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Methods are examined for finding an optimal least-sguares
approximation to a continuous funetion on a finite interval by a continuous
piecewise-linear function with a specified number of linear segments,

A practical method and a corresponding computer program are presented
which use the solution of the simpler problem where the approximating
function is not constrained to be continuous, The topic arises in
connection with the use of diode funectlon generators to represent funections

on an analogue computer,



National Library of Australia card number and ISBN 0 642 99476 S

The following descriptors have been selected from the INIS Thesaurus to
describe the subject content of this report for information retrieval purposes. For
further details please refer to IAEA—~INIS—12 (INIS: Manual for Indexing) and
IAEA~INIS-13 (INIS: Thesaurus) published in Vienna by the International Atomic
Energy Agency.

ANALOG COMPUTERS; ERRORS; FORTRAN; FUNCTIONS; HILBERT SPACE;
IBM COMPUTERS; INTEGRAL EQUATIONS; LEAST SQUARE FIT; MATHEMATICS;
PROGRAMMING; RELIABILITY



1. INTRODUCTTON

2. FRECISE STATEMENT OF THE PROBLEM

3. THE NCRMAL EQUATIONS

4, CONTTNUQUS APPROXIMATION WITH FIXED EREAK POINTS
5. DYNAMIC PROGRAMMING APPROACH

6. PRACTICAL APPROACH

7. CONCLUSION

8,  ACKNOWLEDGEMENTS

9, REFERENCES

APPENDIX A

APPENDIX B

APPENDIX C

Figure 1 Example of local minimum in graph of minimum norm,

CONTENTS

and resulting approximations,

Figures 2-5 Results from test runs of program,

Page

13
14
14

14






1, INTRODUCTICON

This report eoncerns methods for finding an optimal least-squares
approximation to a continuous funetion on a finite interval by a continuous
piecewise-~linear function with a specified number of llnear segments.

A precise statement of the problem and a review of various possible
methods of solution are given in Sections 1 - 5; a practical method

of seolution is then given. Appendices follow which Inelude details of

the use of a computer program written to barry out this method and results

from the program.

The topiec arises in connection with the representation of functions
on an analogue computer using diode function generators, whieh set up
continuous piecewise-linear functions with up to some maximum number of
segments., Since the nolse level of the apparatus lncreases as the number
of segments 1is increased, an acceptable approximation is required with as
few segments as possible, Thus for any given number of segments we

require a near optimal approximation.

In many ways the problem is similar to a pattern-recognition problem,
We require an approximation method that will recognise any large peak
in the graph of the function (f{x)) to be approximated, except that when
fitting a limited number of segments it i1s the 'overall shape' which is
impeortant, Direct methods of approaching the problem, namely solution
of the normal equations or use of a dynamic programming search, are not
practically useful as they stand.

The main point of the method to be presented in this report is the
use of a simpler related problem, namely the problem of approximating a
continuous function by a piecewise-linear function whieh is not required
to be continuous, to obtain an initial approximation which may then be
used with one of the methods mentioned above,

Except for the paper by Gluss (1964), the literature on this problem
is eoncerned with approximate methods which 1n general produce near-optimal

approximations only if f(x) has a simple form,

Norkin (1962) takes the simplest approach using equally spaced
break points (the points where the slope of the approximation changes)
and Hilbert space theory. Vansteenkiste (1967) improves on this using
the curvature of f(x) to choose the break points,



Phillips (1968) presents a method using the Lu,norm assuming that
f(x) has no point of inflexion in the range considered. Hamer (19586)
and Ream {1959) have presented methods for both the Loo and L2 norms but
assume that f(x) has no point of inflexion and that where each segment

is fitted, f(x) will be approximately a quadratic polynomial,

The method of Gluss (1964) has none of the above restrictions; the
break points are chosen by fitting a step function to the first derivative
of f{x). However this method does not have the advantages, discussed in
Section 6, of our method. Gluss' method i1s described in more detail

in Appendix A,

Stone (1961) and Bellman {1964) consider the simpler approximation
problem in which the segments are independent, Stone using the normal
equations and Bellman using a dynamic programming search, We examine

Bellman's method in more detail in Section 5.

2. PRECISE STATEMENT (OF THE PROBLEM

Let Ac(n) denote the set of all continuous piecewise~linear functions
defined on [0,1] which have n distinct break points. The general form
of a function h(x) € Ac(n) is as follows:

y. - V. ¥y X, -y, x
h(x) = '—l4i._—x:!: x - i;l = xi i+l if Xi =X éxi_”_
Xi41 i i+l T %4
i=0,1,...,n
o-o(l)
where o=xo <X <X, <L <x < Xl = 1 .

The break points are Xy Kgsaaa X and the funetion consists of n+l line

segments
Ve =~ V. V., X, - ¥.X
ﬂi(X) = E'J;'tl'—'_—xl- X - i-’i = *;:’H‘l (X. £X =X, 1)
141~ i 1417 *g L I+
...(2)
= AR aR Y 5%) 1=0,1,2,...,n

which meet at the break points, that is which satisfy

Bi(xyy) = 2y (% 0) 1=0,1,...,n-1, -+ +(3)



Thus h(x) is obtained by Joining the points (O,yo), (xl,yl),...,(xn,yn),
(1,yn+l) with straight lines zi(x) , 1i=0,L,...,n. We use the above
notation throughout. '

The problem is,given a funetion f(x) which is continuous on [0,1],

to choose a function h(x) e Ac(n) which minimises some norm of f-h

N( f-—h) = N(Xl ,xz, PP ,Xn,YO,Yls «ae ’yn+l) .

The norm which we will consider is the least-squares norm. The square of

this norm is given by

L,( £-h) Lo( Xy sXpannnsX sV sYysen Vo4)

ZTl [ f(x) - h(x)}z dx ...(4)
i I ECE g0 | ax .
im0 %4 - !

We generalise this norm by including a weighting function w( x)
defined and continuous on [0,1] and such that w(x) = 0 for all x ¢ [0,1]

Il

1
andh[q w(x)dx = 1, Hence we wish to minimise

1
L( £-h) [ w(x) [£(x) - h(x))° ax

n X,
Z f %) [£(x) - 2,(x) B oax. ...(5)
i=o xi

Throughout this report 'approximation' will be taken to mean 'line
segment approximation', Thus we will refer to the above problem as the

'eontinuous approximation problem?',

We also consider a simpler auxiliary problem - that of an approximation
with the segments independent of one another (that 1s, the segments are
not constrained to meet at the break polnts and so the approximation need
not be continuous). We will refer to this problem as the ‘approximation
problem with independent segments' or as the 'independent approximation

problem’.



For this problem the segments have the form

(1) _(2),
B = By(xys Xy, 9L Y %)
(2) (1) (2) _ 4D
Yy Y S e S i T
A S ] X141 T %5
(x, sx = xi+1) . ...(6)
Thus
(1) _ (2
ﬂi(xi) = yi K] Bi(xi'l"l) = Yi

(1)

and in general ygz) oV

An independent approximation is thus a piecewise-linear funection
defined on the interval [0,1]} with n distinet breakpoints between 0 and 1.
The space of all such functions will be dencted by A(n),

Two other norms which might be used are the L., and Loo norms given

1
by
1
Ly(en) = [ |0 - n(n) | ax e
8]
and
L(f-h) = max (w(x) | 2(x) - B(x) | . . (8)
o=x=l

However we restrict ourselves to using the L_ norm. Because of its

analytical properties,this norm is the easiest t02w0rk with, It is a
continuous function of each of its 2n+2 variables and is infinitely
differentiable with respect to them; it is the norm in a Hilbert spage
and the theory of approximation in a Hilbert space is available to us
(see Section 4); its propertlies as an integral make it suitable for the
use of a dynamic programming approach { see Section 5). Mcreover, for the
application we have in mind here, there is little difference between the
use of the various norms,

5. THE NCRMAL EQUATIONS

We now examine the straightforward approach of solving the normal

equations:



B-JE_ = 0 i=1,2,...,n
...(9)

F—y = 0 i =0,l,-nn,n+1

We derlve the equations and then consider the practical aspects of

their solution, We need the following result from caleculus,

Let k{u,x) be a real-valued function of two variables which is

continuous and differentiable with respect to each of its variables. Let

u
glu) = [ K u,x) dx
l_a

where 'a' is a constant. Then

u ak(u ,X)
g'(uo) =fa T“" dx+k(u ,u) ...(10)

ok(u ,x
where g (u ) and """E__ denote derivatives with respect to u evaluated

at the point u—uo.

If we apply this result and use the fact that 2 ( Xy +1) = £ +1( x, +1)
for i =0,1,...,n-1 we obtain the following equations:
*5 08 (x)
[T w1200 - g,_y(9] 5 -
A
i-1
Xi41 94,(x)
- l: w(x) [£(x) ~ .Ei(x)] —d——xi dx = 0
1
for i=1,2,...,n
Xy aﬂi_l(x)
];: w(x) [f(x) - 4, (x)] T ax +
-1
ool(ll)
+fxi+1 w(x)  [£(x) - £,(x)) i’%(i) ax =0|
X
1
for i= l,zganan
% oL (x)
f w(x) [f{x) - B(x)] T—" dx = 0
X
(o]




el 94 (x)
/; Wx) T - ) S— ax=0 |

n

We consider briefly some practical computational aspects of these

equations and of the use of Newton's method to solve them,

Now ]
Uy(x) ¥y -y . Vi "Y1
ox, - ( )2 ) (x - X )2 1+ |
i JC1+1 - J%_ i+l i
i = 1,2,.- _9n
04, _,(x) Vi = Y1 Yi "V
— x + x s
axl ( - % )2 (x - X )? -1
xi i_l i i—l
i=l,2,...,n ...(12)
Bﬂi(x) _ xi+l -
= >
3y Xiv1 T %4
i= 0,1_'.00"1‘1
armnd aﬂi_l(x) B X - xi_l
3y . X, - X,
1 1 =
i = 1,2,..0:11 —

which are all linear in x. Henee equations (11) will involve only the

integrals

_[W(x) £(x) x dX,fW(x) £(x) ax
and [ w(x) x& dx,_./ﬂw(_x)xdx,;/ﬁw(x) ax .

To solve equations (11) in a computer program we would require the
values of these integrals between arbitrary limits in the interval [0,l].
Thus in practice we would reguire accurate tabulation of the cumulative
integrals over this range and would also require an accurate interpolation

formula to obtain values at points not tabulated,



If we used Newton's method to solve the normal equations, we could
differentiate (11) again to obtain the Jacoblan matrix; however this
could be approximated using finlte differences, We could also make use

of the following information concerning the Jacoblan matrix:

N _ 3%,

Sxiaxj B 5x.5xi
2L, _ 32,

Exiaij ayjaxi ...(13)
32L, _ d%1,

(Hence the Jacobian matrix will be symmetrical)

and from (11):

]
™
]

0 if j < i-1 or j > i+l

0 if j<i-lor g >iHl ... {14)

o/
oy
(g
>
1}

0 ift J<i-lor j>i1iHl .
iy -

< QJN
=
i

The normal equations are, in general, very complex and if twenty
segments were being fitted (the maximum number that we expect would be
used) they would consist of 42 equations in 42 unknowns. In all but the
simplest cases we would need a good initial approximation to their
solution in order to avoid loss of asccuracy, lack of convergence: only to

a local minimum, and to avold the use of excessive computer time,

Convergence to a local minimum rather than an absolute minimum is
likely to occur if f(x) has several turning points and points of
inflexion. In Appendix B we give a detailed example, fitting two
segments to a comparatively simple function, which illustrates the
possibility of this behaviour,

As it turns out, the initial approximation which we will obtain ( see
Section 5) will normally be an excellent approximation by itself and there
will be no need to proceed with the solution of the normal equations as

outlined above, Moreover those cases where this initial approximation



will not be adequate will certainly involve complicated funetions f£(x)
and thus will be cases where the above method would not work without

first in some way obtalning a good initial approximation.

4. CONTINUQUS APPROXIMATION WITH FIXED BREAK POINTS

If the n break points *p oX .,xn are fixed, then the best least-

gse s
squares approximation to f(x) with these break points is obtained using

Hilbert space theory (see for example Rudin (1966)).

Let H be the Hilbert space Lz[o,l] consisting of all integrable
functions g defined on the interval [0,1] such that

1
Jr w(x) [g(x)]zdx < o , with inner product
0

...(15)

0

(gl 982)

1
[ wne ey max
O

and norm

]

el (.,0)2 BT

which is the L2 1norm,

We now define the subspace M of H, which will consist of those

elements of Ac(n) which have break points Xys Xgseea,X , that is
M = {gelH : g is continuous and g is linear between
Xi &nd. xj.:l’ i =O,1,..o;n} . .10(17)

M 1s of dimension n+2.

The function f(x) that we wish to approximate is assumed to be
continuous and hence is an element of H. Hilbert space theory asserts
that there is a unique element h€M such that ||f - h|| is a minimum,
that is such that

geM, g # h=>||f - g|| > || £ ~ h]|

This element h is the approximating funetion we seek.

Moreover the theory asserts that if eo, el,...,en+1 is an
orthonormal basis for M then
n+l
Wx) = ) (£, e) efn) ...(18)

[

1=0



The following n+2 functioens form a basis for M:

xl-x
= i < £ X
uo(x) = if x sX 85X
1
e} otherwise
X-X, 1
— "1 ifx, . =X <X, ...(19)
X=X i-1 1
i7i-1
ui(X) ) XXiel
if x, s x <X, for 1 =1,2,...n
X.-X, i i+l
i 71+l
o) otherwise
x-xn
u . (x) = —_— ifx =2x s5X
n+1 xn+l-xn n n+l
o otherwise

From this basis we obtain an orthonormal basis eo, el,..., en+l

using the Gram-Schmidt process:

u (x)
() B 3 ...(20)
° 1ol
and '
e,(x) = lf::l i=1,2,,..,n+l ...(21)
Il =2l
where 1.1
f(x) = w0 - ) (une)e(n) . 22

The required approximation is now found from equation (18).

This method is a standard approach to least-squares approximation
problems., It is discussed by Norkin (1962) (for the case where the
break points are equally spaced) and is used by Vansteenkiste (1967).

5. DYNAMIC PROGRAMMING APPROACH

We consider briefly the dynamic programming approach to the line
segment approximation problem firstly for the continuous case and then

‘for the case where the segments are independent.



10,

Dynamic programming (see for example Bellman (1957) is concerned
with multistage decision problems which satisfy the following

conditions:

(i) We have a system characterised at anyrstage by a finite

set of parameters, the state variables.

(ii) At each stage of the process we have a choice of a number

of decisions.

(iii) The effect of a decision is a transformation of the state

variables.

(iv) The past history of the system 1s of no importance in

determining future actions,

(v) The purpose of the process is to maximise {or, in our case,

minimise) some funection of the state variables.

We call this function the criterion function and eall any

allowable sequence of decisions a policy. An optimal poliey is one

which maximises (minimises) the value of the criterion function. The
Tollowing intuitive prineiple now applies and is basie to dynamic

programming.

Principle of Optimality: An optimal policy has the
property that whatever the initial state and initial

decision are, the remaining decisions must constitute
an optimal policy with regard to the state resulting
from the first decision. ...(23)

This prineiple leads to efficient search algorithms (involving a

recurrence relation) for finding an optimal policy in particular cases,

Consider now the continuous approximation problem as stated in

Section 2. We outline a dynamic programming algorithm for its solution.

Let i-1
X341 2
hi(u,v) = min <5_‘f wix) [£(x) - gj(x)] dx>
i o
Xy sXgserasX; 1 30T ...(24)
yOJle'O'in_l
given that X, U, ¥y, =V,

(This is the minimum value of the square of the norm from an optimal

approximation with i segments which is constrained to end at the point

(u,v).)
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Now we put

I N

*iel 2
) - [ w(x) [80x) - 4,00 Pax  ...(25)
i

and, using (23), we obtain the recurrence relation

g, (wsv) = min [hN(xN,yN) +g(xN,yN,u,V)_|
NN -
’ N =1,2,...,0-1 ...(26)
where
hy (u,v) = min[g(o,yo,u,V)—I . ...(27)
Vo -

The minimum value of the square of the L_,-norm is given by

2

min L(Xl,. . -,xn,yo,- . -Jy

n+l) = min [hn(u,v) + min g(u,v,l,yn+l)1

v yn+1
...(28)

it being noted that the optimal wvalue of yn%l is given in terms of u
and v. This leads to a search algorithm where we search over a two-
dimensional mesh. The number of combinations of points searched is of

the order of (n-l)mz, where m is the number of mesh points,

This method is not useful in practice, Sinece the segments must Jjoin
mesh points, the mesh must be very fine - we would need of the order of
1000 mesh points (30 x 30 for example) before we could expect to obtain
an acceptable approximation, With 100 mesh points an efficient computer
program took between three and four minutes to carry out the search.

Thus to-search 1000 mesh points would take at least five hours, To obtain
an approximation with 1 per cent accuracy in each of the x and y directions

would require 50 x 50 = 2500 mesh points.

(Note the efficlency of the dynamic programming approach: with

m m! _ 10

n = 10, m = 100 there are of the order of ( n ) = = 0(107")
possible combinations of points, while the dynamic programming search

considers only of the order of (n-l)mz = 0(105) combinations,)

We now consider the approximation problem with independent segments,
This is almost identieal to the above except that the funetional
equations will involve functions of one independént variable rather than
two and the search algorithm will involve searching only over a one-

dimensional mesh, We follow the paper by Bellman (1964),



1z2.

For 0 = x, <x, . =1 denote by ﬁ;(x) the line segment which

minimises

X.
[T ) 1 - (017
!l |

1

We wish to choose n break points x ,Xz,...,Xn {where O = Xo < X

1 1
<X <X 0= 1) to minimise
n
*i41 A 2
L(%) Kppeer sk ) = 2 /}; W(x) [2(x) - B(x) Pax
i=0 i ...(29)
Note that ﬁi(x) is completely specified in terms of x,,x, . and
may be found using calculus,
Let
hN(b) = . min L(xl,xz,.,.xN_l) given xg =b , ...(30)
100 fN-1
b n o
(= [ w0 (=) - 3 ) Pax ..(3)
x

o

and we may obtain the recurrence relation

b
() = min [hN(xN) + f w(x) [£(x) - B(x) ]zax]

...(32)

with
min . L(xl,xz,...,xn) = hn+1(l) . ...(33)
-3

KXise.
1’ T

Equations (32) and (33) may also be obtained using the principle
of optimality. They are particularly simple because the square of the
norm, being an integral, splits up into a sum of the squares of norms

over the separate intervals (xo,xl), (xl,xz),...,(xn,xn+l).

Equations (31), (32} ard {33) constitute an efficient and practical
search algorithm for finding an optimal independent approximation, We
search over a one-dimensional mesh between x = 0 and x = 1, Again the
number of combinations searched is of the order of (n-l)m2 where m is the
number of mesh points, but now the accuracy obtained using 100 mesh

points is guite acceptakble,
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6. PRACTICAL APPROACH

None of the methods of solution considered in the previous sections
is really satisfactory. The dynamic programming method requires too
many mesh points, and hence too muech computation, to obtain sufficient
accuracy, In solving the normal equations we may have troubles with lack
‘of convergence or convergence to a local minimum, Tt is clear that it is

best if we first obtain a good approximate sclution.

To obtain this we use the dynamic programming search to solve the

simpler approximation problem with independent segments (Bellman 1964),
This initial step has the following advantages:

(1) Intuitively, the break points for this case should not differ
very much from those for the continuous case, In both we are finding

an optimal splitting of f(x) into n+l 'linear' segments,

(ii) We are able to find accurately the best approximation with
independent segments even when the function f(x) is very complicated (see

examples in Appendix D),

(iii) We obtain a lower limit for the value of the least-squares

norm that may be obtained with a continuous approximation.

(iv) 1If the discrepanciles at the break points are small then we
know that there will be little difference between this solution and the
best continuous approximation. Hence in particular cases we will often
know that our approximate solution is a good one, This case will arise
especially when f(x) is particularly simple (especially if f"(x) # O,

0 £ x £ 1) or when the number of segments is large.

Having found the best appraximation with independent segments we
take the break points found and use Hilbert space theory to find the best
continuous approximation with these break points. This now gives us our
initial approximate solutlion to the continucus line segment approximation

problem,

As pointed out in Section 3, Iin most practical cases this
approximation will be adequate and we need proceed no further. However,
if the exaet solution is required we could proceed to solve the normal
equations using Newton's method (Section 3) and the above initial

approximation,

A computer program has been written in FRTRAN to produce the initial

approximate solution as outlined above. Instructions for using the
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program are contained in Appendix C and results from test runs are

shown in Figures 2 - 5,
7. CONCLUSTON

The approach presented in this report provides a useful, accurate
and widely applicable method for the continuous line segment approximation

of functions.

Unlike previous methods, this reliably approximates very complicated
functions and gives an indication of the possible deviation from an
optimal approximation. We obtain a good lower bound for the value of the
least-squares error of an optimal approximation and hence in most cases
we will know that the approximation produced is very close to optimal,
The reliability is due to the fact that the preliminary approximation
with independent segments is always optimal (to within the accuracy of

the search mesh),

The FORTRAN computer program using this method demonstrates the
above features and the computational feasibility and economy of the
approach, It will fit up to twenty segments to a continuous function
with a maximum run time (on an IEM 360/50I) of three minutes., In
practice the only inaccuracies introduced are due to the use of 1000
point Simpson's rule integration, but this is very accurate, even with
functions which are not smooth. Thus, the program will produce good
approximations to plecewise differentiable funetions, although with less

accuracy and reliability than for smooth funetions.
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APPENDIX A

The Method of Gluss {1964)

Instead of minimising

r

i
1 i-1

(]

n+
[£(x) -a_lx-bi]z ax

=

Gluss minimises

n+l

X, 2
2 f * [£'(x) -a.i] dx .
11 Fi-1

That is, he finds the best least-squares approximation to the first
derivative f'(x) by a step function

g{x) = 8y for x, ; <X <x,; i=1,2,...,n+l ,

This problem is similar to the independent approximation problem and
can be solved using a simple dynamic programming search. Gluss now
obtains a class of continuous 1ine-segment approximations to f(x),

having the break points found above, by integrating g( x)

X
G{x;e} = f g(t)at
X
[a)
= - <
aix aixi_l+ s for xi-l x < Xy

i=1,2,...,n+l .

He now uses elementary calculus to minimise

fxn+l [f(it)—G(x;c)]2 dx

X
(o]

with respect to ¢, Intuitively, this should be a reasonable continuous

line-segment approximation to f(x), especially if the graph of f(x) is
fairly simple,

Another approach which could be taken is to use Gluss' method to
find the break points Xy, xz,...xn and then use Hilbert space theory to
fit the best approximation with these break points.



Appendix A (cont.)

Gluss' method will be acceptable in many simple practical cases,
but it does not have the advantages of the present method. It will be
of less use if the graph of f(x) is 'spiky' - for example, too much

welght would be given to a very small peak where the gradient is very
large.



APFENDIX B

As an example of a local minimum in the norm function

La(f—h) = L(xl,_..,xn,yo,yl,... ),

*n+l

Consider the function

f(x) = exp [—10(x-0.5)2] + % exp [-10(x+0.5)2] .

When £itting this with two segments, the norm function is a funetion of

four wvariables

and the normal equations will econsist of four equations in four unknowns

We plot the function

F(x;) = min L(xlfyo,yl,yz)
yo’yl .Oyz
to give a function of one variable, That is, for each choice of the

break point %l we fit the best two~segment approximation h(x) and compute
the least-squares error Lz(f-h),

This function F(;l) has two local minima, one of which 1s also the

If F(xl) has a minimum

1
1 . 1. 1 1
when,xl = xl and the corresponding values of yo,yl,yz are yo,yl,yz, then

absolute minimum giving the best choice of x

L(xl,yo,yl,yz) will have a local minimum in the neighbourhood of

(xi,yi,yi,yé). Thus the function of four variables has at least two local

minima, one of which is the absolute minimum of the function, Figure 1
shows the function F(xl) and the two approximations - the first from the
local minimum of F(xl) and the second from the absolute minimum, It is
clear that in this case the use of Newton's method to solve the normal

equations may easily lead to an approximation which is not optimal,






APPENDIX C

LISA SUBROUTINE PACKAGE

This appendix describes the use of the collection of FORTRAN sub-
routines ( referred to as the LISA subroutine package) which produces the
approximate solution to the continuous line segment approximation

problem as outlined in Section 8.
(1) General:

The LISA package was written for use on an IBY 360/50
computer with 512K bytes of core storage. All floating point variables

and gonstants are double precision.
{ii) Calling Sequence:

To the user the package appears to be a single subroutine
( subroutine LISA) which has no argument list and is called as follows:
CALL LISA

from a mainline program.
(iii) Input:

Input is via formatted read statements and one NAMELIST
read statement contained in subroutine LISA, The entire input is

handled by the following statements:

IMPLICIT REAL*8(A-H,p-2)
DIMENSI#N HEAD(20) ,XFN( 200) ,YFN( 200)
READ( 1,1006) HEAD
1006 FPRMAT( 10A8)
NAMELIST/NLIST/NSEG,XMIN,XMAX,NPTS, IPLOT, IBKPTS
TPLAT=1
IBKPTS=0
READ( 1 ,NLIST)
IF(NPTS.GT, O)READ( 1,1005) ( XFN( I) ,YFN( I) ,I=1 ,NPTS)
1005 FYRMAT( 2D20,10)
NS1=NSEG+1
IF( IBKPTS,NE.1) G TP 30
READ( 1.,1002) ( XB( I) ,I=2 ,NSEG)
1002 FRMAT{10D8.4)
XB( 1) =XMIN
XB({ NS1) =XMAX
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Appendix C (econt,)

1XB(1) =1
IXB(NS1) =101
DY 30 I=2 ,NSEG
X=( XB( I) -XMIN) 1 ,D2/( XMAX-XMIN) 40 .5D0
IXB( I) =IDINT( X) +1
30 CYNTINUE

The input varlables are as follows:

HEAD: This specifies 160 characters for a two~line
heading. (The first two data cards will appear
as a heading at the top of each page of output,)

NSEG: The number of line éegments required in the
approximation {2 = NSEG = 20).

XMIN,XMAX: These specify the range of X (XMIN = X = XMAX)
over which it is required to approximate the
function f(x).

NPTS: If NPIS=0 the program assumes that the function
f(x) is specified in a function subprogram, REAL
FUNCTIfN FNxg(X) .

If NPTS > 0 the program assumes that the function
is tabulated at NPTS points and reads the next
NPTS data cards as the tabulation of the funetion.

NPTS must lie in the range 0 = NPD'S s 200 and has
a default value of O,

IPLﬁT: Specifies whether or not plots of the results are
required. If IPLPT=0, no plots are produced,
otherwise, results are plotted, IPLﬂP has a default
value of 1, If plots are required the necessary
JCL cards must accompany the job (see examples
below) ,

IBKPTS: Specifies whether or not break pdints are to be

read in,

If IBKPTS=1 the program assumes that break points are supplied and
that an approximation is required using Hilbert space theory with these

given break points,
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If NPTS > O the package reads in the next NPIS data cards as the
tabulations of the function FN(X). These cards must be punched with
pairs (XFN(I), YFN(I)) of real numbers specifying the X-value and
corresponding function value using the format (2D20.10), The cards must

be ordered in increasing values of X, and the values must satisfy
XFN({ 1) SXMIN<XMAXSXFN( NPTS)
(iv) Function Subprograﬁ FN(X) :
If NPTS=0 a function subprogram
REAL FUNCTIfN FN*8(X)

must be supplied to specify f(x). The name must be FN and the subprogram
must be in double precision, For example to specify f(xb = e_zx/x we
could have the following:

REAL FUNCTIfN FNxg(X)
IMPLICIT REAL+8(A-H,$-Z)
FN=( DEXP( -2.D0%X) ) /X
RETURN

END

Note that the double precision form of library functions must be
used (e.g. DEXP rather than EXP).

If NPTS > O and the function f(x) is tabulated, the LISA package
fits a cubic'spline function to the points and uses this as the function
FN(X) throughout the calculations,

(v) Weighting Function:

A welghting function may also be specified in a supplied
funetion subprogram., This must be a continuous function defined and
positive in the range XMIN = X 3 XMAX. The function must have the
name WT, and will be specified in a double precision subprogram as for

FN(X) above. For example, to specify w(x) = we might have:

1
£ x)
REAL FUNCTIfN WI+8(X)

IMPLICITY REAL*8(A-H,P-2)

F=IN( X)

AP=DABS(F)

IF{ AF,LE,1,D-2) AF=1,D-2

WT'=1.DO/AF

RETURN

END
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If no funetion WI(X) is supplied then it is assumed that WT( X)=1.DO

for all values of X,
{vi) Output:

Firstly the parameters and tabulation of the function FN( X)
(if NPTS > 0) are printed out. Then follows Six pages number 1-6 which

present the results of three stages of the program.

Pages 1 and 2 present the results of the dynamic programming search
with segments not necessarily meeting., Results are scaled to fit in the
square -1 = X 21, -1 Y £ 1 and are printed out followed by the
corresponding scale factors, There follows the same results scaled by
standard scale factors (to allow comparison of the three sets of

output) ,

The least~squares error is minimised in this and the results are
the best to within the error of the basic search mesh, These results
supply a lower bound for the least-squares error that may be achieved
with the segments meeting and the discrepancies at the break points give
an indication of the accuracy of the final result (which is on pages 5
and 6 of the output).

The break points found in the first part of the program are kept
in the next two stages. Pages 3 and 4 merely average the results of
the first stage (i.e. average the y-values at the break points) the

results being presented in the same format as Pages 1 and 2.

Pages 5 and 6 present the results of fitting the best least-squares
continuous approximation with the above fixed break points using Hilbert

space theory, Again format is5 as above.

The results of Pages 1 and 2 and Pages 5 and 6 are plotted on two
plots, labelled PLPT 1 and PLPT 2 respectively (if IPLOT=1) ,

(vii) Secaling:

The function values are scaled in the range XMIN = X = XMAX
so that max |f{x) | = 1, The range of X is then scaled so that
max ( [XMIN], |xMAX])

fit in the region -1 = x £ 1, -1 = ¥ £ 1. The scale factors used here

1l

1. Hence the scaled function and scaled range

are the standard scale factors in all computation and are used when

calculating the standardised error criteria (see (iii)).
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Onece an approximation has been found it is scaled down as above
if the maximum absolute value of the approximating function is greater
than one, The composite scaling factor is then used when tabulating and

plotting results so that all values produced are between -1 and +1.

The weighting function is scaled so that the integral over the
scaled range is XMAX-XMIN, i,e, if XMIN, XMAX are scaled values, then

after scaling

XMAX
h/‘ w(x)dx = XMAX-XMIN

XMIN

(viii) Sample Card Decks:

(a) 10 segments, XMIN = -1,DO, XMAX = 1.DO, funetion
subprogram supplied, weighting funetion specified and plots required,

// EXEC BUFFPREG,PRG=AEPL@T (required if plotting)
// EXEC FARTGCLG,PARM , LKED=MAP
// FORT,SYSIN DD *

2 CALL LISA (Main program)

\END

(REAL FUNCTTAN FN*g(X)

2.... (This subprogram must
" precede LISA deck)

\END

[ReaL FUNCTI/N WTxg(X)

cees (This subprogram must
< precede LISA deck)
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-
SUBROUTINE LISA
J.... {(LISA card deck)
END
[+
//cH AEPLAT DD SYSOUT=C (Must be included if

plotting is required)
//GH.SYSIN DD *

Heading .......... creens Ceeireieaes ceerasaans
Heading ..ieecencvocaennnee sesesanaes csessacsne

beNLIST NSEG=10,XMIN=-1,D0O,XMAX=1,DO,eEND (b = "blank")
[

(b) 10 segments, XMIN= -1, XMAX = 1, funetion tabulated and
plots required; e.g. NPIS = 51,

This is as above except that there is no user-supplied subprogram
REAL FUNCTI;ESN FN#8(X) included at the front of the deck, and the input

must be as follows:

//Gp.SYSIN DD *

beNLIST NSEG=10,XMIN=-1,D0,XMAX=1,D0 ,NPT3=51 ,6END

1) f(1)]

x(2) £(2)
51 cards containing tabulated

? function, format (2D20,10),
x(1) <x(2) < .,.<x(51)

x(51) f(S;L

/%
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PLOT A

PLOT B

PLOT A - bost lsast spuarss approximation
where segments neod not meet at
broak polnts

PLOT B - final Isast squares zpproximation
with segments mesting at break
polnts

FIGURE 2 FN([X) - EXP{X)
NSEG - 2, XMIN - ~1.D0,XNAX-2.00,KPTS-0,PLOT -1
EXECUTION TIME - 33 SECONDS
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PLOT B

FLOT A - bast leash squares approximation
whice segments nesd not ment 2t
braak polnts

PLOT B - tinal fa2at squares approximation
with segmonts mesting at broak
points

FIGURE 3 TABULATED FUNCTION
NSEG-3, MIN- -1.00, IMAX-1,00, NPT$-51, (PLET-1
EXECUTION TIME - 51 SECONDS
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PLOT A - best least squares approximation
where segments need not meet at
breaX points

PLOT B - final least squates approximatlon
with ssgments meeting at bieak
polrts
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FIGURE 4 TABULATED FUNCTION

NSEG-190, IMIN- -1.D0, INAX-1.D0, NPTS-51, (PLGT-1

PLOT B




PLOT A

PLOT B

PLOT A — bast least squares approximation
where segmonts nead not mest at
break points

PLOT B - fimal laast squares approximatien
with sagments mesting at break
points.
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N3EG = 10, XHIN - ~1.00, AMAX - 1.00, NPTS - 0, IPLGT - 1

EXECUTION TIME - 113 SECONDS






