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Abstract
This work presents an iterative method for the estimation of the absolute dose distribution in
patients undergoing carbon ion therapy, via analysis of the distribution of positron annihilations
resulting from the decay of positron-emitting fragments created in the target volume. The
proposed method relies on the decomposition of the total positron-annihilation distributions into
profiles of the three principal positron-emitting fragment species - 11C, 10C and 15O. A library of
basis functions is constructed by simulating a range of monoenergetic 12C ion irradiations of a
homogeneous polymethyl methacrylate phantom and measuring the resulting one-dimensional
positron-emitting fragment profiles and dose distributions. To estimate the dose delivered during
an arbitrary polyenergetic irradiation, a linear combination of factors from the fragment profile
library is iteratively fitted to the decomposed positron annihilation profile acquired during the
irradiation, and the resulting weights combined with the corresponding monoenergetic dose
profiles to estimate the total dose distribution. A total variation regularisation term is incorporated
into the fitting process to suppress high-frequency noise. The method was evaluated with 14
different polyenergetic 12C dose profiles in a polymethyl methacrylate target: one which produces a
flat biological dose, 10 with randomised energy weighting factors, and three with distinct dose
maxima or minima within the spread-out Bragg peak region. The proposed method is able to
calculate the dose profile with mean relative errors of 0.8%, 1.0% and 1.6% from the 11C, 10C, 15O
fragment profiles, respectively, and estimate the position of the distal edge of the SOBP to within
an average of 0.7 mm, 1.9 mm and 1.2 mm of its true location.

1. Introduction

Carbon ion therapy is a form of radiotherapy in which accelerated carbon ions are used to deliver a
therapeutic dose to the target volume (Jakel et al 2003, Durante and Loeffler 2009, Durante et al 2017). This
treatment modality offers several advantages over photon therapy, such as a well-defined energy-dependent
depth of maximum dose shortly before the particles come to rest (known as the Bragg peak), and a high
relative biological effectiveness (RBE), particularly at the distal end of the particle range (Durante and
Loeffler 2009, Schardt et al 2010, Durante and Paganetti 2016). The Bragg peak can be extended to deliver a
uniform dose over a depth range by superimposing monoenergetic beams with different energies and
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fluences to form a polyenergetic beam, also known as a spread-out Bragg peak (SOBP) (Jakel et al 2003).
However, anatomical changes, errors in patient positioning and errors in the estimation of ion range may
cause significant dose to be delivered outside the target region due to the steep dose gradients between the
target region and surrounding healthy tissue (Schneider et al 1996).

During carbon ion therapy, a variety of target and projectile fragments are produced through nuclear
inelastic collisions between ions in the beam and nuclei in the target volume in a process known as
fragmentation (Schardt et al 2010, Durante and Paganetti 2016). Some of these fragments are radioactive and
decay via positron emission after their creation, at a random time depending on their half-life. Positron
emission tomography (PET) imaging of these decays can therefore be used for in-vivo treatment quality
assurance, either after treatment (principally via longer-lived positron-emitting fragmentation products such
as 11C or 13N), or during treatment with in-beam PET (which primarily exploits the decay of short-lived
fragmentation products such as 10C and 15O) (Kraft et al 1995, Iseki et al 2003, Parodi et al 2007, Combs et al
2012, Yoshida et al 2017). In-beam PET systems are one type of real-time treatment verification technique
available for carbon ion therapy, and a number of in-beam scanner geometries have been proposed and are
under development (Yoshida et al 2017, Pawelke et al 1996, Sportelli et al 2013, Shao et al 2014, Parodi et al
2015, Bisogni et al 2016, Lopes et al 2016, Tashima et al 2016).

The estimated distribution of positron annihilations obtained using a PET scanner during or after
carbon ion therapy can be compared to the distribution predicted by the treatment planning system and/or a
Monte Carlo simulation of the treatment (Paans and Schippers 1993, Hishikawa et al 2002, Nishio et al 2005,
Ma et al 2013). The accuracy of treatment delivery then can be confirmed by evaluating the difference
between the two distributions (Enghardt et al 2004, Frey et al 2013). However, accurately estimating the
actual dose delivered from the spatial distribution of positron-emitting fragments is difficult due to the
complex physics involved in charged particle energy deposition and nuclear inelastic collisions (Durante and
Paganetti 2016). In addition, tissue-dependent metabolic washout of the produced activity can degrade the
accuracy of these calculations (Enghardt et al 2004, Ammar et al 2014, Priegnitz et al 2008).

One method for minimising the effect of metabolic washout on an acquired PET image is to apply a
correction factor based on estimated washout rates of tissues in the treatment region (Parodi et al 2007).
Several studies have attempted to quantify the rate and impact of biological washout on distributions of
positron annihilations obtained following the delivery of heavy ion beams, specifically in rat brains and
rabbits, by fitting the observed PET signal in different tissues to a multi-exponential model with fast,
medium and slow decay constants (Mizuno et al 2003, Tomitani et al 2003, Martinez-Rovira et al 2015,
Hirano et al 2013, Hirano et al 2016, Toramatsu et al 2018). However, metabolic washout of
positron-emitting isotopes created through fragmentation is a complex process and is dependent on many
factors such as the specific treatment region, physiological state of the tumour, and the species of
positron-emitting fragments present (Martinez-Rovira et al 2015, Toramatsu et al 2018, Knopf et al 2011).

An alternative to correcting the impact of washout on a long-duration scan is to largely avoid washout in
the first place by limiting the duration of the image acquisition—and acquiring the image during or
immediately after irradiation—via the use of an in-beam or in-room PET scanner (Parodi et al 2007, Knopf
et al 2011, Kraan 2015). However, shorter scan times will result in a corresponding degradation in the signal
to noise ratio in the resulting image.

In this work, a new method for PET image-based dose quantification in carbon ion therapy is proposed
and evaluated using the Geant4 Monte Carlo simulation toolkit. A relationship between the observed
positron annihilation and the delivered dose was developed based on the observation that the spatial
distribution of each positron-emitting fragment species is unique for each monoenergetic carbon ion beam
and target material. Our proposed technique estimates the delivered carbon ion dose by (1) measuring the
distribution of the positron-emitting fragment yield within the target volume, (2) decomposing it into
profiles of the individual positron-emitting fragment species (3) performing factor analysis on the
decomposed activity profiles, using activity profiles resulting from the irradiation of a polymethyl
methacrylate (PMMA) phantom with monoenergetic carbon ions as basis functions, and hence to calculate
the proportional contribution of each energy to the beam. This approach can be tuned to minimise the
effects of biological washout in tissues where this is likely to degrade the accuracy of the dose estimate.

This paper is divided into six sections, beginning with a summary of related work in section 2. Section
3.1 describes the method used to generate a library of estimated positron-emitting fragmentation product
distributions from simulated dynamic PET images of a PMMA phantom irradiated by a range of
monoenergetic 12C beams at different energies obtained using a Geant4 Monte Carlo simulation (Agostinelli
et al 2003). Section 3.2 details the procedure for estimating the weighting factors of energy components in a
delivered SOBP 12C beam from a dynamic PET image, and subsequently estimating the deposited dose
profile. Results of the dose calculation procedure are presented in section 4, and the effectiveness and
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accuracy of the proposed method is discussed in section 5. Conclusions of this work are presented in
section 6.

2. Related work

This section summarises different approaches proposed for PET-based treatment verification. These can be
divided into indirect methods, based on comparing post-treatment PET images with predictions of Monte
Carlo simulations or analytic models, and direct methods which estimate the dose distribution
corresponding to the observed PET image. A number of techniques utilising both approaches have been
developed for both proton and carbon therapy.

2.1. Indirect PET-based dose verification
Enghardt et al developed one of the first methods for verifying a delivered dose distribution in carbon
therapy by comparing a PET signal acquired following the treatment with an expected positron annihilation
distribution (Enghardt et al 2004). This method produced an expected positron annihilation distribution
using Monte Carlo simulations and compared it to the experimental PET signal to detect positioning errors
and variations in local tissue density, before quantifying the difference between the recalculated and planned
dose using the treatment planning system (Enghardt et al 2004, Parodi 2004). Parodi and Bortfeld then
proceeded to develop a method to estimate the expected PET signal from an intended dose map in proton
therapy through convolution of the planned dose distribution with an analytical Gaussian-powerlaw filter
function (Parodi and Bortfeld 2006). Parodi et al and Attanasi et al later applied this approach to clinical
data, and Frey et al integrated the method into a full treatment planning system (TPS) (Parodi et al 2007,
Frey et al 2013, Attanasi et al 2011, Pinto et al 2022). These studies demonstrate the potential for indirect
dose verification in charged particle therapy through comparison of the theoretically-predicted positron
annihilation distribution and the experimentally acquired positron activity distributions, and the approach
has been used in a number of subsequent investigations (Paans and Schippers 1993, Hishikawa et al 2002,
Nishio et al 2005, Knopf et al 2008, Attanasi et al 2008, Nishio et al 2010). However, a direct quantitative
comparison between planned and delivered doses rather than positron annihilation distributions is
preferable, as the dose is the quantity of interest (Aiello et al 2013).

Hofmann et al extended the filtering approach developed by Parodi and Bortfeld to carbon ion therapy,
and developed an analytical model to predict the positron-emitting fragment distribution from the
depth-dose distribution (Parodi and Bortfeld 2006, Hofmann et al 2019b). The filtering approach was used
to predict the distal edge of the fragment distribution, and an analytical model fitted to data generated from
Geant4 Monte Carlo simulations was used to estimate the shape of the distribution. The approach was
validated against positron-emitting fragment distributions obtained fromMonte Carlo simulations, and was
found to estimate the position of the distal edge of the Bragg peak to within 0.6 mm for homogeneous and
1.3 mm for inhomogeneous phantoms, with mean relative errors to the maximum of the distributions below
4% (Hofmann et al 2019b).

2.2. Direct approaches to dose estimation
Remmele et al proposed a deconvolution-based approach to the inverse dose estimation problem based on
the filter kernel developed by Parodi and Bortfeld, combined with either total variation (TV) or
Tikhonov–Miller (TM) regularisation to enforce smoothness in the dose distribution (Remmele et al 2011).
Remmele et al demonstrated that their method could recover accurate dose distributions in proton therapy
from PET signals obtained fromMonte Carlo simulations, and also PET signals experimentally obtained
from both a PMMA phantom and a head and neck patient following a 2 Gy irradiation. While excellent
results were obtained for the simulation data, artefacts in the experimental PET images resulted in significant
errors in the estimation of the position of the distal edge of the spread-out Bragg peak, averaging 2-3 mm
and with a maximum of 8 mm. Aiello et al propose a similar approach (also using Tikhonov regularisation)
to the inverse dose estimation problem in proton therapy (Aiello et al 2013). The proposed technique was
evaluated in simulation using both a pristine proton Bragg peak and SOBP, simulated in homogeneous and
heterogeneous phantoms using the FLUKAMonte Carlo simulation package (Ferrari et al 2005). The authors
state that good agreement between the simulated ground truth and estimated dose distributions was
obtained in the distal fall-off region of the pristine Bragg peak and SOBP. However, significant discrepancies
were observed in the proximal regions of both the pristine Bragg peak and SOBP in the heterogeneous
phantom (Aiello et al 2013).

Fourkal et al also developed a deconvolution-based approach for direct dose verification in proton
therapy, with the filter function analytically calculated using the β+ activation cross-section and proton
energy fluence spectrum (Fourkal et al 2007, Fourkal et al 2009). The method was implemented for a
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parallel-opposed proton beam arrangement and simulated using FLUKA (Ferrari et al 2005); the dose
distribution was estimated from the PET image to within 2% of the ground truth dose delivered in a
homogeneous tissue phantom. Extending this method for heterogeneous targets such that it can be used for
in-vivo dose reconstruction for patients would require substantial further development of the optimisation
technique; the method would also need to be substantially modified for it to be applicable to carbon or other
heavy ions. To our knowledge, no further work on this technique has been published as of 2020 (Fourkal et al
2009).

Hofmann et al recently reported the first deconvolution-based approach for estimating the dose
distribution in carbon ion therapy (Hofmann et al 2019a). Construction of the filter function used in this
method uses a generalisation of the approach originally proposed by Parodi and Bortfeld in 2006 Parodi and
Bortfeld (2006). The filter kernel was iteratively optimised to minimise the error between the observed
positron-emitting fragment distribution and the convolution of the kernel with the depth dose distribution
obtained fromMonte Carlo simulations (Parodi and Bortfeld 2006). Monte Carlo simulation was used to
deliver monoenergetic 12C ion beams to homogeneous and heterogeneous targets, and depth dose
distributions were estimated based on the simulated fragment distributions to within a mean relative
absolute error (relative to the maximum value) of 1% in homogeneous media, and 2% in heterogeneous
media. Polyenergetic 12C beams were delivered to homogeneous and heterogeneous phantoms in simulation,
and the deconvolution approach estimated the depth dose distribution with an average mean relative
absolute error of 2%. The deconvolution approach was applied to measured fragment distributions in
homogeneous and heterogeneous targets, and estimated the dose with a mean relative absolute error of 10%
compared to the predictions of Monte Carlo simulations. These deviations were mainly attributed to the
discrepancy between Monte Carlo simulated and measured fragment distributions. Finally, the
deconvolution approach estimated the dose delivered by a simulated monoenergetic 12C beam in a
CT-derived model of a patient’s head, based on the simulated fragment distribution, with a mean relative
absolute error of 0.24% compared to the Monte Carlo simulation. This study demonstrates the feasibility of
deconvolved PET image-based dose estimation methods to carbon ion therapy; however, at this stage, the
effects of biological washout are not considered.

Inaniwa et al developed a maximum likelihood expectation maximisation (MLEM) algorithm to predict
the depths of the proximal and distal edges of SOBP ion beams, and later extended this method to estimate
the shape of the deposited dose distribution (Inaniwa et al 2005, Inaniwa et al 2008). Most recently, Masuda
et al proposed a technique for estimating the dose distribution in proton therapy which combines the
filtering approach with a MLEM algorithm (Masuda et al 2019). The MLEM algorithm was implemented to
iteratively estimate the dose delivered by monoenergetic and SOBP proton beams in water, based on
distributions of positron-emitting fragments acquired using an in-beam planar PET scanner. A MLEM
algorithm was also used in conjunction with the Monte Carlo-based software PHITS to iteratively calculate
the filter functions, which were used in the dose estimation, and in the calculation of expected PET signals
from intended dose maps (Sato et al 2018). Dose distributions were estimated in 1D and 2D using this
method, with an accuracy of 7% for monoenergetic proton beam deliveries and 12% for SOBP proton beam
deliveries. The authors claim the approach has advantages over the deconvolution-based algorithm used by
Hofmann et al, particularly with regards to the speed of the dose calculation. However, the technique has yet
to be adapted to carbon and other heavy ion therapies, and similarly to Hofmann et al, does not consider the
effect of biological washout on the dose estimation.

In summary, several promising deconvolution-based solutions have been proposed for the problem of
estimating the dose distribution from the observed positron annihilation distribution resulting from the
irradiation of a target by proton and heavy ion beams. However, the effects of biological washout have not
been considered as yet. The approach proposed in this paper instead estimates the dose deposited by 12C
SOBPs from the observed positron-emitting fragment distribution obtained via a decomposition of the PET
signal into spatial distributions of individual positron-emitting fragment species rather than the total activity
map, which will allow the effects of biological washout to be minimised by selecting specific
positron-emitting isotopes with short half-lives. This will enable a reduction in the PET acquisition time
according to the half-life of the selected positron-emitting isotope, and consequently the activity distribution
will be degraded by washout to a lesser extent during the imaging process. The proposed method is validated
for three positron-emitting fragment species with different half-lives.

3. Materials andmethods

In this section, the proposed method for calculating the dose distribution delivered by a polyenergetic 12C
irradiation based on the observed distribution of positron-emitting fragments is presented. A detailed
overview of the method is shown in figure 1. In summary, a dynamic PET image of the positron
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Figure 1. Flowchart summarising the method for dose calculation from a positron activity distribution induced by carbon ion
irradiation. The red box illustrates the process of basis function generation (section 3.1). The process of dose estimation is shown
in the blue box (section 3.2).

annihilations within the target resulting from irradiation by a polyenergetic carbon ion beam is decomposed
along the beam path into the initial (t= 0) spatial profiles of each of the three principal positron-emitting
radioisotope components present - 11C, 10C and 15O. Since this model neglects the remaining minor
positron-emitting fragments, the profiles overestimate the numbers of the three principal positron-emitting
radionuclides; therefore, an empirically-derived scale factor is applied to compensate, resulting in an
unbiased estimate of each of the true positron-emitting fragment profiles. A reference library of the
ground-truth distributions of 11C, 10C and 15 (basis functions) resulting from the irradiation of the PMMA
target with individual monoenergetic carbon ion beams is generated using a combination of Monte Carlo
simulations and interpolation; corresponding ground-truth dose profiles for each energy are also recorded. A
linear combination of these fragment profiles is then fitted to the observed fragment distribution separately
for each positron-emitting fragment species, resulting in three estimates of the contributions of each energy
component to the original polyenergetic beam. A regularisation term is included in the cost function while
iteratively fitting the observed fragment distribution to suppress high-frequency noise in the estimated dose
profile. Finally, the estimated weights are finally used to produce a composite estimate of the corresponding
dose distribution along the beam path.

The method used to generate the positron-emitting fragment and dose profiles for the monoenergetic
12C beams is described in detail in section 3.1. All Monte Carlo simulations were performed with the Geant4
toolkit (version 10.2.p03) (Agostinelli et al 2003, Geant4 Physics Reference Manual 2020). The Geant4
QGSP_BIC_HP physics list was chosen to model hadronic processes, and electromagnetic processes were
modeled using G4EmStandardPhysics_option3, based on the recommendation of a comparative study of
Geant4 hadronic ion inelastic physics models by Chacon et al (2019). The dose distribution estimation
procedure is explained in detail in section 3.2. The performance of the proposed method is evaluated using
simulations of synthetic random SOBPs, as described in section 3.3.

3.1. Basis function generation
Simulated monoenergetic 12C beams with energies of 200, 215, 230, 245, 260, 275, 290, 305, 320, and
350 MeV u−1 and a total particle fluence of 1.0× 108 particles were delivered to a PMMA target phantom
with dimensions of 100× 100× 300 mm3 using the Geant4 toolkit. The beam was modeled with a circular
Gaussian intensity profile with a diameter of 8 mm full width at half maximum (FWHM) and an energy
spread of σ= 0.2% (chosen based on previously published values for a 12C ion pencil beam
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(Chacon et al 2019, Mohammadi et al 2017). The 12C ion beams were delivered to the phantom across a
simulated air gap of 175 cm from the beam origin to the surface of the phantom, and a scoring resolution of
1.5 mm3 (based on current in-beam PET scanner attributes (Mohammadi et al 2017, Akamatsu et al 2019)
was used to record the spatio-temporal distribution of positron-annihilation positions. Data were acquired
for 36 minutes following beam delivery and binned into 5 second temporal frames. Additionally, the
deposited dose was recorded with a spatial resolution of 1 mm3, normalised per incident particle.

Profiles of positron-emitting fragments, with activity normalised per primary particle, were constructed
by selecting a 2D region of interest (ROI) in the transverse plane, with a width equal to the full width at tenth
maximum (FWTM) of the beam for each voxel along the path of the beam, and scoring the annihilation
positions of positrons originating from the decay of 11C, 10C and 15O fragments in each slice. Deposited
one-dimensional profiles of energy deposition per primary particle were also constructed by summing the
deposited energy scored in a FWTM ROI in the transverse plane around each voxel along the path of the
beam. An initial library of one-dimensional positron-emitting fragment profiles and deposited dose profiles
was constructed by repeating this procedure for the 10 simulated monoenergetic 12C ion beams delivered to
the PMMA phantom. PMMA was chosen as the target material as it contains both oxygen and carbon, and
yields a range of fragmentation products similar to that produced by heavy ion irradiation of human adipose
tissue. In addition, PMMA and human adipose tissue have a similar electron density, resulting in a similar
depth-dose profile (White et al 1989).

To reduce the computational workload required to construct a complete library of dose and activity
profiles, an interpolation procedure was used to calculate monoenergetic dose profiles and corresponding
11C, 10C and 15O positron annihilation profiles for the beam energies between the specific values directly
simulated in Geant4 (Chacon et al 2019, Priegnitz et al 2012). Critical parameters of the simulated deposited
dose and fragment profiles–such as depth and magnitude of the Bragg peaks–are extracted and linearly
interpolated to estimate the values for the intermediate monoenergetic beams. For each new energy, the
fragment profiles from the nearest two simulated beam energies are stretched or compressed to match the
estimated Bragg peak magnitude and depth. The estimated positron-emitting fragment profile of the target
incident beam energy is the average of these two estimates. The energies of simulated monoenergetic 12C
beams are separated by a maximum of 30 MeV u−19.

At the conclusion of this step, a set of spatial profiles of the quantity of 11C, 10C and 15O fragments
produced during irradiation, and the corresponding dose profiles is created for monoenergetic beams with
energies from 200 MeV u−1 to 350 MeV u−1 in steps of 1 MeV u−1.

3.2. Dose quantificationmethod
The dose quantification procedure is summarised in figure 1. A cumulative activity profile, ASOBP,k, is
generated by the delivery of a SOBP 12C beam according to (1):

ASOBP,k =
∑
i

Wi

∑
j

Ni,j(k)× e
−t ln 2
τj . (1)

ASOBP,k is a weighted summation of positron activity maps produced by each monoenergetic beam,
weighted by a factorW i, at a time t after injection of the primary particles (assuming simultaneous injection
of all particles). The ith monoenergetic beam produces a number of positron-emitting fragments, N i,j(k), of
species j with half-life τ j, in the kth voxel, normalised per incident particle.

One-dimensional estimates of the spatial profiles of 11C, 10C and 15O fragment production in the image
are generated by extracting a time activity curve (TAC) from a 2D ROI normal to the beam around each
voxel along the path of the beam, defined by the FWTM of the beam in the transverse plane. Each extracted
TAC is parametrically fitted with a multi-exponential model equation using the Levenburg-Marquardt (LM)
error minimisation algorithm to obtain an estimate of the initial activity A0 of each positron-emitting
fragment species in each voxel (Marquardt 1963, Kraan et al 2019, Attanasi et al 2010). Total activity as a
function of time t in a volume with initial activities A0,11C, A0,10C and A0,15O of 11C, 10C and 15O respectively,
is given by (2):

Atotal(t) = A0,11Ce
− ln t/τ11C +A0,10Ce

− ln t/τ10C +A0,15Oe
− ln t/τ15O (2)

where τ11C, τ10C and τ15O are the half-lives of 11C (20.39 min), 10C (19.26 sec) and 15O (122.24 sec) respectively.
The substantially longer half-life of 11C relative to 10C and 15O results in the number of 10C and 15O

nuclei decaying to a negligible quantity by 20 minutes post beam delivery; therefore, the final 15 minutes of

9 A greater energy separation reduces the accuracy of this method, as range straggling changes the peak-to-entrance ratio of fragment
yield profiles at a non-linear rate, which this approach would not accurately model. The interpolation method is validated in appendix A.
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Figure 2. Results of the dose estimation procedure, with no regularisation (2(a)) and with total variation (L1) regularisation
applied (2(b)), for one 12C SOBP.

each TAC can be solely attributed to the 11C fragment component Chu et al (2020). This information was
used to reduce the dimensionality of the problem of finding the relative contributions of the shorter-lived
isotopes, 10C and 15O, in the earlier part of the time-activity curve.

Equation (2) implicitly assumes that all positron annihilations have resulted from the decay of 11C, 10C
and 15O nuclei. However, since several additional miscellaneous positron-emitting fragmentation products
are also present, the number of 11C, 10C and 15O nuclei tends to be overestimated (10C in particular). To
correct this overestimation, an empirical multiplicative scaling factor for each of the three estimated
fragment profiles is calculated for all of the simulated monoenergetic 12C beams such that the mean squared
error between the estimated and ground truth fragment profiles is minimised, thereby compensating for the
absence of the miscellaneous radionuclides. Across all of the simulated energies and fragment profiles, the
standard deviation of the scaling factors was consistently low–between 2.2% and 3.6% of the mean.
Therefore, by applying the mean scaling factor to the (over)estimated fragment profile, an unbiased estimate
of the true fragment distribution can be reliably recovered.

To estimate the dose distribution, a linear combination of the one-dimensional monoenergetic fragment
distributions (see section 3.1) is iteratively fitted to the SOBP region of observed spatial fragment profiles to
estimate the relative contributions of each energy component. However, the problem is ill-posed, and the
linear combination which minimises the mean squared error between the observed and fitted fragment
distributions can result in physically infeasible high-frequency fluctuations in the estimated dose
distribution. Therefore, a total variation (L1) regularisation term is included in the cost function to suppress
these high-frequency fluctuations (since the dose distribution is assumed to be smooth and continuous
between the proximal and distal edges of the SOBP). The problem may then be expressed as finding the
optimal weight vectorWopt such that

Wopt = argminW

{∥∥NjW−Atrue,j

∥∥2 +αjRfit,j(W)
}
. (3)

The first part of the cost function to be minimised is the sum of the squared errors between the ground
truth fragment distribution Atrue,j and fitted fragment distribution NjW in the SOBP region, where Nj is the
matrix of monoenergetic fragment production profiles corresponding to fragment species j, with columns
representing increasing energy and rows representing depth along the path of the beam. The second part is a
total variation (L1) regularisation term Rfit,j, moderated by a factor αj to adjust the degree of high-frequency
suppression. Rfit,j is determined by calculating the dose distribution from the fragment weights in each
iteration, transforming the profile into the frequency domain via a discrete cosine transform, and calculating
the sum of absolute energy components above a critical threshold frequency f t . This frequency is determined
by computing the DCT of the planned dose distribution, setting frequency components above f t to zero,
performing an inverse DCT and calculating the root mean squared error between the result and the original
planned dose distribution; f t is progressively increased until the error is less than 0.25%. The presence of any
spectral components above f t in the estimated dose profile is therefore penalised. The highest frequency
components in the planned dose distribution result from discontinuities in the dose distribution -
principally, the proximal and distal edges of the SOBP. The optimal value of αj is also iteratively calculated
for each polyenergetic beam, and the average optimal value calculated for subsequent fitting of spatial
fragment distributions. The effect of the regularisation term (after application of the target
material-dependent correction factor) on the dose estimates for one 12C SOBP is illustrated in figure 2.
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Figure 3. Total positron-emitting fragment profiles (black) and deposited dose profiles (red) resulting from one simulated
polyenergetic 12C beam designed to produce a flat biological dose (a), and three simulated polyenergetic 12C beams with distinct
dose maxima or minima within the spread-out Bragg peak region (b)–(d).

The fitting procedure is performed separately for each of the spatial 11C, 10C and 15O profiles, resulting in
three sets of estimated weights of the different energy components of the original particle beam. While
biological washout is not modeled in this work, we hypothesise that the most appropriate estimate can be
selected depending on the irradiated tissue, its vascularisation, and on the most prominent processes of
biological washout. Each set of weights provides an estimate of the number of incident particles of each
energy originally used to generate the SOBP. Finally, the dose distributions from the individual
monoenergetic components Ei,k are summed using the weighting factorsW i derived in the previous step,
according to (4), to derive the estimate of the total deposited dose:

ESOBP,k =
∑
i

Wi × Ei,k . (4)

3.3. Performance evaluation
The performance of the proposed method was evaluated on Monte Carlo simulated 12C ion beams with a
variety of random dose distributions. The dose profiles estimated using the distribution of fragment species j
were compared with the ground truth values using the mean relative error (MRE), defined relative to the
maximum of the ground truth dose distribution in the region r:

MREr(Dtrue,j(k),Dest,j(k)) =
1

n

n∑
m=1

|Dtrue,j(km)−Dest,j(km)|
maxr(Dtrue,j(kr))

. (5)

The MRE was evaluated in three regions: the entrance, SOBP and tail. The SOBP region is defined as the
region between the most proximal and most distal Bragg peaks. The entrance region and tail region are then
defined as the regions proximal and distal to the SOBP region, respectively. The MRE was also evaluated
across the entire distribution for a direct comparison with the results of Hofmann et al (2019a).

Monte Carlo simulations were performed for 14 different 12C SOBPs, each with a total of 1.0× 108

primary particles, in a PMMA target phantom. The SOBPs were composed of up to 76 monoenergetic beams
with energies ranging from 200 MeV u−1 to 350 MeV u−1. The first profile used a set of weights designed to
produce a flat biological dose; the next 10 used randomised weight factors of between 1 and 10 for each
energy; finally, the last three included well-defined dose maxima and/or minima within the spread-out Bragg
peak region (figure 3). Random variation was included in the weights to provide a more robust evaluation of
the method. The statistical error in fragment yield and deposited dose profiles was calculated by dividing the
delivered monoenergetic 12C beams into 20 populations of 5.0× 106 particles, and calculating the standard
deviation in each voxel. Spatial fragment profiles are generated by fitting the decay model (2) to the
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Table 1.Mean MRE, standard deviation of the MRE, and maximumMRE between calculated and ground truth dose profiles, without
regularisation, over all SOBP 12C beam deliveries.

Region Mean MRE (%) Std Dev. MRE (%) Max. MRE (%)

Entrance 1.0 0.9 3.3
SOBP 1.7 0.9 4.2

11C

Tail 0.6 0.3 1.3
Overall 0.9 0.5 2.3
Entrance 0.6 0.8 3.3
SOBP 3.1 0.8 5.3

10C

Tail 1.7 0.5 2.8
Overall 1.4 0.4 2.5
Entrance 1.7 1.5 6.2
SOBP 4.7 0.8 6.8

15O

Tail 0.3 0.1 0.5
Overall 2.3 0.6 4.1

Table 2.Mean MRE, standard deviation of the MRE, and maximumMRE between calculated and ground truth dose profiles, using L1
regularisation, over all SOBP 12C beam deliveries.

Region Mean MRE (%) Std Dev. MRE (%) Max. MRE (%)

Entrance 1.0 0.8 3.2
SOBP 1.5 0.9 3.9

11C

Tail 0.7 0.3 1.4
Overall 0.8 0.5 2.2
Entrance 0.6 1.0 3.5
SOBP 2.1 1.0 5.0

10C

Tail 1.0 0.4 1.6
Overall 1.0 0.6 2.4
Entrance 1.8 1.5 6.3
SOBP 3.1 1.1 6.0

15O

Tail 0.4 0.2 0.8
Overall 1.6 0.7 3.8

simulated PET image; the energy weight estimation procedure is then applied to the profiles obtained from
each simulation and composite dose estimate profiles generated; these are compared to the ground truth
profiles, with the MRE evaluated across the entire distribution, and in the entrance, SOBP and tail regions.

The position of the distal edge of the SOBP was located (both for the ground truth and estimated dose
profiles) by first differentiating the profile, and then identifying the deepest point at which the absolute
gradient exceeds 0.03 Gy m−1 (indicating the onset of the SOBP).

4. Results

The dose calculation procedure was implemented for the 14 different 12C SOBP beams, each composed of a
linear combination of monoenergetic components with energies from 200 MeV u−1 to 350 MeV u−1 in steps
of 2 MeV u−1. The mean, standard deviation and maximumMRE between the calculated dose deposition
profiles and the ground truth (obtained directly from the dose scored in the simulation) in the entrance,
SOBP and tail regions for each simulated irradiation are presented without the use of regularisation in
table 1, and with the use of regularisation in table 2. Examples of the parametric fitting of positron-emitting
fragment profiles and estimated dose deposition profiles are presented in figures 4 and 5 respectively, for four
of the 14 12C SOBPs.

Finally, the distal edges of the SOBP dose profiles calculated using L1 regularisation were located for each
of the 14 12C SOBP beams, and compared to the ground truth distal edge locations. The mean, standard
deviation and maximum error between the calculated distal edge depth and ground truth are presented in
table 3.

5. Discussion

The mean overall MRE between calculated and true dose profiles remained below 0.9%, 1.4% and 2.3% for
11C, 10C and 15O, without the use of L1 regularisation. After incorporating the regularisation term, the mean
overall MREs were reduced to below 0.8%, 1.0% and 1.6% for 11C, 10C and 15O, respectively. The greatest
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Figure 4. Fragment profiles from four simulated polyenergetic 12C beams, parametrically fitted using a library of fragment
profiles from a range of monoenergetic incident beams. For clarity, only every fifth fitted point is shown.

Figure 5. Comparison of ground truth dose deposition profiles (red) of four simulated 12C SOBPs, and dose profiles calculated
using dose estimation procedure applied to the observed distributions of 11C (yellow), 10C (purple) and 15O (green) fragments.
L1 regularisation has been enforced to suppress high-frequency noise.

errors after adding the regularisation term were observed when estimating the dose distribution based on
15O fragments in the SOBP region.

The accuracy of dose estimation could potentially be further improved by implementing a combination
of L1 and L2 regularisation, as L1 regularisation is typically better at preserving edge features, while L2
regularisation results in a better fit to smooth and continuous signals Remmele et al (2011). The scaling
factor calculated to address the overestimation of yield profiles produced through the TAC-fitting procedure
is expected to be dependent on the specific target material and image acquisition time. The factor is needed
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Table 3.Mean error, standard deviation of the error, and maximum error between the distal edge of calculated and ground truth dose
profiles, using L1 regularisation, over all SOBP 12C beam deliveries.

Mean Error (mm) Std Dev. Error (mm) Max. Error (mm)

11C 0.7 0.8 2.0
10C 1.9 1.7 4.0
15O 1.2 1.3 3.0

to compensate for the omission of the minor contributions of positron-emitting fragments other than 11C,
10C and 15O from the model fitted to the total positron yield, and it is expected that the total yield of these
fragments relative to 11C, 10C and 15O will change in each target material, and therefore the factor required to
correct for this error will change.

The distal edge of delivered SOBP dose profiles was reconstructed to within an average of 0.7 mm,
1.9 mm and 1.2 mm of the ground truth for 11C, 10C and 15O, respectively.

In this work, biological washout rates were not modeled since no biological processes are present to
degrade the signal in a solid PMMA phantom. In reality, biological washout is a source of significant error in
quantitative PET data analysis, and must be corrected for using a biological washout model (Ammar et al
2014, Martinez-Rovira et al 2015, Toramatsu et al 2018). By performing dose calculations using distributions
of single fragment species, the PET scan length can be optimised for each isotope, depending on the
biological washout rate in the target tissue. While the most accurate dose calculations were achieved using
11C fragment distributions, the shorter half-life of 10C allows for the dose quantification procedure to be
implemented on data obtained from a relatively short PET scan, since more than 99% of 10C fragments will
have decayed within 2.5 minutes of the end of the irradiation period. In this case, a fast dose calculation may
be performed using 10C fragments based on a short initial PET scan to quickly identify any deviations from
the treatment plan. However, in treatment regions where metabolic processes may rapidly affect the
distribution of positron-emitting fragments, a washout model based on the washout rate of each significant
positron-emitting fragment species should be applied (Ammar et al 2014, Toramatsu et al 2018). A washout
model will be incorporated in future in vivo dose estimation studies.

The present study is limited to the irradiation of a homogeneous PMMA target by polyenergetic 12C ion
beams. In order to extend this method to heterogeneous targets, including realistic tissue models, the basis
function library must first be expanded to include fragment yield and deposited dose profiles for a range of
homogeneous target materials. Heterogeneous targets will be divided into homogeneous sub-volumes, and
acquired annihilation yield maps can be fitted using a piecewise function of fragment profiles from the
expanded basis function library (Priegnitz et al 2012). The material-dependent scaling factor used to correct
the yield overestimation observed when separating the acquired dynamic yield profiles into each
positron-emitting fragment species must be calculated for the material in each homogeneous sub-volume.
Automatic selection of the proper correction factors can be performed using lookup tables based on
automatically segmented CT or MRI image data. The factors will then be applied to the piecewise yield
segments in their respective sub-volumes.

Finally, in this work, cumulative activity profiles were produced using Monte Carlo simulation of injected
12C particles, where all particles were injected simultaneously. However, particle therapy is typically delivered
in a series of consecutive spills (Mohammadi et al 2017). The duration of each spill, and the duration of the
beam-off period between each spill, will affect the cumulative activity profile as positron-emitting fragments
will begin decaying immediately after their creation. In order to apply the dose quantification procedure to
real therapeutic beam deliveries, additional terms must be included in (1) to account for the decay of
positron-emitting fragments during the beam delivery. This will also enable inter-spill imaging, where PET
data is acquired between consecutive spills while the beam is off.

During inter-spill periods, short-lived positron-emitting fragments, such as 10C, will decay at a greater
rate than longer-lived positron-emitters, such as 11C. Consequently, despite the greater total yield of
longer-lived positron-emitting fragments over a long scan length, short inter-spill images will be
predominantly representative of short-lived positron-emitting fragment distributions. By using
positron-emitting isotopes with short half-lives, such as 10C, real-time dose estimations based on inter-spill
PET data will be feasible while mitigating the degrading effects of biological washout.

6. Conclusion

This work presented a dose quantification technique based on PET imaging in carbon ion therapy. A PET
image of a volume irradiated by a polyenergetic 12C beam is decomposed into the three main
positron-emitting fragmentation products, and the proportional contribution of each energy component
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estimated by fitting a linear combination of monoenergetic fragment profiles to the observed monoisotopic
fragment distribution. The dose is then estimated by using the same weights to sum the individual dose
profiles, subject to total variation regularisation, in each iteration of the fragment-fitting process. The
method was evaluated by simulating a diverse range of polyenergetic 12C irradiations of a homogeneous
PMMA target using the Geant4 Monte Carlo toolkit, and comparing the estimated dose with the ground
truth dose as measured directly in the simulation.

The proposed dose quantification method provided a very accurate estimate of the dose in the PMMA
phantom, consistently yielding an estimated dose within 0.8% of the ground truth, and estimating the
position of the distal edge of the SOBP to within 0.7 mm using the 11C yield profile. For comparison,
Hofmann’s deconvolution-based approach estimated the dose distribution from polyenergetic 12C irradiation
of a PMMA target from simulated PET images with an accuracy of 1.41%, and estimated the distal edge
position to within 0.25 mm. Our work demonstrated that accurate dose estimates may be obtained even
using short-lived positron-emitting fragments. The shorter half-lives of these fragments (particularly 10C)
will allow dose estimates to be made after very short PET signal acquisitions, which will significantly reduce
the impact of biological washout compared to a typical 20 minute post-irradiation scan. However, the
limited extent to which biological washout has been studied in larger animals (including humans) to date
means that this hypothesis cannot be evaluated via simulation and will require an in-vivo experiment to be
performed to properly evaluate the benefits of short-acquisition scans in relation to washout.

Taking the idea of dosimetry via short-duration PET acquisitions to its ultimate conclusion, it may be
possible that clinical dose estimates can be obtained in real time via inter-spill imaging targeting the
distribution of short-lived positron-emitting isotopes, which would enable real-time adaptation of a
treatment plan to correct for deviations from the planned dose distribution.
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Appendix A. Basis function generation using profile interpolation

The accuracy of the profile interpolation procedure is assessed by splitting the set of 10 positron-emitting
fragment profiles and deposited dose profiles corresponding to the monoenergetic irradiations of the PMMA
target into a training set and testing set. The fragment and dose profiles of the 200 MeV u−1, 230 MeV u−1,
260 MeV u−1, 290 MeV u−1, 320 MeV u−1, and 350 MeV u−1 monoenergetic beams are used to create a
profile interpolation model; fragment and dose profiles for other four energies which have been simulated
(215 MeV u−1, 245 MeV u−1, 275 MeV u−1, and 305 MeV u−1) are then estimated using this profile
interpolation model, and compared to the Monte Carlo simulated fragment and dose profiles. Comparisons
of ground truth and estimated 11C, 10C and 15O fragment and dose profiles are shown in figure A1. The MRE
between true and estimated profiles in the entrance, SOBP and tail regions are presented in table A1.
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Figure A1. Profiles of 11C, 10C, and 15O fragment production and deposited dose profile resulting from irradiation of a
homogeneous PMMA phantom by monoenergetic 12C beams with energies of 215 MeV u−1, 245 MeV u−1, 275 MeV u−1 and
305 MeV u−1 in Monte Carlo simulation, plotted against fragment and dose profiles estimated using the profile interpolation
procedure.

Table A1.Mean relative error between true and interpolated 11C, 10C, 15O and deposited dose profiles, calculated in the entrance, SOBP
and tail regions, relative to the maximum of the true profile in the specified region.

Mean MRE (%)

Interpolated profile Beam energy (MeV u−1) Entrance SOBP Tail

215 0.49 5.81 0.41
245 0.51 4.04 0.41
275 0.92 5.07 0.37

11C

305 1.01 4.19 0.48
215 0.39 1.57 0.44
245 0.59 2.71 0.65
275 0.55 4.11 0.78

10C

305 0.52 2.69 0.93
215 0.71 3.11 0.42
245 0.49 2.79 0.53
275 0.62 1.44 0.45

15O

305 0.66 3.24 0.86
215 0.61 2.47 0.12
245 1.02 2.04 0.25
275 3.44 6.62 0.49

Dose

305 3.00 5.67 0.66

Appendix B. Additional information for 12C SOBPs

The weight values used in Monte Carlo simulation to deliver the flat 12C SOBP, the 3 12C SOBPs containing
well-defined dose maxima and/or minima, and 4 12C SOBPs with randomised weights are presented in
figure B2.

Examples of the positron-emitting fragment yield, and corresponding deposited dose profiles for four of
the 10 random-weighted 12C SOBPs are displayed in figure B3.
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Figure B2.Weight values used in Monte Carlo simulation to deliver a flat biological dose (1(a)), the profiles with well-defined dose
maxima and/or minima within the SOBP region (1(b)–(d)), and 4 SOBPs produced using random weighting values (1(e)–(h)).
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Figure B3. Total positron-emitting fragment profiles (black) and deposited dose profiles (red) resulting from 4 of the 10
random-weighted 12C SOBPs.
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