic approach to infer macrodis-
persion of species fluid transport. By assuming a periodic structure for porous media Ene
and Sanchez-Palencia [2] employed asymptotic methods to derive macroscale balance
cquations for heat and mass transport through porous media. Nguyen et al. [3] started
with the balance equations for the microscale dependent variables and applied
space/time/mass averaging techniques o derive macroscale partial differential equations
for multiphase flow through porous media.

The latter approach is similar to techniques used to derive fluid turbulent models. Here
mean flows are sought by applying certain time or space averaging operators (o the
Navier-Stokes and continuity equations [4]. What results are time/space averaged nonlin-
car terms involving the microscale fluctuations of the velocities. Closure models are then
obtained by assuming that thesc terms arc some functions of the macroscale dependent
variables and their partial derivatives.

The approach taken here is to start with a system of partial differential equations in a gen-
cralized form and cxamine the conditions under which the system is eligible to represent
a macroscale formulation of some microscale system of partial differential cquations.
The criteria for this cligibility could be stated as follows:

(1) that solutions of the macroscale partial differential equations satisfy, in some approxi-
mate sense, the partial differential equations which govern the microscale variables.

(i1) that the macroscale partial differential equations are dissipative to microscale fluctua-
tions in the solution (not necessarily dissipative to macroscale fluctuations) and

(iii) that the solutions of the macroscale partial differential equations, subject to appro-
priate boundary and initial conditions, arc representative of the macroscale behaviour of
the system under question.

Here we will concentrate on (i) to obtain the macroscale partial differential equations in
the most gencral form involving a set of empirically based parameters. The constraints on
these parameters which address (i) and (iii) are application specific and will be investi-
gated at a later stage.

The style here is one of construction by derivation but for brevity use is made of the nota-
tion of the theory of horizontal ideals as developed by Edelen {5]. Therefore Famitiarity
with this work is assumed. The scope of this theory as employed here is condensed in the
Appendix.

Macroscale/microscale contact manifolds




et M and M denote the spaces of the independent variables of the macroscale and mi-
croscale systems, respectively, with coordinates (x') and (X'). respectively. Here and
throughout the indices 1, .k, 1 are to be assumed to range from I to n, where n is the di-
mension of the base manifold M and M. The Greek indices a. B, ¥, 2.5 arc associated
with the dependent variables and range from [ to N (= 1).

The microscale and macroscale independent variables are related by the map ®: M — M
such that @' = xVe for some small parameter £ > 0. Let K, and K, denote the second
order contact manifolds associated with thc macroqcalc and microscale. respectively. with
local coordinates (x',q”,1{', r{}) and (&,q", 1, ", ;)\ respectively.

Let H[K,] and H[K,] be the horizontal ideals on K, and K,. respectively. The collection
of regular solution maps ¢: M — K, which annihilate the horizontal ideal H{K, | is denot-
ed by Z[M. H[K,]}]. Similarly, the collection of regular solution maps ¢: M — K, which
annihilate the horizontal ideal H{K,] is denoted by Z[M. H|[K,]].

The canonical basis {V; 1 | £i<n} for the module H'[K,] of Cauchy characteristic vee-
tor fields of H[K,] are given by
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where A"ke/\“(Ka) satisfy the symmetry conditions (A3). Integrability of the horizontal
ideal H{K;] requires that Afy satisly the conditions (A8). Similar propertics hold for
: ijke/\”(Kz ) associated with the horizontal ideal HIK,].

Here the maps ¢eZ[M, H[K,]] and ¢eZ[M, H[K,]] arc restricted to the case where the

independent variables are unchanged. i.e. ¢ x'=x" and ¢ X' = X'. The extensions of the
following to general base manifold coordinate transformations should be immediate.

A map geM — K,, ¢eX[M, H[K,|]. yiclds an association with the coordinates of K,
and some ¢” € A%(M) and their partial derivatives.
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Hence if such a map also annihilates some F" € A%K,). the expression
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represents a system of N second order partial differential cquations with respect to the <o-
ordinates (8') of M.

Here we have in mind the situation where ¢ (x ) admits the decomposition
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where ¢” (") and ¢%(X") represent the fluctuating and nonfluctuating components, respec-
tively, of ¢ (X",

The class of partial differential equations to be considered here arc obtained from
" e A°(K,) which can be expressed as polynomials of the coordinates of K,. The proce-
dure that follows could be generalized to include polynomials of the coordinates of K to
any degree. For demonstration purposes and also because it includes many important ap-
plications, ¢.g. fluid cquations of motion, convection-diffusion, heat conduction. cte.. we
consider the expression

5) F'= /1”“ + 05T+ vy 1/J

j
where the A, 57, v’s arce prescribed constants. In applications the dissipation terms (v/, 'l,’l)
are. for example, associated with diffusion/conduction or fluid viscosity.

The interest here is in applications where it is difficult to obtain solutions of (3) as explic-
it functions of the independent coordinates (&) and where some kind of numerical ap-
proximate solution is sought. It is often the case that solutions are sought on a domain
which is relatively large in M and hence macroscale independent coordinates (x') are in-
troduced. From the composite map go®: M — K, we obtain the pullback of F e AYK,)
to the partial differential equations

6) (god)F" =0

on the manifold M. Note that godeZ[M, H[_f(z]].

It is often impractical to solve the system of partial differential equations (6) numerically
if dissipative terms are small (i.c. v;i‘i arc small) since grid sizes need to be extremely re-
fined to resolve the fluctuations in the solution, if they exist. One then attempts to replace
this system of partial differential equations with a new set of partial differential cquations
whose solutions are somehow representative of the macroscale behaviour of the physical
variables. Often apparent physical processes are introduced at the macroscale which are
manifestations of these microscale fluctuations. An example of this can be found in the
process of dispersion of solute transport through fluids.

In fluid flow the macroscale dependent variables are often thought of as being representa-
tive of some mean flow. In time/space/mass average approaches this association is imme-
diate. Here we shall regard the macroscale dependent variables in a more gencral sense.
The cligibilty of some F”e A"(K,) as being a representation of a macroscale formulation
of some F eA%K,) is made only on the basis that the solution maps of the F” are ap-
proximate solution maps of the microscale system F" through some pullback to the base
manifold M. If the microscale partial differential equations are statements of balance or




conscrvation of some physical variables then the criterion of cligibility of a macroscale
formulation used here is equivalent to the statement that the macroscale physical vari-
ables do not violate the microscale conservation laws (at least by approximation).

Contact Manifold Transformations

Let S: K, = K, such that S"H[K,] < H[K,]. In this study there is no requirement that
S~ exists. If ™' does not exist then the set of solution maps of the horizontal ideal H[K,]
is mapped to only a subsct of the sct of solution maps of H|K,].

We consider the map S such that

(7) Si - S*ii — Xi/E, SIX — S*qn — qa +EC:(I
for some ¢*eA’(K,). Noting the propertics of S (see Appendix)
(8)  Vi<s>=ale. 8 =S =t +eV, <" >).

st = S*T‘i = e‘“(l" +eVi< V<" >»)

The pullback of F under the action of S is given by
(9 SF = e‘(‘l‘" +eQ7 + ez@")

where W*.Q", ©” e A"(K,) are given by
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Let F*e A"(K,) represent the macroscale equations on K, We assume the closure of the
ideal Y[K,.F”] which is guaranteed if the idcntily (A12) holds for some choice of
dﬁ,e/\”(K ). We associate F* with the pullback of F” through the identity

(13)  S'F =$5F + (V< PP > 40V, <V < B 4B
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where s}’, ouy e/\“(Kz) are yet to be determined and E"E/\“(Kg) is included as some




remainder term. 1 (A12) and (A 13) hold then for any e Z|D < M, Y[K,, F*]] we have
(14)  (Sop) I = ¢ "

This suggests that we seck an F* e A"(K,) and Sihe l'/?, uj,',"e/\”(Kz) such that ¢ E® is cither
identically zero or at least sufficiently small. At first glance the presence of the terms
V, < F# > and V; < V; < F” > in (13) appear to be superfluous given the identitics (A12)

and (A13). However. it will be seen later that their presence will enable us to write F* in a
more desired form.

Consider the expression
(15)  F* =YY"+ ¢R"

where " is given by (10) and R" e A’(K,).

If we set
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for some e’ %' e A"(K,) we obtain from (13)

A7) E” = eHQ" =R =ci'V, < W > IV, <V, < W s |4 017
where T" e A"(K,) is given by

(18) T =0"- fV <R > 3"V, < Vi < RM >

To minimize E” a suitable choice for R” is given by

(19 R"=Q"—cj'V, < > IV, < v, < W/

[t should be pointed out that the assumptions (16) do not exhaust all the possibilities of
F? and have been made in order to obtain an identity for R* explicitely in known quanti-
tics.

In applications where it is practical to obtain solutions to partial differential equations
through approximation by the employment of numerical schemes. ¢.g. finite difference or
finite clement methods. the accuracy of the solution is dependent on the mesh or element
size of the discretization used. For computational speed one aims 1o maximize the mesh
or element sizes such that sufficient accuracy is maintained. It is often the case that for
practical computational reasons the mesh or clement sizes are too large to resolve the mi-
croscale fluctuations in the solution. Here we address this by replacing the original sys-




tem of partial differential cquations (6) by a new system based on (15) which describes
the macroscale behaviour of the solution over cach mesh or element of this discretization.
Each mesh or element should be thought of as a representative clemenatry volume (REV)
over which the macroscale behaviour is of interest. Since solution by numerical methods
is one of approximation it would be sufficient also to consider the macroscale behaviour
over cach REV in an approximate sense. The proviso here is that the error introduced by
the latter does not overwhelm the error introduced by the numerical scheme.

We shall examine the macroscale behaviour locally over some small open subdomain
D < M which we associate with some REV. The small scaling parameter ¢ is associated
with this REV and the macroscale formulation is dependent on ¢ and hence is scale de-
pendent.

If p"(x"Y = ¢ q“. where ¢eZ|D < M, Y[K,, F ], arc regarded as the macroscale depen-
dent variables then the macroscale partial differential cquations are given by

20) ¢ F =0

where F“ is given by (15). We have on cach open subdomain D ¢ M

¥
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Since ¢ eA"(K,) the term e¢ ¢ will be small relative to the order of magnitude of ¢” if
¢" is sufficiently smooth and does not exhibit microscale fluctuations with respect (o the
macroscale base manifold coordinates (x'). Thus on the subdomain D c M. (SOqﬁ)"q"
are. for sufficiently small . approximations of the macroscale dependent variables ¢ (x').
The next step is to examine whether SO¢ is an approximation to an anninilator of F.

For any ¢:DcM—K,  ¢eZ[Dc M. H[K;|] consider the composite map
Sop:DcM = K, It follows that SogeX[D < M. H[K,]] by simply noting that
(Sop) H(K,] = ¢"(S"H[K,] and S'H[K,] < H[K,]. Furthermore. if
peZD < M.T[K,, F]] then it follows from (14)-(19) that on the open subdomain
DcM

r oo g
(22)  —(Sop) F* = r2¢ 1"
.

The term /¢ has been introduced in (22) to remove the common factor of ¢ which arises
from the scaling of independent coordinates. Since T”eAY(K,) the crror term ¢ ¢ T
will be small if the macroscale solution ¢'q” = ¢”(x") is sufficiently smooth and frec of
microscale fluctuations with respect to the macroscale coordinates (xi).
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Linear transformation

. . . .. . . . 0 .
Since local approximations are of interest it would make sensc to consider ¢ TeN(K,) as
a polynomial of the coordinates of K,. The order of these polynomials may be arbitrary.
To reduce the calculations we shall consider here the lincar case

B _ B i o qPik
(23) P =l 4 blgn D + dRe

where the a, b, c.d’s are arbitrary constants. We simplify matters even further by assum-

i

ing that ¢’ and f*/’," are constants rather than functions of the coordinates of K.

From (11) and (23) a calculation yields
24) Q"= (zl”‘b”+77‘/’,'),dﬂ)1 +(/1’” s v"") (n}’}'Ah + 1]’” b/,)q e 7]’,”,L,,' '/jliy 1
I]'/?AL L]/’II’I + lzg’;ci"'lfll’l +- /1’” 1’,'k/‘\|Ik + 17’,’,',,d’“'“ 1/’/\IIL

Il we wish to apply the constraint that the macroscale partial differential equations be see-
ond order we must remove the terms Ay in (19). The terms Vi< Ff'> and
V,<V;< F” > in (13) become useful here. We set

25 1y =dy" =58

for some constants g", to obtain

(26) R” = (/1‘”13/' +17‘/','yd/})r (l’”c,, —c"'/l,, + vﬂ )1” +- (1}’,}')17 + z]”‘ b,,)qﬂ ot
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where repeated use is made of the symmetry of off and Afy.

In physical applications such as fiuid flow the parameters a” . b7, L’/’,' (,’/’,' ' can be regard-
ed as empirically defined parameters based on properties of the fluid and possibly the ge-
ometry of the domain and boundary/initial conditions. It must be stressed that it is the
choice of these empirical parameters which will ultimately dictate whether the resulting
solutions of (20) adequately describe the macroscale behaviour of a specific application.
One may imposc constraints on these parameters which originate from physical argu-
ments. These may include conditions which will require that the terms R” are dissipative
to perturbations in the solution with frequencies above some cutoff value. This will en-
sure that the macroscale solutions are free of microscale fluctuations.

Exampie: Incompressible Turbulent Fluid Flow.




Let the coordinates of M be (&', X2, &%, £ = (%, ¥,2,1) (n=4), where (X, ¥,Z) are the spacc
coordinates and T is the time. If (X') are nondimensional coordinates then the Navier-
Stokes and the continuity equations can be written in the nondimensional form

27 “Q+r—yzmm f<a<3

b=1

’1']
||M~

4 &
28 F=Xn

b=l

where (G',3%.6, 3" =(¥,,V ¥y, ¥,,P) and 4 = I/Re and Re is the Reynolds number. Here
(¥x. ¥y, ¥,) are the nondimensional velocity components and p is the nondimensional fluid
pressure. £ can be written in the form given by (5) if

A= n = =1, 1<a<3
(29) 77,",';:1, 1 <a,b<3
v =y, 1<a,b<3

and the 4,7, v’s are zero otherwise (in (29) the summation convention on repeated indi-
cies does not hold). It can be shown that (27)-(28) can be obtained from balance n-forms
through the identity (A18) and hence are balance or conservation equations.

We recall the transformation of coordinates ®:M — M, ®'%' =x'/e. The simplest
macroscale equations can be obtained from the identity map for the dependent variables

(¢* =0), and setting F” = (S"F%)/e to obtain

3 3
Gl F=d+Yqg+d-euX, iy, 1<a<3
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3
32) F'=Yn
h=]

Note that in this case the error term £*T* is identically zero and the pullback of (31)-(32)
by some ¢geX[M. Y[K,. F*]] is equivalent to (6). For high Reynolds number flow the pa-
rameter g is typically small and the viscous term in (31) is of the order 4. For high
Reynolds number which results in turbulent flow the system (31) is inappropriate for nu-
merical solution since it is often the casc that grid sizes would have to be too small for
practical computation. As a result closure models for turbulent flow have been proposed




which attempt to describe the flow only at scales larger than some cutoff length. In the
large-eddy simulation model one applies a Gaussian filter to the flow equations which in-
troduces a Reynolds stress for small-scale turbulence below the cutoff length [6]. A brief
and concise review of some turbulent closure models may be found in [4].

A closure model for turbulent flow similar to the large-cddy simulation model can be ob-
tained by the approach outlined in the previous sections by the appropriate selection of
the empirically based parameters a",b’;,c;i,e;’,i, g'. To ensure that mass conservation a
the macroscale is maintained to an error of £°T%, i.c.

orij

we introduce the linear constraints on the parameters bj. cj', e,

34) A0 =0, Alcl-cfad=0, ¢inf, =0
For the fluid momentum cquations (F', 1 <a<3) the terms obtained from (26) for
R®, | <a <3 subject to the algebraic constraints (34) are the most general that can be ob-
tained from the linear transformation (23) under the assumptions based on (16) and the
constraint (25) which restrict the flow equations to second order partial differential equa-
tions. One of course could secek more complex turbulent closure models by replacing ¢
in (23) with a higher order polynomial of the coordinates of K,. As it stands the expres-
sions on the right hand side of (26) still involve time derivatives of the dependent flow
variables. If desired these may be removed in a number of ways, the most direct being

the introduction of additional algebraic constraints on the parameters a”, b, c%'.¢j', g".

For specific applications it is likely that one could continue by adding algebraic con-
straints on these parameters based on sound physical arguments. These may include con-
straints which require that R*, | <a <3 are dissipative to microscale fluctuations in the
solution. In the end one expects that there will remain several unknowns in the set of pa-
rameters which will be determined empirically. Specific applications addressing these is-
sues are left oper for future investigations.
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APPENDIX

K, is the second order contact manifold with coordinates
(x',q%, 17, 1,’7 . 1<i,j<ni 1 €£a <N where it can be assumed that = lﬁ M is the base
manifold of the independent coordinates (x'). The horizontal ideal H[K,] on K, is given
by

(Al)  H[K,]=1{C".Cf Hf)
generated by the differential I-forms

(A2) C"=dq" —1fdx, CFf=dif - l‘gdxj, Hif = drjj - A gk(ixk

i
where A%, e A%(K,) satisfy the symmetry conditions

i
(A3)  Afl = Aji = Aj
The set of regular maps ¢: M — K, which annihilate any ideal T[K,] on K, is denoted by
(Ad)  I[M,Y[K,]]={¢:M = Kyl ¢ 1 0,4 Y[K,] =0}

where i = dx'Adx?A - - Adx" is the volume n-form on M. A map ¢eX[M, H[K,]] yiclds
the pullback identities to the base manifold

_ 9ty L, 9%9"(x)

) . . a]¢)u(xl)
a _ gyl O T - a =
(A5) ¢ q"=¢"(x), ¢ 0 YN T o

? = Gxnaxt

Associated with H[K,] is the module of Cauchy Characteristic vector fields
(AG) H'[K,] = {UeT(K,) UJH[KZ] c H[K,]}

H*[Kzrl admits the basis of canonical vector fields {V; | | <i<n} where

G 0 J
A7 V., = — +1 +1F A
( ) i ax, G aqu L1} aI;’ ijk (7!;{

H[K,] is closed. i.e. dH[K,] c H[K,]. il and only if
(A8) Vi < A :;\l >= Vl < AI’T\I >

For any Fe A“(Kz) (A”(Kz) is the collection of differential 0-forms or continuously differ-
entiable functions on K,),




(A9)  dF =V, < F> dx' mod{ H[K,]}

For any ¢eX[M, H[K,]] such that ¢'F* =0, (1 <a <N) for some F"EAO(KZ) defines a
system of N second order partial differential equations

gl 2 ar,l
(A10)) F”(xi,¢”(x'),a¢ (x) ¢ (x))zo

Ixi 7 Oxioxi
The horizontal ideal H[K,] is a subideal of the ideal

(A1) Y[K,;F*]=1{C",C" HE, F)

i’

which contains the O-forms F* as generators. Thus, we can say that a map
@XM, H[K,]] which annihilates E* belongs to the set g€ Z{M, Y[Ky; F*]].

The closure of Y[K,:F*], i.e. dY{K,:F*] < Y[K,; F] is guaranteed if H[K,] is closed
and (noting (A9))

(A12)  V; <F">=L§F’

for some L, eAY(K,). It follows that

(A13)  V; <V, <F* = TjF

where I e A°(K,) is given by

Lel

(A15)  E[K,.F*] = {PeK, | Fl, =0,F"eA’(K,), | <a<N)

be the point set of K, on which F* vanishes. The image of some domain D c M of a
map ¢eX[M, H{[K,]] which intersects the point set Z[K,, F*] defines a solution map of
the ideal Y[K,;F”] restricted to the domain D c M. Also, restricted to the point set
=[K,, F*], we have the identities which follow from (A12) and (A13)

(Al6) Vl < F” > lp = 0, Vl < Vl < F” >> ‘p = 0 PEE[Kz, F"]

Alternatively one could consider the ideal I{C”, C{", Hii, B"} which contain the balance n-
forms

(AIT)  B™ =h"u—dW Ay,
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where ; = 9 /0x' Ju, and h®, W' are functions of (x',q".r¥). The functions F* can be ob-
tained from the identity

(A18) F¥=h"-V,<W">

The balance ideal is appropriate for applications where the partial differential equations
¢ F* =0 are statements of balance or conservation. The identities (A12) and (A13)
above follow from the requirement that the canonical basis vector fields (Vi 1€i1<n}
are also isovectors of the Balance ideal.

For our purposes it will be sufficient to allow T{K,. F“] to denote the ideal generated by
the generators of H{K,] and the O-forms F” or the balance n-forms B®. There will be a
nced to employ the identities (A12) and (A13) which hold for both ideals with the proper-
ties stated above assumed.

Let K, be another second order contact manifold with coordinates (%, §", 7. ) and let
K1 be the associated base manifold with coordinates (X'). Associated with K, is the hori-
zontal ideal H[R,]=1{C",C, A} with symmetry conditions (A3) and (A8) for
Aj e N(Ky). |

A map S: K, = K, such that S"H[K,] © H[K,] has the properties
(A19)  V,<s>#0, Vi<s>sf=V,<s">. Vi<s >si=Vi<s >,
Vk<5l >S*Aﬁl—:vk<sﬁ>

where s', 57, s7, sT € A°(K,) are defined by

*

(A20) s =S'%, s*=8"g" st =S"F, s§=STT;

The generators of S are s' and s®. If S is a diffeomorphism then S is referred to as an ex-
tended precanonical transformation. In the present application the existence of S™' is not
assumed.




