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ABSTRACT
Tables have been prepared giving
1. the coefficients of augmented Jacobi polynomials to order 22;
2. the relations between coefficients of associated Legendre

polyncmials used to represent pole figures and the coefficients
of the augmented Jacobi polynomials that represent the corres-
ponding crystallite orientation distribution function, for
various sets of lattice planes;

3. the relations between coefficients of augmented Jacobi poly-
nomials representing crystallite orientation distribution
functions before and after transformation according to three

common transformation laws.
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1. INTRODUCTION

Roe [1965] has shown how the crystallite orientation distribution
function of a textured material may be determined from several pole
figures. In his method the distribution qj(u,K) of the reciprocal
lattice vector rj is expanded in a series of spherical harmonics

[ L ]
qj(u,l) = gio mz_ﬂgim sz(cos U} exp{-imh)
where Pﬂm are assocliated Legendre polynomials and the Q%m are series
coefficients, and | and A are polar and azimuthal orientation coordinates
with respect to specimen axes.

The orientation of an individual crystallite is specified by the
Euler angles ¥, 6 and ¢ with respect to the same specimen axes. The
crystallite orientation distribution function, which is a density
function in (¢, 6, ¢) space, is expressed as a series of generalised
spherical harmonics in the form

© L L
w{y,8,) = & ) I Worm ngn(cose) exp {(-imy) exp (~ind)

£=0 m=-% n=-2
Z are augmented Jacobi polynomials and the W are series coef-
fmn Lmn
ficients. The two sets of coefficients are related by the simultaneous
equations

L

I T -
Qﬁm = 27 (2R+l) E szmn Pﬁn(cos Cj) exp (in nj)

where Cj and nj are the polar and azimuthal angles of rj with respect ﬁo
the crystal axes.

Since there are (2%+1) coefficients Wﬂmn for given £ and m, it
might appear that measurement of as many pole figures would be required

to determine them. Fortunately the W are not all independent. For

Lmn
materials with orthotropic physical symmetry and cubic crystal symmetry
the coefficients Wﬂmn are all real, WEmn omn Wﬁmﬁ = Wzﬁﬁ' and W
= 0 unless & and m are even and n is an integer multiple of 4. Roe

=v Lmn
[1966] has published a table showing additional relations between the
non-zero wlmn: in principle, one needs to determine only two pole
figures to obtain all Wﬂmn for £ up to 22. Clearly the only polynomials
required are those for which Wﬂmn is non-zero. Morris & Heckler [1968]

have published a table of Zlmn polyncmials in the form



L
) 2 i Egmns(cos s6)

Zﬁmn - (Dﬁmn
for £ up to 16. Table 1 extends the compilation up to £ = 22, which
more than doubles the number of polynomials tabulated. For convenience
the polynomials up to £ = 16 have been recalculated and are included
here. 1In practice, for a given crystallite orientation distribution,
many of the polynomial coefficients with £ > 16 will not be signifi-
cantly different from zero (as, of course, are many of those with L=
16), but it seems preferable to evaluate them all and not arbitrarily
truncate the series at £ = 16. The rationale behind truncating the
series at £ = 22 is that, for % > 22, more than two pole figures are
required to determine the coefficients.

The coefficients Q%m can be obtained b¥ numerical integration of
experimental data. The relations between Q%m and the independent coef-~
ficients Wﬂmo and, 1f appropriate, W2m4 depend only on the reciprocal
lattice vector rj, i.e. the set of planes (H K L) for which the pole
figure was determined. These relations have been evaluated for all the
sets of planes likely to be used and are given in Table 2 in terms of
Aﬂm = ng/ZN. In this form the simplicity of the relations is not
obscured by the irrationality of . The numbers are simple fractions in
which the denominators are powers of (H%+k%+L%), as is eagily seen for
the low order coefficients in each set.

Roe [1965] also showed how the coefficients Wﬂmn are related to a
new set Wimn referred to new crystallite reference axes. Sargent [1974]
has shown that this relation is the key to examining texture trans-
formations. If a material transforms in such a way that the orientation
of each crystallite after transformation is related to its orientation
before by one of a number of sets of Euler angles, then the texture
coefficients after transformation W) , are related to Wﬂmn’ the coef-

fmn
ficients before transformation, by the eguation

L ,

L Lf. W Z
p=-b j fmp “fpn

2 : . .
! = ——
Wion (2£+l) {cos Bj) exp(lp aj) exp (in Yj)
where fj is the relative frequency of variant j with Euler angles aj,
Bj' Yj' The variants may, but need not be, crystallographically related.
Most interest, of course, centres around transformations where the

variants are crystallographically related, in particular where they are



variants of the Kurdjumov-sSachs, Nishiyama or Bain orientation rela-
tions. The relations between the coefficients for these transformations
are given in Table 3, for cases in which all crystallographically equiva-

lent variants of the transformation are equally probable.

2. TABLE 1 - AUGMENTED JACOBI POLYNOMIALS

The polynomials are given in multiple-~angle form

L -k %
22 5 E, {cos g8)
mns
s=0

Zown = PComn’

The coefficients have been evaluated from the following expressions
[Roe 1965]

_ {m-n) /2 _ (m4n) /2
Z,Q,mn(c) =Nt (1 - t) f{t)
where t = (1 - I)/2
i) = LF; (-%+m, f+mt+l ;m-n+l;t) m=n

where ,F; is the hypergeometric function defined by

@B, CarB(BH) o

2F1(0,Biyit) = 1 + 1.y 2Ty (y+1)

+ ...

N is determined from the normalisation condition

1
I. z2 @y ar = 1 ,

1 fmn
s0 that
2 _ 2841, (A+m) ! (R-n)! 1 2
Yn = 2 @mmr (T o))

Polynomials not tabulated can be found from the relations [Morris &

Heckler 1968],

m+n

ZRmn = (=1 Zan
m+n
= (-1) Z,Q,EuTl
= Zomm
Z
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AqM
AGM
ABM
ALGH
Alz2Y¥
Al4M
ALGHM
AlgM
A20M

A22V

A4M
AGHM
LE:L]
A1QM
AlL2¥M
Alam
AloM
Alg#
AZ0M

A22V

3. TABLE 2

Relations between coefficients of assoclated Legendre polynomials

in series representation of pole density function, A

om = ng/ZH, and

coefficients of augmented Jacobi polynomials in series representation of

crystallite orientation distribution function, W

of lattice planes (H K L).

Note that A

0o

A =
om WQmO for H KL

HKL

= = 0.25000
= — 1.62500
= 0.5625C
= - 0.0312F
= 0.248906
= — 0.69531
= G.40234
= 2.8G25¢€
= 0.06424

= = Q.5T4l14

HKL

= 0.20000
= — (.68000
= = 0.2160C
= - 1.0064C
= 0.13571
= - 0.20128
= 0.39525
= ~ 1.565%01
= 0.02%4

= = l.5%571

= 11 M

W4aMO
NOMC
k8MO
WlGMO
nl2ZNG
Wi4MQ
wWloMC
WlaMo
W20M0

W2z2rd

= {2

n&M]
WEMO
wiMg
WiOKC
WiEZ¥0
WiqaMO
nl6MG
W18MQ
W20M0

W22Mo

1

0}

WOOO

= (10

1.48306

C.t6571
4.88425
C.83416

C.17021

C.70465

C.1€271
2.53193
C.65¢E04

2.1809¢€

and A2m

o).

WLZ2M4%

hloM4
W1l8M4
W20M4

K22M4

WiZM4

WiéM4
Wl8M4
W20M4

W22M4

A4M
A6M
ABM
AlQM
Al2ZM
Al4aM
ALeEM
AlBM
AZOM

A22ZM

AaM
AbGM
ABM
ALOM
AL2ZM
AL4M
AL6M
AlBM
A20M

A22M

for

fmn

, for different sets

all (H K L), and that

HEL

0.66667
1.717717
0.29630Q
1.58025
Ca4l152
1.0535¢
0.702332
1.95092
D.T2416

1.3C784

HKL

0.25000
0.51389
0.40046
0.80903
0.472%96
0.87002
0.00445
1.97736
0.00220

1.24866

= {111

K4MO
FﬁHC
wWBMO
W10MO
Wi2MO
WL4MO0
Ki6MO
W18MO
W20M0

W22M0

= (2

WaM0
WOMO
WaMg
HW10MO
Wl2MQ
W14MO
Wl6MD
W1BMO
W20¥0

W22r0

1

L.04160

1.24141
2.63718
1.11096

3.02248

C.42518

0.15298
2458447
0.23318

C.83011

WlZM4

HWi6M4

Wl8M4

W20M4

W22M4

WlZM4

WlbM4
W18M4
WZ0M4

W22M4



A4M
AGM
ABM
AlOM
AlZM
Alam
AleM
Al8M
A20M

A22M

A4M
A6M

ABM

ALOM
Al2M
Al4M
Al6M
Al8M
A20M

A22M

HKL

0.55000
0.05500
0.09350
0.71765
0.39505
0.82783
0.05431
0.1454%
0.32938

0.28344

HKL

0.25000
0.10569
0.11972
0.56405
0.05683
0.10953
0.44354
1.24665
0.43903

0.81348

= (31 0}

W4aMO
WEME
WAMO
®10MO
WlzMo
WlaMG
hl6MO
WLBMO
w20MO

W22M0

WaMO
W6MO
W8MO
Wi1OMO
W12MQ
WlaMo
w16MC
W1BMO
W20MO0

W22MQ

G.54586

C.78B4G2
C.35102
0.50235

Ce63646

C.45470

0.26623
1.91238
C.38062

C.8788¢

Wl2M4

WioM4
WigM4
W20M4

W22M4

w12M4

nl6M4
W18M4
w20H4

h22M4
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A4M
AGM
ABM
ALONM
ALZN
AlaM
ALEM
AlBM
A20M

A22NM

AGH
AGM
ABM
ALOM
Al2M
AL4M
Alewm
AlBM
A2OM

A22M

"

HKL

0.21488

0.13223

0.57537

0.41090
0.02983
0.61797
0.40798
1.25718
0.01321

1.62555

HKL

0.37119
0.51553
0.33806
g.5L761
0.73678
Q.34070
0.12563
2.32628
0.303838

0.90350

= (311}

W4MO
WeMO
WaMQ
W10MO
WizMo
Wl4mO
W16MO
W18MO
WZOMO

W22M0

WanMd
WoMQ
W3MO
W10MO
W1l2¥0
wWl4aMO
Wlev0
W18MO
W20M0

W22MK0

1

C.87138

0.344406
1.64531
0.45589

1.62576

0.68897

0.32841
4.00433
0.02120

1.78304

Wi2M4a

WLeM4
WLBM4
H20M4

W22M4

Wl2M4

Wl6M4
wlBM4
W20M4

W22M4
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HKL = (3 3 2) HKL = {4 3 1)

A4M = — 0.58058 W&MQ ' A4M = = 0.25000 W4MG

AGM = 1.19525 W6MO A6M = - 0.47871 WEMO

ABM = 0422304 WBMO ASM = 0.13646 WBMO

ALOM = - 0.54306 wlOMO ALON = 0.34051 WLOMO

Al2M = — 0.18342 WIZMO + 0.12253 hl12M4 AL2M = - 0.19829 W1ZMO + 0.40420 WL2M4
AL4M = 0.28016 W14MO Al4M = 0.33646 W14MO

AL6N = 043466C WL6MO — 0.42594 WEéM4 AL6M = — 0.44728 WI6F0 + 0.32673 Wl6M4
ALBM = 0.81281 WIBMO + 2.29286 W18M4 A18M = - 0.09838 WIBNO - 0.61619 W1aM4
A20M = - 0.21278 W20MO + (.22085 w20M4 A20M = 0.1389] W20M0 + 0.27365 W20M4
A22M = - 0.28057 w22M0 ~- 2.13633 W22M4 A22M = — 0.68614 W22NM0 =~ 1.37141 W22M4

FKL = {5 2 L} "HKL = (5 3 1)

A4M = 0.28333 W4MO A4M = - 0.05714 W4MQ

AGM =~ 0.07722 w6MO AGM = - 0.61388 W6MO

ABN = — 0.43720 wBMO ABM = — 0.17297 WEMO

ALOM = — 0,15088 WlOMO ALOM = — 0,03693 wlONO

AL2M = — 0.11284 W12MO —- C.18853 WLlZM4 AL2M = 0.18282 W12MO + 0.32304 Wl2M4
AL4N = 0.38827 W14MO AL4M = 0.45532 W14NO

AL6M = 0.22815 Wl6MO — 0.02165 Wl6M4 Al6M = — 0,41089 WLENO + 0.13398 wl6M4
AlBM = 1.19661 W1BMO + 1,34282 W18M4 AlBM = 1.32332 W18MO + 1.89377 WiBM4
A208 = ~ 0412467 W20MO + 0.18948 w20M4 A20M = - 0.23396 W20MO + 0.20i714 W20M4
A22M = 0.95107 #22M0 + 1.87676 W22M4 A22M = 0.11174 W22M0 - C.25864 W22M4
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4. TABLE 3
Relations between coefficients of crystallite orientation dis-

tribution functions before (W } and after (W! )} transformation for
Lmn fmn

various orientation relationships.

RELATIUNS SETWEEN COEFFICTENTS, BAIN RELATICN

wt4aMQ = Jel&AGT n&dd

W'EMG = = 0.750GC weNC

wrdM) = 0.70832 woM{

wt'1GMO = 0.3125C wlowrD

WrlzM0 = GC,520C4% wl2r0 - C.58370 wlZva
ATL2MG = = 0.24718 w12M0 = G.01563 wl2Ma
Wr14M0 = = 0.13021 wlawvG

wtleM0 = 0.60L5h wlamMO +  GaL1047 wleMa
wtloMa = 0.40700 %16MO = Ul.61979 wlCMa
wtlamMQ = 2.26171 wladMO +  3.25618 wlirs
wilaM& = — 1.23207 wlsMo - 2.033285 w13¥a
wt20M0 = 037616 w2dM0 = J.55011 w2u¥4
WV120M& = — 0.06252 w2CMO = 0.563C1 w20M4
WV22M0 = — 0.04943 we2Md - J.l134a7 w2244

i

wr22M4a O. 36414 wWZ2M0 v C.T4441 wW22M4
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RELATICNS dETwERN COEFFICIENTS, KUKDJIULMOyv=SACHS FELATLON

WtaMO o= 006722 w4NQ
WIOMD = = 0.5E386 WoMO
w!gM0 = Jeda43l w3M0

WTICMO = 0.21465 wlCMO
ATL2MO = = 0.065T4 Wl2M0 =  0.32729 wloMa
WOL2M4 = = 0.16387 wlZMD + 0.02175 wl2V4
WOL4AMG = — U. 11937 w14M0

W11OMO = = 0.0670% WLOMD 4 0.22639 wlé44
WTl6M4 = 0.37240 wWl6MO  + D,U9027 wWlaba
WOLEMG = = 0.16932 wleMd —  5.34461 wlsvs
WYLBMG = 0.0Tul4 wloMO + 0.15462 nlBMa
WY20MC = — C.247C7 9#20M0 - C.C1354 w204
WP20M4 = — 0.124722 w2GMO  + C.1$644 n20M4
WI22M0 = — G.30858 W2ZN0 =  G.45946 w22V4

wt22M4 D.03123 w22M0 + (.C8Ll2E w22¥4

H
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RELATICNS SFTWEEN COEFFTCIFATS, NISHIYAMA kel aTlod

whahMd = Je9722 waMi
WYONO = = 0.62847 weMC
WYdMO = Je50723 woMU
wtlGMO = 0,25052 wloMD)

WYL2MG = — 0.C2082 wiZFD —  Coa5317 wle¥s
WeiaM4 = — J.21163 wWI2MO 4+ 0.02791 wlMa
Aat14M0 = — Qalovyld wlakd

WYLEMO = D044 22 wloMD  +  0.30H42 wloMi

wrioMg = Jeladdd wloM0 + J.0%241 wlods

wt18M0 = N.C9587 w18NMU = 0D.04344 wnluMa
WT13M4 = — 0.006a514 wloMO —  0.03045 kldM4
W'20M0 = - C.31825 W2UMD - 014293 w20V4

WY20M4 = - G.16384 w20M0 + Cl.11367 wlUWN4

WY22M0 = — J.41309 WZ2MO = 0.45410 W272%4

wl22M4 G.039CT w22NF0 + 0.0loly v22V4
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NOTE: TRANSFORMATIONS

Davies, Kallend & Morris [1976] have shown how the Euler angles
relating to crystal axes of parent and product phases can be calculated
for any transformation. The transformation can be specified either in
the form (h k l)a // (H K L)b and [u v w]a /7 (U vV W]b' where a and b
denote after and before transformation, or by specifying the invariant
axis and the rotation angle about this axis. The latter method is
simpler if enumeration of all the crystallographically equivalent
variants of the transformation are required. On account of symmetry
there is more than one invariant axis for a given transformation “ut
there is generally one description that is obviously simpler than the
rest. Thus the Bain transformation which can be described as a rotation
of 45° about [0 0 1] can also be described as a rotation of approxi-
mately 98.42° about an axis with direction cosines (0.35741, 0.86286,
0.35741). This rotation would bring [1 0 0] to [0 0 1] and [0 1 0] to
[1 1 0], which is crystallographically equivalent to the former rota-—
tion, but obviously the description in terms of a rotation about [0 O 1]
is to be preferred. Similarly the Kurdjumov-Sachs relation can be
described as a rotation of 90° about [1 1 2], which would give (1 1 l)a
/7 (11 0), and [110] // 1 1'1]b. There is no equally simple
invariant axis description of the Nishiyama transformation, but the
description which best shows its relation to the Kurdjumov-Sachs trans-
formation is a rotation of approximately 90.1207° about an axis with
direction cosines (-0.4133407, -0.3484624, 0.8412629). This axis is
approximately 3.7° from [1 I 2] and the rotation would give (1 1 l)a /7
(11 O)b and [2 1 l]a /7 [11 O]b. Of course, since the alternative
descriptions are crystallographically equivalent, it does not matter
which is chosen as the basic transformation: the relations between the
coefficients of the crystallite orientation distribution functions will

always be the same.
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